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Preface to the Second Edition 



In July 1998, I received an e-mail from Alfred Gray, telling me: 

. I am in Bilbao and working on the second edition of Tubes . . . 
Tentatively, the new features of the book are: 

1. Footnotes containing biographical information and portraits 

2. A new chapter on mean- value theorems 

3. A new appendix on plotting tubes 

55 



That September he spent a week in Valencia, participating in a workshop on 
Differential Geometry and its Applications. Here he gave me a copy of the last 
version of Tubes. It could be considered a final version. There was only one point 
that we thought needed to be considered again, namely the possible completion 
of the material in Section 8.8 on comparison theorems of surfaces with the now 
well-known results in arbitrary dimensions. But only one month later the sad and 
shocking news arrived from Bilbao: Alfred had passed away. I was subsequently 
charged with the task of preparing the final revision of the book for the publishers, 
although some special circumstances prevented me from finishing the task earlier. 

The book appears essentially as Aired Gray left it in September 1998. The 
only changes I carried out were the addition of Section 8.9 (representing the discus- 
sion we had), the inclusion of some new results on harmonic spaces, the structure 
of Hopf hypersurfaces in complex projective spaces and the conjecture about the 
volume of geodesic balls. Basic references associated with these additions have also 
been inserted. Other changes are just corrections of small mistakes and misprints. 

The principal differences with respect to the first edition are those indicated 
in the e-mail reported above. The main subject of the book is the full understand- 
ing of Weyl’s formula for the volume of a tube, its origins and its implications. 
Another approach to the study of volumes of tubes is the computation of the power 
series of the volume as a function of the tube radius, and this book also shows 
how this is accomplished using the method initiated in [Gr4]. The historical notes 
and the Mathematica plotting added to this second edition are inevitably valuable 
for a fuller appreciation of the mathematics. On the other hand, the chapter on 
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mean values, besides its intrinsic interest, demonstrates an interesting fact: tech- 
niques which are useful for volumes are also useful for problems related with the 
Laplacian. 

There have been some important advances in the subject which are not in- 
cluded, since any attempt to incorporate them would have reduced the unity of 
the book and the clarity that is Alfred Gray’s hallmark. I think that this book will 
remain, for a long time, compulsory reading for anyone who wants to be introduced 
to the subject. 

I wish to thank Marisa Fernandez and Mary Gray for their confidence in 
giving me the honor of carrying out the revision, and for their patience in waiting 
for the second edition to appear. Thanks are also due to Simon Salamon who 
helped check some linguistic (English and computer) aspects of the book. And my 
extreme gratitude to Alfred Gray, for his teaching and kind attention during the 
years I knew him. 



Burjasot, January 2001 
Vicente Miquel 
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This book is a revised version of notes for a course I gave during the spring of 
1985 at the University of Santiago, Santiago de Compostela, Spain. My aim was 
to explain and to give some of the details of the proof of Weyl’s Tube Formula 
and to discuss some generalizations. This formula (given in [Weyll] has had a con- 
siderable influence, although indirect, on modern differential geometry through 
the theory of characteristic classes. Allendoerfer and Weil [AW] used Weyl’s re- 
sult to give the first proof of the generalized Gauss-Bonnet Theorem. Their proof 
is rather complicated. An intrinsic proof, which became much more popular be- 
cause of its simplicity, was given by Chern in 1944 [Chernlj. Consequently, Weyl’s 
original paper, although responsible for some of the key ideas in the proof of the 
Gauss-Bonnet Theorem, was put on the back shelf until recently. For example, 
the Selecta of Weyl’s work [Weyl3] does not include Weyl’s paper (although a vol- 
ume published in the Soviet Union does contain Weyl’s tube paper together with 
an interesting commentary by Arnol’d [Ar]). There are many important ideas in 
[Weyll]; I hope that this small book will help to repopularize them. 

Weyl’s original proof of the tube formula used the classical differential geom- 
etry of Euclidean space. He also gave a formula for the volume of a tube about a 
submanifold of a sphere by using the standard embedding of a sphere in Euclid- 
ean space of one higher dimension and then transforming his tube formula for 
Euclidean space. It is now possible to give a simpler proof of Weyl’s Tube Formula 
by making use of more modern techniques in differential geometry, for example, 
Jacobi vector fields. We prefer, however, to use the fact that the second fundamen- 
tal forms of the tubular hypersurfaces satisfy a Riccati differential equation. This 
differential equation is equivalent to the Jacobi differential equation, and it can 
be argued that it has more geometric content because it gives direct information 
about the principal curvatures of the tubular hyper surfaces. 

Using this Riccati differential equation for the second fundamental forms, it is 
possible to formulate a comparison theorem for the volume of a tube in a complete 
manifold of nonpositive or nonnegative sectional curvature (see Chapter 8). This 
comparison theorem has as a special case not only Weyl’s Tube Formula, but also 
the comparison theorems of Bishop [Bishop] and Gunther [Gii] for the volumes of 
geodesic balls. 
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For Kahler submanifolds of complex Euclidean space Weyl’s Tube Formula 
simplifies enormously, because it is possible to express the coefficients in terms of 
Chern classes. In Theorem 7.7 we shall prove the Complex Weyl Tube Formula, 
namely that the volume (r) of a tube of radius r about a complex submanifold 
P of is given by 

Vp (0 = A / 7 A (7rr^ + -F)". 

^ n! Jp 

Here P is assumed to have compact closure, 7 denotes the total Chern form of P 
and F denotes the Kahler form of P. (See Chapter 6 for the relevant definitions.) 
There is also a tube formula (see Theorem 7.20) for complex submanifolds of com- 
plex projective space, which we call the Projective Weyl Tube Formula. Again the 
coefficients are expressed in terms of Chern classes. Although a complex projective 
space is more complicated than a sphere, the tube formulas for complex projective 
space are simpler than the corresponding formulas for a sphere. 

A completely different approach to tube volumes is explained in Chapter 9: 
power series. First, a general method for computing the power series expansion 
for a geodesic ball in a general Riemannian manifold is discussed, and the classi- 
cal formula of Bertrand-Diguet-Puiseux [BDP] is derived. A modification of this 
method yields the power series expansion of the volume of a tube of small radius r 
about a submanifold of a Riemannian manifold. A special case is the power series 
of Hotelling [Ht] for the volume of a tube about a curve in a Riemannian manifold. 
The papers [Weyll] and [Ht] were published in the same issue of the American 
Journal of Mathematics as complements to one another. Recently, several authors 
have used and expanded on the ideas of [Weyll] and [Ht] to study various problems 
in probability and statistics. Among them are [JS], [KS], [Nail], [Nai2], [Smale], 
[GKP] and [GP]. 

Steiner’s Formula is derived in Chapter 10 by the techniques used in earlier 
chapters for Weyl’s Tube Formula. In fact, a tube about a connected orient able 
hypersurface of Euclidean space has two components. Steiner’s Formula can be 
regarded as the formula for the volume of these half-tubes. 

I wish to express my extreme gratitude to all my friends in Santiago de 
Compostela for making it possible to write these notes, and to the Korea Institute 
of Technology for the opportunity to lecture on this material at a conference during 
the summer of 1987. I wish to thank M. Elena Vazquez-Abal, Cornelia Bejan, 
Renzo Caddeo, Minshik Choi, Luis A. Cordero, A1 Currier, Marisa Fernandez, 
Mirjana Djoric, Pedro M. Gadea, William G. Goldman, Mary Gray, A.O. Ivanov, 
Alfredo Jimenez, Sungyun Lee, Vicente Miquel, Antonio M. Naveira, and A. A. 
Tuzhlin for their careful proof reading and many useful criticisms. Also, thanks 
go to Jan Benes, Allan Wylde, Mona Zeftel and their team at Addison- Wesley for 
extensive help with the production of this book. Special thanks go to Garry Helzer 
for winning the copy of Mathematica that I used to do many of the illustrations. 
Finally, I wish to thank my many mathematical friends and colleagues with whom 
I have had fruitful discussions about tubes over the years. Among them, in addition 




Preface 



to the people mentioned above, are E. Abbena, Yu.D. Burago, D. Epstein, A.T. 
Fomenko, L. Geatti, P. Gilkey, L. Karp, 0. Kowalski, M. Pinsky, R. Smith, L. 
Vanhecke and T.J. Willmore. 




Chapter 1 

An Introduction to 
Weyl’s Tube Formula 



The subject of this book is the computation and estimation of the volume of a 
tube about a submanifold of a Riemannian manifold. We explain some elementary 
aspects of the formula in Section 1.1. Before beginning the general theory, we 
carry out in Section 1.2 the computations in those low dimensional cases where 
the tubes can be easily visualized. 



1.1 The Formula and Its History 

In 1939 H. Weyl [Weyll] derived a formula for the volume of a tube of small radius 
r around a submanifold P of dimension q in Euclidean space 



(i(n-^))! ^ (n-g + 2)(n-g + 4)---(n-g + 2c)' 

This formula has several noteworthy features. In the first place, the volume func- 
tion is a polynomial in the radius r and not some more complicated function. 
Here 

(^^ 2 )fc /2 



is a simple expression for the volume of the ball of radius r in . The coefficients 
k 2 c{P) are interesting functions; the first coefficient is just the volume of P. 

Weyl observed that all the coefficients have a remarkable feature: they are 
independent of the particular way in which the submanifold P is embedded in 
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Euclidean space. He proved this fact by expressing the coefficients as integrals 
of certain rather complicated curvature functions. The coefficients have natural 
expressions in terms of the second fundamental form of the submanifold. So Weyl 
used his theory of invariants (see [Weyl2]) together with the Gauss equation to 
rewrite the coefficients k 2 c{P) in terms of the curvature of P. Thus, for example, 

k2{P) = \l^rdP, 

where r denotes the scalar curvature of P (see page 20). The other coefficients 
are integrals whose integrands are more complicated curvature functions. In for- 
mula (1.1) we assume that the relevant integrals converge (this is the case, for 
example, when P is compact) and that r is not too large. These assumptions, as 
well as the exact definition of a tube, will be made precise later. In the case when 
P is compact without boundary and even dimensional, say dim P = 2p, the top 
coefficient is especially interesting. We shall see in Chapter 5 that it is given by 

fc2p(F) = {27rrx{P), 

where x{P) is the Euler characteristic of P. 

In Chapter 4 we shall give a proof of Weyl’s Tube Formula using mod- 
ern terminology; then we discuss generalizations. In 1940 Allendoerfer [All] and 
Fenchel [F12] combined Weyl’s Tube Formula with H. Hopf’s proof [Hopfl], [Hopf2] 
of the Gauss-Bonnet Theorem for compact hypersurfaces in an odd dimensional 
Euclidean space This yielded a simple elegant proof of the Gauss-Bonnet 

Theorem for compact submanifolds of arbitrary codimension in a Euclidean space 
(see Chapter 5). In Hopf’s version of the Gauss-Bonnet Theorem the Euler char- 
acteristic of a compact hypersurface P C is expressed as an integral over 

P of the product of the principal curvatures of P; from it, it is hard to guess the 
Gauss-Bonnet formula for an abstract compact Riemannian manifold. Since the 
top coefficient k 2 p{P) in (1.1) is an integral over P of an integrand depending on 
the curvature of P, it is this integrand that suggests what form the Gauss-Bonnet 
Theorem should take for a general compact Riemannian manifold. In 1943 Al- 
lendoerfer and Weil [AW] used this idea; they gave a proof of the Gauss-Bonnet 
Theorem that consisted in patching together small pieces of a Riemannian mani- 
fold for which a local version of the Gauss-Bonnet Theorem was known to be true. 
In fact, they proved the Gauss-Bonnet Theorem for Riemannian manifolds with 
boundary. 



1.2 Weyl’s Formula for Low Dimensions 

We shall give the general proof of the tube formula later in Chapter 4. However, it 
is instructive to work it out in those cases where the elementary theory of curves 
and surfaces can be applied. The relevant formulas can be found in almost any 
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differential geometry book that treats curves and surfaces, for example, in [ONI] 
or [Grl7j. One other fact will be needed: 




A cross section of a tube 

where Pt denotes the tubular hypersurface at a distance t from P. This formula 
is almost obvious, as can be seen by examining a cross section of a tube using the 
methods of elementary calculus. (The volume element of the region between Pt 
and P is dAdt^ where dA is the volume element of Pt.) Later, in Lemmas 3.13 
(page 42) and 8.3 (page 147), we shall prove (1.2) in much more generality. 

A Curve in 

Recall that the inner product of vectors a = (ai, . . . , a^) and b = (6i, . . . , bn) in 
EA is given by 

(a, b) = CLibi + U2&2 + ■ ' * + CLn^ni 

and we write ||a|| = y^a • a. We shall also need the complex structure of it is 
the linear transformation J:E^ — > E^ given by 

J(ai,U2) = (-a2,ai). 

If E^ is identified with the complex numbers C, then J is just multiplication by 

Let s I — > j3{s) be a smooth curve in E^; we assume that /3 is defined for 
a < s <b and has unit-speed, that is, ||/3^(s)|| = 1. Then /3 has length Length(/3) = 
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b — a. Since both f3"{s) and J/3'{s) are perpendicular to /3\s), there exists a 
function K 2 such that 

/3"(s) = K2J/3'{s). 

The function K 2 is called the The signed curvature of note that 



K2(s)1 = ||/3"(5)||. 

Write T = /3^ and N = J/3^ We have the equations 

r T' = K2N, 

1 N' = -K 2 T. 



(1.3) 



Put 



Xt{s) = 0{s)+tN{s), 




Curves parallel to 

1 1 — > ((t + 1) sint, {t + 1) cost) 

Then for small t the map s 1 — ^ Xt{s) traces out a parallel curve at a distance |t| 
from /3 (here t may be positive or negative). (If |t| is too large, s 1 — ^ Xt{s) may 
not be a regular curve; this happens, for example, when /3 is an ellipse, s \ — > Xt{s) 
may also have self intersections.) 




Ellipse and a curve parallel to it 
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From (1.3) it follows that 

x;(s) = T(s) + i N'(s) = (1 - K 2 (s)i)T(s); 
hence the length of Xf is 



Length(Xj) = f HXj(s)|| ds = 



/ [l - K 2 {s)t)ds, 
J a 



provided the integrand is nonnegative. Thus for small r > 0 we have 

d 2 /»r nb /*^ 



^ rK^ r r r 

V/3(0 = / Length(Xt)dt = / / {1 - i<i 2 {s)t) 

J — r Ja J —r 

= f 2r = 2r Length(/3). 

J a 



dt ds 



(1.4) 



Notice that (r) depends only on r and the length of /3, and not on the curvature 
of /3. 



A Curve in 

Let 

(1,0,0) j = (0,1,0) 

be the standard unit vectors in E^. Recall that 



k- (0,0,1). 



a = (01,02,03) and b = (bi,b2,b3) in I 


is given by 




M j k ^ 


a X b = det 


ai U 2 as 




\ bi &2 bs / 



or more explicitly. 



a X b = det 




i — det 




j + det 



ai U2 



bi b2 



Suppose s I — ^ /3{s) is a unit-speed curve in E^. This time we use the familiar 
Frenet formulas (see, for example, [ONI, page 58] or [Grl7, page 186]): 

^ T' = kN, 

< N' = -kT + tB, (1.5) 

. B' = -tN, 
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where s \ — ^ {T( 5 ), N(s), 6 ( 5 )} is the Frenet frame along /3, and k and r denote 
the curvature and torsion of /3. The tubular surface at a distance t from /3 is 
described by means of the parametrization (u,u) 1 — > where 

X*(u, v) == l3{u) + tcosvN{u) + tsinvB{u). (1.6) 

We denote the partial derivatives of X^ with respect to u and v by X^ and X^. 
Then from (1.5) and (1.6) we have 

X^(u,u) = (1 - f /c(u) cos v)T(u) — t r(u) sinuN(u) + t r(u) cosuB(u), 

Xl(u,v) = — t sin 'cN(u) -f- 1 cost’ B(u), 
so that the vector cross product of these two vector fields is given by 
X^ X X^ = — t sin v(l — ^ fc(ii) cosu)T(u) X N(w) 

+ tcosu(l — tn{u) cos v)T{u) x B(u) 

= — ^sinr;(l — tK{u) cosu)B(u) — tcosu(l — tK{u) cosu)N(u). 
Hence for small t > 0 we have 

||X^(u,u) X X^(u,u)|| = t(l - K{u)tcosv), 

and thus, 




A tubular surface about the helix 

t \ — > (cost,sint, t/4) 
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Therefore, we obtain 

n 27T pb 

||X^ X Xl\\dvdu = 27 Ttdu — 27t t Length(/3), 

J a 

and so for small r 

(r) = J volume(Pt) dt = 7rr^Length(/3). 

Again, the tube volume depends only on the length of /3 and r. 

A Surface in 

Let P C be a compact oriented surface. The orientation can be specified by 
the choice of a globally defined unit normal vector field on P. Denote by p\t\ the 
tubular surface at a distance \t\ from P; it has two components P||| and P|^. 

We choose a local parametrization z:U — ^ P (sending {u^v) into z{u,v)) for 
P. Also, let \]:U — be the function that assigns to each G U the unit 

vector normal to P at z{u,v); it is determined by the orientation of P. There is a 
small e > 0 such that for each t with -e <t < e the map Z^:U — > R^ defined by 

v) — z(u, v) + t U(u, v) 

is injective. In fact, P||j and can be chosen so that is a local parametrization 
for P||| when t > 0, and a local parametrization for P|^ when t <0. Note that 

Zu 1 Uti and Z^ = Zy F t U^i;. (f -^) 

Let S denote the shape operator of P; it is defined for surfaces by Sv — — V^U 
for any tangent vector v to P, where V is the covariant derivative of R^. For more 
details see [ONI, page 190] or [Grl7, Chapter 16]. In particular, 

Szu = -Uu and Szy = -U^. 

Therefore, (1.7) can be rewritten as 

Zi^{I-tS)zy and Zl = {I-tS)Zy, (1.8) 

and from (1.8) it follows that the vector cross product of Z^ and Z^ is given by 

Z^ X Z^ = det(7 — tS)zy x Zy. 

The determinant is positive because t is small, and so 

K xZ*|| =det(7-t5)||z„ xz,||. 
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Surfaces parallel to the catenoid 

(u,v) I — > ( cos 'u cosh i;, sin cosh 

On the other hand, there is a well-known formula expressing the eigenvalues of S 
in terms of H and K (see, for example, [ONI, page 203]): 

-tS) = l~2tH 



where H is the mean curvature and K is the Gaussian curvature of P. 
Then for a small e > 0 and —e<t<ewe have 



I du dv 



volume(Z‘(W)) = [ ||Zt x Z^ 

Ju 

= / {1 -2tH Ft^K)\\zu X Zy\\dudv 
Ju 

= volume(z(ZY)) — 2t H\\Zu x Zy\\ dudv 

Ju 

[ K\\zu X z^ll . 

Ju 



I du dv 



= volume(z(ZY)) -2t [ HdPFt^ [ K dP. 

Jz{U) Jz{U) 
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Piecing together the local parametrizations, we obtain the formulas for the volume 
of namely 

volume(P^'^) = volume(P) J H dP J K dP. 



Hence 

volume(P|i|) = volume(P/) + volume(P^”) — 2 volume(P) + 2t^ 
Thus the tube formula is 

pr 

p {r) = / volume(Pt)dt 
Jo 



L 



KdP. 



(1.9) 



2v^ f 

= 2r volume(P) + K dP 

3 Jp 



for small r > 0. This time the tube volume depends on r, volume(P) and fp K dP^ 
but not on the shape operator. 

The Gauss-Bonnet Theorem for compact surfaces (see, for example, [ONI, 
page 380]) states that 

I^KdP = 27rx{P), 

where x(P) is the Euler characteristic of P. Hence, when P is compact, (1.9) can 
be rewritten as 

T 4:7TT^ 

y p (r) = 2r volume(P) H — y(P). 

O 

Thus for a compact surface P, Vp^(r) depends only on the volume and Euler 
characteristic of P. 

Of course, tubes have many other uses that will not be discussed here. We 
mention only Fenchel’s Theorem [Ell]: The total curvature of a simple closed curve 
in is greater or equal to 2n. Equality holds if and only if the curve is a plane 
convex curve. For a proof of this theorem using the elementary tube techniques 
of this chapter, as well as the theorem of Fary [Fary] and Milnor [Mill] which 
generalizes it, see [dC, page 399]. 



A Ball in 



When P is a point m the tube formula reduces to the formula for the volume 
of a geodesic ball in 




( 1 . 10 ) 



For a proof of this formula see Lemma 1.4 of the Appendix (page 248). In Chapter 9 
we shall find a power series expansion that is a generalization of (1.10) to an 
arbitrary Riemannian manifold. 
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Half- Tubes and Steiner’s Formula 

Let us return to the computation of the volume of a tube about a curve u \ — > /3{u) 
in A tube of radius r about u \ — P{u) would in everyday language be called 
a strip of width 2r. Moreover, such a strip is naturally divided into two parts, an 
upper half and a lower half. These two halves have volumes, which we denote by 
and ~(^)- It is clear that 



In fact, it is no more difficult to compute ^(r) than it is to compute 
Using essentially the same calculations as those yielding (1.4), we find that 

V? (r) = / L{Xt)dt^ [ [ {l^K 2 {u)t)dtdu (1.11) 

^ Jo Ja Jo 

= J (r^yK2(w))rfM 



= ri(/l)q=y J K 2 {u)du. 

Notice that there is an essential difference between the volume of a half- tube 
and the volume of a tube about a curve in the volume of the half-tube depends 
on the curvature of the curve, whereas the volume of the full tube is independent 
of it. It is remarkable that when the volumes of the two half- tubes are summed, 
the dependency on curvature disappears. In Chapter 10 we shall see that this 
phenomenon also occurs in higher dimensions for hypersur faces. 

The calculation of the volumes of half-tubes is related to a formula that the 
great Swiss geometer Steiner proved in 1840 (see [Sr]). Let 5 be a compact subset 
of . Steiner assumed that B was convex with piecewise linear boundary, but we 
shall assume that B is possibly nonconvex but has smooth boundary dB. At any 
rate, the final results are almost the same.^ Steiner computed the volume of the 
set Br of points within a distance r of B. 

It is clear that the volume of Br is equal to the sum of the volume of B and 
the outward half- tube emanating from the boundary dB. Hence, from (1.11) we 
get 

f 

Area(Hr) = Area(H) + Length(9H)r — — f^ 2 {u) du. (1-12) 

2 JdB 

When the Gauss-Bonnet Theorem is applied to the fiat region B, we see that 



/ K 2 {u) du 

JdB 



-2nx{B), 



(1.13) 



^But difficulties arise if one tries to do the case when B is neither convex nor has smooth 
boundary, because there may be overlapping for arbitrarily small r at the corners. 




1.3. Problems 
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where x(^) denotes the Euler characteristic of B. Then (1.12) can be rewritten 
using (1.13) as 

Area(Br) = Area(B) + Length(95)r + nx{B)r‘^. 

Similarly, one can consider half-tubes about orientable hypersurfaces of 
and compute their volumes. For example, when n = 3 formula (1.9) can be refined 
to a formula for the volume of a half-tube about a surface P C For r > 0 
let Fp ^(r) denote the portion of the tube about P that lies between P and P^. 
Then the refined version of (1.9) is 

/*r 

p = / volume(P^'^) 

Jo 

= r volume(P) f H dP p—fx dP. 

Jp 3 Jp 

We shall return to this theme in Chapter 10. 



1.3 Problems 

1.1 Compute by hand the volume of a torus in parametrized by 

torus[a, b](u, i;) = ((a + 6 cost’) cos u, (a -h 6 cost;) sin u, 6 sin u), 

where a > 6 > 0. Then compute the volume using Weyl’s formula and 
compare the results. 



torus [8,3] 

1.2 Embed torus[a, b] in in the natural way, where n > 3. Use Weyl’s tube 
formula to compute the volume of a tube about torus [a, b] considered as a 
submanifold of . 
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1.3 Consider the helix in parametrized by 

helix[a, b](t) = (acost,asint,bt). 



helix[l, 0.3] (0 < ^ < Stt) 

a. Find the length of helix[a, h]{t) for h <t < ^ 2 - 

b. Find the parametrization of a tube of radius r about helix[a, b](t). 




Tube of radius 0.4 about the helix helix[l,0.3] 

c. Compute the volume of a tube of radius r about helix[a, b](t) both 
by hand and using Weyl’s tube formula. 




Chapter 2 

Fermi Coordinates 
emd Fermi Fields 



In this chapter we shall be concerned with the geometry of tubes about a subman- 
ifold P of a general Riemannian manifold M (and not specifically tubes in Euclid- 
ean space). In Section 2.1 we define and discuss normal and Fermi coordinates. 
Section 2.2 is devoted to a quick review of the curvature tensor of a Riemannian 
manifold and its various contractions. Instead of working directly with Fermi co- 
ordinates, it is usually easier to use certain vector fields, which we call Fermi fields 
and define in Section 2.3. There is a close relation between Fermi fields and the 
more familiar Jacobi fields (see Corollaries 2.9 and 2.10). In Chapter 3 we shall 
derive three fundamental equations to describe the geometry of tubes using Fermi 
fields. Since Fermi coordinates are a generalization of normal coordinates, it is not 
surprising that there is a tube generalization of the well-known Gauss Lemma; 
this we prove in Section 2.4. 



2.1 Fermi Coordinates as Generalized 
Normal Coordinates 

The proof of Weyl’s Tube Formula (1.1) requires a good understanding of the 
geometry of a Riemannian manifold M in a neighborhood of a submanifold P. 
The most convenient coordinates to use for this are Fermi ^ coordinates. A com- 
prehensive discussion of Fermi coordinates about a curve in a surface has been 
given by Fiala [Fiala, Section 6]. See also [Da, volume 2, pages 438-440], and 
[Harj. 



^ Enrico Fermi (1901-1954). The Fermi of Fermi coordinates is the same Fermi who later became 
more famous as a physicist. He won the Nobel prize in 1938. His papers [Fermi] treat the case 
when P is a curve. 
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Fermi coordinates are a generalization of normal coordinates, which are prob- 
ably more familiar to most readers. It turns out that many facts about normal 
coordinates (such as the Gauss Lemma) have generalizations to Fermi coordinates. 
Let us recall the properties of normal coordinates as an aid to understanding Fermi 
coordinates, which are somewhat more complicated. Normal coordinates are the 
natural coordinates to use in the study of a geodesic ball, which is a simple but 
important special case of a tube. 

Let M be a Riemannian manifold. (Unless otherwise stated all manifolds and 
maps will be of class (7^, and all manifolds will be paracompact.) We denote by 
Mm the tangent space to M at m. For v G Mm let denote the unique geodesic in 
M with ^v(O) = m and (0) = v. We write exp^(t?) = ^y{l), provided that ^y{t) 
can be defined for t = 1. This is the exponential^ map of M at m; although it may 
be defined only on a neighborhood of 0 G we shall write exp^: Mm — ^ M. 

Each tangent space Mm is a differentiable manifold of the same dimension 
as M. Let {Mm)o denote the tangent space to Mm at the origin. It is easy to 
prove (see problem 2.1) that the tangent map to exp^ at 0 G Mm is the canonical 
identification between Mm and its tangent space {Mm)o at 0. Hence by the inverse 
function theorem exp^ is a diffeomorphism in a neighborhood of 0 G Mm- 

Definition. Let {ei, . . . , e^} be an orthonormal basis of Mm- For I < j < n define 
a real-valued function Xj on a neighborhood of m by 




Then (xi, . . . ,x^) is the system o/ normal coordinates corresponding to the ortho- 
normal basis {ei, . . . , Cn}. 



Next we use a system of normal coordinates to define some special vector 
fields. Let 

d d 
dxi ’ ' ’ ’ dXn 

be the coordinate vector fields associated with the normal coordinate system 
(xi,...,x„). 

^The reeison for the name “exponential map” is briefly as follows. The ordinary exponential 
function from real and complex variables, that is, 



2 




( 2 . 1 ) 



can be extended to square matrices, because the right-hand side of (2.1) makes sense when 2 : is 
replaced by a square matrix A. This new map A 1 — ^ provides a method of mapping the vector 

space of all n X n matrices onto the group of all nonsingular nxn matrices. In particular, it maps 
the vector space of all antisymmetric nxn matrices onto the group SO(n) of all orthogonal nxn 
matrices of determinant 1. It turns out that there is a natural Riemannian metric on SO{n) for 
which t I — is a geodesic in SO(n) for any nxn antisymmetric matrix A. This fact can be 
generalized to any Riemannian manifold; the result is exp. 
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Definition. A normal coordinate vector field at m is a vector field X {defined in 
a neighborhood of m e M) of the form 






d 




where the ai 's are constants. 

For many purposes it turns out to be far easier to work with normal coordinate 
vector fields instead of normal coordinates. Notice, for example, that: 

Lemma 2.1. The notion of normal coordinate vector field at m does not depend on 
the choice of normal coordinate system at m. 

Proof Any system of normal coordinates at m can be rotated into another system 
by means of a constant orthogonal matrix. □ 

Fermi coordinates are the natural generalization of normal coordinates that 
arises when one replaces the point m by a submanifold P. For the moment we 
assume only that P is a topologically embedded submanifold of M, although 
ultimately we shall be interested mainly in the case when the closure of P is 
compact. Let i/ denote the normal bundle of P in M. Thus 

u = {{p,v) \ p e P and V e Pp}, 

where P^ denotes the orthogonal complement of Pp in Mp. Then i/ is a vector 
bundle over P, and so a differentiable manifold. (In fact, i/ is a subbundle of the 
restriction to P of the tangent bundle of M.) The exponential map of the normal 
bundle u is the map exp^ defined by 

exp^(p,i;) expp{v) 

for (p,v) e u. (Here exp^ denotes the exponential map of M at p.) Thus 

exp^: u — > M, 

although strictly speaking exp^ may be defined only in a neighborhood of the zero 
section of u. The generalized Gauss Lemma of Section 2.4 will give the details of 
how exp^ distorts distances. We can identify P with the zero section of i/, so that 
P can be regarded as a submanifold of i/ as well as a submanifold of M. This 
implies that for each p G P we have the inclusion Pp C where *^(^, 0 ) denotes 

the tangent space to u at (p, 0). Moreover, from the definition of u we also have 
that Pj- C with these identifications it is clear that 

*^(p.0) =Pp® Pp- 
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The normal bundle of a nonequatorial circle on a sphere is a cone 

It is possible to define in a natural way a Riemannian metric on i/ (see problem 2.2). 
This is a special case of the construction of a metric on the total space of a 
Riemannian submersion. 

The differential of exp^ becomes very simple when restricted to P. 

Lemma 2.2. Let p e P. Then: 

(i) the restriction of ((exp^)*)^^ to {P^)o 'i'S the canonical identification of 
{Pp)o with p^-, 

(ii) the restriction of ((exp^)*)^^ to {Pp)o is the canonical inclusion of Pp in 
Mp. 

Proof Part (i) is a consequence of the fact that the tangent map of the expo- 
nential map of M at the origin is the canonical identification between (Mp)o and 
Mp (see problem 2.1). Also, since the restriction of exp^ to the zero section is just 
the inclusion of P in M, we get (ii) by taking the tangent maps. □ 

Lemma 2.3. Let P he a topologically embedded submanifold of a Riemannian mani- 
fold M. Then the map exp^: u — > M maps a neighborhood of P C u diffeomor- 
phically onto a neighborhood of P C M. 

Proof It follows from Lemma 2.2 that ((exp^)*)^^ ^ is an isomor- 

phism for each p e P. Then the inverse function theorem implies that for each 
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p G P, exp^ maps a neighborhood of (p, 0) G diffeomorphically onto a neighbor- 
hood of p G M. For the proof that the union of these neighborhoods contains a 
neighborhood that is mapped diffeomorphically by exp^^ onto a neighborhood of 
F C M see [ON4, page 200]. □ 

Let Op be the subset of i/ defined by 

Op = the largest neighborhood of the zero section of i/ for (2.2) 
which exp^: Op — ^ exp (Op) is a diffeomorphism. 

To define a system of Fermi coordinates, we need an arbitrary system of coor- 
dinates (pi,...,pq) defined in a neighborhood V C P of p G P together with 
orthonormal sections . . . , En of the restriction of z/ to V. 

Definition. The Fermi coordinates (xi, . . . of P C M centered at p (relative 
to a given coordinate system (pi,...,pg) on P and given orthonormal sections 
Eq-^i ^ . ^En of u) are defined by 




for p' G V, provided the numbers tq+i , . . . ,tn are small enough so that 

n 

tjEjip’) e Op. 

j=g+i 



In what follows we make the following notational conventions: 
the Xa (f < a < q) are given by (2.3), 

the Xi (q-\-l < i < n) are given by (2.4). 

Since exp^ is a diffeomorphism on Op, equations (2.3) and (2.4) actually define a 
coordinate system near p. 

Fermi coordinates measure the geometry of a Riemannian manifold M in 
a neighborhood of a submanifold P. Therefore, we are principally interested in 
how the Xa and the Xi vary along geodesics normal to P. Hence the choice of the 
coordinate system on P is not important; if necessary it can be chosen to be a 
system of normal coordinates. 

The next two elementary lemmas will be needed in Section 2.3. 
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Lemma 2.4. // (xi, . . . ,Xn) is a system of Fermi coordinates centered at p £ P, 
then the restrictions to P of the coordinate vector fields 

d d 

dXq^l ’ ’ ” ’ dXn 

are orthonormal 

d 

Proof Let p' e P he near p. For q-Fl < i < n the integral curve of — — starting 

UX{ 

at p' is the geodesic ^ defined by f^{t) = exp^ {p' ,tEi{p')) . So 



A 

dxj 



= ^'{0) = E,{p'). 



Since the Ei{p'ys are orthonormal, the result follows. 
Let 

f 1 if a = /?, 

= < 

1 0 



□ 



Lemma 2.5. Let be a unit-speed geodesic normal to P with ^(0) = p ^ P, and 
let u = ^'(0). Then there is a system of Fermi coordinates (xi, . . . ,Xn) such that 
for small t {that is, for {p,tu) G Op) we have 



dx, 



and 



d 

dXa 



'q+1 



G Pr> 



m 



=e{t), 

d 

dxj 



G Pf 



for 1 < a < q and q 1 < i < n. Furthermore, 

{^a ^ 0(0 — tSo^q-^i 

for 1 < a < n. 



(2.5) 



( 2 . 6 ) 



(2.7) 



Proof Choose an orthonormal frame {ei, . . . , e^} at p so that {ei, . . . , e<^} is 
a basis of Pp and = 0(0)- Extend Cq^i, . . . ,Cn to orthonormal sections 

Eq^i , . . . , of in a neighborhood of p, and let {yi,. . . ,yq) be the normal coor- 
dinates on P defined by ei , . . . , Then {yi,. . . ,yq) and the sections ,En 

give rise to a system (xi, . . . ,x^) of Fermi coordinates centered at p that clearly 

d 

satisfies (2.6). Since the integral curve of starting at p is a geodesic with 



dXqj^l 

the same initial velocity as we get (2.5). For any coordinate system (xi, 
we have the formula 

OL=\ 



dXn 






Then (2.5) and (2.8) imply (2.7). 



■ • ? ^n) 

(2.8) 

□ 
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2.2 A Review of Curvature Fundamentals 

Let M be any differentiable manifold, and denote by ^{M) the algebra of 
functions on M. As usual, we let X{M) be the Lie algebra of vector fields on 
M; it can be taken to be the derivation algebra of the algebra A metric 

tensor on M is a symmetric g^(M)-bilinear form ( , ) on X(M) with values in 
5'(M). It gives rise to an inner product (which will also be denoted by ( , )) on 
each tangent space Mm- Although we shall assume that ( , ) is positive definite, 
many of the theorems that we state hold also in the indefinite case. A Riemannian 
manifold consists of a differentiable manifold M equipped with a metric tensor 
( , )• 

The Riem anni an connection (or covariant derivative) V of a Riemannian 
manifold M is defined by 

2(V^y,Z) = X{Y,Z)FY{X,Z)-Z{X,Y) (2.9) 

- {X,[Y,Z]) - {Y,[X,Z]) + {Z,[X,Y]) 

for X^Y^Ze X(M). Then V has the following properties and is characterized by 
them: 



^fXYgY = + ( 2 - 10 ) 

X^{Y + Z) = + (2.11) 

V^/r = {Xf)Y + fV^Y, (2.12) 

= [x,y], (2.13) 



X{Y,Z) = {V^Y,Z) + (YV^Z), (2.14) 

for X,Y,Z G X(M) and /,^ G 5^(M). Notice that V is not a tensor field, because 
it is not linear with respect to functions in its second argument. 

The curvature transformation of M is defined by 



^XY~^[X,Y] 

for X, T G X{M). It satisfies the following identities: 



7 ? = — 7 ? 

XY YX’ 






{R 



Y,Z) = {Ry^W,X), 



wx 

© R^^Z = 0 , 

xyz A Y 



(2.15) 

(2.16) 

(2.17) 

(2.18) 



(2.19) 
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for W, X,Y,Ze X{M). Here 6 denotes the cyclic sum. Equation (2.19) is usually 
called the first Bianchi identity. We often write 

^WXYZ "" 

this is the notation for the curvature tensor. The name is justified because in 
contrast to the covariant derivative, the curvature tensor is linear with respect to 
functions in all its arguments. 

Algebraically the curvature tensor is a rather complicated object, so often it 
is important to study its contractions. There are two such contractions; to define 
them, let {£^i, . . . , be an orthonormal frame field defined on an open subset 
of M. m G M.) Then the Ricci curvature p is given by 

p[X,Y) = ^ ^XEaYEa 

a=l 

for X, F G X(M), where n is the dimension of M. Because of (2.18) the Ricci 
curvature p is symmetric in X and Y . Similarly, the scalar curvature r is defined 
by 

n n 

T = Y, P{Ea,Ea) = ^EaEbEaEY 

a=l ah=l 

It is easily verified that these definitions do not depend on the choice of local 
orthonormal frame field {Ei, . . . ,En}. (A proof can be given along the lines of 
Lemma 2.6 of the next section.) 

The sectional curvature is the function K of vector fields X and Y given by 

^XYXY 

^XY = ||x||2i|y||2-(x,r)2- 

It is defined wherever X and Y are linearly independent. An easy argument shows 
that at each point p e M the value of Kxy depends only on the two dimensional 
subspace Up (or section) spanned by the vector fields X and Y at p. As a result 
we write K{Up) = Kxy{p)- In particular, when M is two dimensional. Up = Mp^ 
so there is only one sectional curvature. It is usually called the Gaussian curvature 
and simply denoted by K. 

There are many details about curvature that we have not covered in this 
section, such as the second Bianchi identity and the quadratic invariants of the 
curvature. We shall introduce them when we need them. 



2.3 Fermi Fields 

Calculations involving Fermi coordinates are considerably simplified by the use 
of Fermi vector fields, which are the analogs for Fermi coordinates of normal 
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coordinate vector fields. If P is a topologically embedded submanifold of M and 
p G P, let ZY C Op on which a system of Fermi coordinates (xi, . . . ,:Tn) centered 
at p is defined. As usual X{U) denotes the Lie algebra of vector fields on U. 



Definition. We say that A e X{U) is a tangential Fermi field provided 



A = ^Ca 



a=l 



dxj 



where the Ca ’s are constants. Similarly, a vector field X € X{U) of the form 



2=«?+l ' 



where the df ’s are constants, is called a normal Fermi field. 

For p e P we denote by X(P,p)^ and X(P,p)-^ the spaces of tangential and 
normal Fermi fields at p G P. It is easy to see that they are both vector spaces 
and have dimensions q and n — q, respectively. Also, let 

X{P,p) = X{P,pf®X{P,p)^ 

be the space of Fermi fields at p. When P is a point, the normal Fermi fields coin- 
cide with the normal coordinate fields defined above. Notice that if , Pn 

are rotated by a constant orthogonal matrix, the space of Fermi fields remains the 
same. 

So instead of Fermi coordinates we prefer to use Fermi fields; this technique 
avoids a great deal of complicated notation. Using Fermi fields, we shall show very 
simply in Chapter 3 that the second fundamental forms of tubular hypersurfaces 
satisfy a Riccati differential equation. 

Two other simple objects, a and N, will be needed for the study of tubes. We 
define them in terms of Fermi coordinates and then describe them geometrically. 



Definition. Let {xi, . . . ,Xn) be a system of Fermi coordinates for P C M. For 
a > 0 we put 



a 



2 



n 






and 



n 

N= j: 



Xj d 

a dxi 



(2.20) 



For geometric interpretations we need some properties of a and N. 

Lemma 2.6. Let p £ P. Then the definitions of a and N are independent of the 
choice of Fermi coordinates at p. 
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Proof. Let (x'^, . . . ,x^) be another system of Fermi coordinates centered at p, 
and let . . . ,E'^} be the orthonormal sections of u that give rise to it. We 

can write 

n 

Ek = ajkEj^ 

where {ajk) is a matrix of functions in the orthogonal group 0{n — q) with each 
CLjk ^'S{P)’ Then 



k=q-\-l 



Xi expj Y, ^'kKj = expJ ^jkt'kjEj 



j—q+l ^k=q+l 



l=q-\-l 
n 

= Y, aux'i ( exp^ ( Y, ^'kK ) 1 > 



l—q+l 



k=q-\-l 



from which we conclude that xi = ^ dijx'y Then 

i=q+i 



n n n 



Y 


II 

M 


E 


E». 




2=qf+l j 


=q+l 


k—q-\-l 




n 

= E 


n 

E 






j=g+l / 


c=g+l 


^ 2=g+l 




n 

= E 


n 

E 


^jkXjX^ 



J=g+1 k=q-\-l 



i=q-\-l 



dxk 

dx' 



Furthermore, = 0 for a = 1, . . . , g, so that from the general formula that 



expresses coordinate vector fields from one coordinate system in terms of those 
from another, we have 

d n r\ Ti r\ 

\ OX U U 

dx'- , ^ dx'- dxk , dxk 



k=q-\-l 

Hence if [hij) — then 

i=q-\-l 



k=q-\-l 



n n n 



Y. ^'iQxr ~Y Y Y 



i=q-\-l k—q-\-l 

n n 



- E 

j=q-\-l k=q-\-l 



d 

dxk 



'kj^j ^ y ^k 

k=q-\-l 



d 

dxk 



□ 
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Geometrically N is the outward normal from every tubular hypersurface, and 
a is the distance from the submanifold P, but these facts must be proved. That N 
is the outward normal requires the generalized Gauss Lemma (see Corollary 2.13) 
and must be postponed. But without further delay we can describe a in terms of 
the distance function of M, and N in terms of velocities of geodesics. 

Lemma 2.7. Let m £ M , and suppose there is a unique unit- speed geodesic ^ from 
P to m meeting P orthogonally. Then 

a{m) = distance(P, m) (2.21) 



and 









e{s). 



( 2 . 22 ) 



Therefore, a is defined on exp^{Op), and N is defined on expj^{Op) — P. 



Proof To obtain nice expressions for a and N, we make a special choice of the 
Fermi coordinates (xi, . . . ,Xn). We are assuming that m is near enough to P so 
that there is a unique shortest geodesic ^ from m to P. Then we can assume that 
^ has unit-speed and meets P orthogonally at ^( 0 ) = p (cf. [Sakai, page 90 ]). Let 
b be such that ^(6) = m. According to Lemma 2.5, there is a system of Fermi 
coordinates (xi, . . . ,x^) centered at p such that Xi(^(t)) = tSiqpi. Hence 

a{m) = Xqpi {^{b)) = b = distance(m, P). 



Similarly, 









dx, 



9+1 









□ 



We now derive the most important properties of N, a and the Fermi fields. 
These properties will be used extensively and will allow us for the most part to 
avoid using Fermi coordinates themselves. 



Lemma 2.8. Let X,Y e X{P,p)^ 
have 


and A,Be X{P,p)'^ . Then on 


exp^(Op) we 




= 0, 


(2.23) 




= 1, 


(2.24) 


N{a) 


= 1, 


(2.25) 


A{a) 


= 0, 


(2.26) 


[X,r] = [A,B] 


= [X,A] = [iV,^] = 0, 


(2.27) 


[N,X] 


= --X + -X{(7)N, 

CF CF 


(2.28) 


[N,aX] 


= X{a)N, 


(2.29) 




^ for any U of the 

= }orv,U = A + cX. 


(2.30) 
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Proof. Since (2.23)-(2.30) are local equations, we can use Fermi coordinates to 
establish them. Equations (2.23) and (2.24) are obvious from (2.22) and the defi- 
nition of geodesic. For (2.25) we use the definitions of N and a and compute 



N{a) 



' ^ E 



2a 



2a ^ a 



Xj d{a^) 
dxi 







Since a is independent of the tangential Fermi coordinates, we get (2.26). It is 
clear from the definition of Fermi field that (2.27) holds, because 

'—,—1 = 0 , 

dXa ’ dxpj ’ 

for 1 < < n. To prove (2.28), we calculate as follows: 



[N,X] = ^( 7 ) 

i=q-\-l 



dxi 



n 

= E 

i=q-\-l 



a cr^ J 



dxi 



= --X + -X{a)N. 
a a 

Equation (2.29) follows easily from (2.28). To establish (2.30), we first compute 

+ V^V^iV (2.31) 

= NX{a)N - 

= [N,X]{<t)N-R^^^N (by (2.25)) 

. {_ix + ixwiv}Miv-fijv<,x" 



Also, (2.27) implies that 






Then (2.30) follows from (2.31) and (2.32). 

If ^ is a curve and X is a vector field along write X' 



(2.32) 

□ 



= and X" = 
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Definition. A vector field X along a geodesic ^ is called a Jacobi^ field provided it 
satisfies the differential equation 

X" + = 0. (2.33) 

There is a close relation between Fermi fields and Jacobi fields: 



Corollary 2.9. Let ^ be a geodesic normal to P at p, and suppose that we have 
X G X(P,p)-^ and A G X{P,p)~^ . Then the restrictions to ^ 

o’X\^ and A\^ 



are Jacobi fields. 



Proof. This is an immediate consequence of (2.30). □ 

As a special case of Corollary 2.9 we see that Jacobi fields which vanish at a 
point m G M have a very simple description in terms of the normal coordinates 
at m. 



Corollary 2.10. Let (xi,...,Xn) be a system of normal coordinates centered at 
p ^ P, and let m e M. Then along any radial geodesic the vector fields 

dxi 

are Jacobi fields for 1 <i < n. 

Jacobi fields have many uses in differential geometry, for example, in prov- 
ing comparison theorems. For tubes, however, we prefer to use Fermi fields. In 
Section 3.1 we shall show that the principal curvature functions of the tubular 
hypersurfaces about a submanifold of any Riemannian manifold satisfy a Riccati 
equation that contains the same information as the Jacobi equation (2.33). 



2.4 The Generalized Gauss Lemma 

Let M be a Riemannian manifold and let m € M. The classical^ Gauss Lemma 
asserts that, although the exponential map exp^ is usually not an isometry, it is 

^The Jacobi differential equation and its relation to Riemannian geometry was studied by Morse 
in his book [Morse]. The notion of Jacobi field is due to Ambrose [Am2]. 

^In paragraph 15 of his paper [Gauss2], Gauss states: 

Ductis in superficie curva ab eodem puncto initiali innumeris lineis brevissimis ae- 
qualis longitudinis, linea earum extremitates iungens ad illas singulas erit normalis, 

which translates as 

If on a curved surface an infinite number of shortest lines [that is, geodesics] of equal 
length be drawn from the same initial point, the curve joining their extremities will 
be normal to each of the lines. 

(The curve is a geodesic circle.) This is the first enunciation of what is now known as the Gauss 
Lemma. It is clear from his paper that Gauss was well aware of the importance of his result. 
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a partial isometry, as we now explain. Consider the tangent space Mm to be a 
Riemannian manifold isometric to EC'. Call the geodesics in Mm emanating from 
0 G Mm radial, and call a tangent vector to Mm at G Mm radial provided v is 
tangent to a radial geodesic. Similarly, call a tangent vector to Mm at v spherical, 
if it is perpendicular to the radial tangent vectors at v. The radial geodesics in 
Mm are mapped by exp^ into the geodesics in M starting at m. Now observe 
that the notions of ^‘radiaF and ^‘sphericaF also make sense for tangent vectors 
to M. Then the classical Gauss Lemma asserts two things: (1) exp^ preserves 
the lengths of radial tangent vectors, and (2) exp^ preserves the orthogonality 
between spherical and radial tangent vectors. On the other hand, most of the time 
exp^ does change the lengths and inner products of the spherical vectors; this 
accounts for the fact that it is almost never an isometry. 

There is a generalization of the Gauss Lemma in which the point m is replaced 
by a submanifold P. However, the statement of this generalized Gauss Lemma 
looks different from the usual formulation of the ordinary Gauss Lemma. (But 
Lemma 2.11 below has been noted in the case that the submanifold is a point by 
Cheeger and Ebin [CE, page 9].) We first state and prove the generalized Gauss 
Lemma; then we show that it implies the Gauss Lemma as described above. Recall 
that for any / G 5^(M), the gradient vector field of / is defined to be the vector 
field grad / G X{M) such that 



(grad/,X)=X/ 



for any X G X{M). 

Lemma 2.11. (Generalized Gauss Lemma.) Let P be a topologically embedded sub- 
manifold of a Riemannian manifold M. Then on exp^(Op) — P we have N = 
grader. 

Proof. Let X G X(F,p)-^, A G X(P,p)^, and write U = Ap aX. From (2.23), 
(2.29) and (2.30) it follows that 

N^{U, N) = (V^V^C/, 7V) = - n) = 0. (2.34) 

Furthermore, using (2.23)-(2.29) we find that 

N^{U,gva.da) = N\A + crX){a) (2.35) 

= N{[N, A]+AN + [N, aX] + (aX)N) ( ct ) 

= N{X{a)N){a) =0 

Thus from (2.34) and (2.35) we see that along any geodesic ^ normal to P the 
functions 1 1 — > {U,N){^^{t)) and 1 1 — > ({/, grader) (^(t)) are both linear functions 




2.4. The Generalized Gauss Lemma 



27 



of t. To prove that they are the same linear function, it suffices to show that their 
limits and the limits of their first derivatives coincide at 0. In fact, we have 



{U,N){m) = {A + aX,N){m) - ( 4 ^( 0 )) = 0 , 

and by (2.26) we have 

([/, grader) (^(0)) = U{a){m) = (A + e7X)(er)(^(0)) = A{a){m) = 0- 
Furthermore, it follows from Lemma 2.8 that 



N{U,N){m) = {y^{A + aX),Nj{m) 

= l^(x^N,N^ + (^N{a)X + aX^X,N'^Ym) 
= {^A||iVf + (X,iV)|(^(0)) 



= (X,iV)(^(0)), 



and 



X([/,grada)(e(0)) = N{A + aX){a){m) 

= |[iV,^]+X + <rXx|(<r)(e(0)) 

= X{a){m)- 



But by Lemma 2.5 it is possible to choose the system of Fermi coordinates so that 
— t^q+ia ^OT 1 < a < Ti. Then 



(X.W)(4(0)) = ( E 



Xj d 



\i=q-\-l 



= ( E 



dxi . 

J=9+l 

d d 






a dxj 



dxi' dxq^i 



^im) 



E ^(^*)(^(0))ei, Cg+i 
\i=g+l I 



= X(x,+i)($(0)), 
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and 



X(a) 






i=q+l 



SO that 

Thus the functions 1 1 — ^ {U, N) and t \ — ^ (t/,grad(j) (^(t)) are identi- 

cally equal. Since ^ is arbitrary, 



(C/,iV> = (grad^,C/). 



(2.36) 



For m near P every tangent vector in Mm is of the form Um for some U = A-\- aX 
with A G X(P,p)^ and X G X{P,p)^. Thus we conclude that N = grader. □ 



Corollary 2.12. The generalized Gauss Lemma implies the ordinary Gauss Lemma. 

Proof. Let {ei, . . . ,6^} be an orthonormal basis of Mm (or {Mm)o)‘ Then the 
normal coordinates on Mm associated with {ei, . . . , Cn} are just the dual basis of 
{ei, . . . , Cn}. Let A/'m^ be the normal for Mm and s the distance function. 

By (2.25) we have N{a) = 1, and by the generalized Gauss Lemma we 
have N = grader. As a result ||iV|| = 1. But the same argument also shows that 
IIA/'Mmll — f- Hence exp^ preserves the lengths of radial tangent vectors. 

The usual interpretation of the gradient operator implies that grad er is per- 
pendicular to each of the hypersurfaces a = constant. A similar statement holds 
for Mm- In other words, the velocity vectors of radial geodesics are perpendicular 
to the hypersurfaces a = constant and s = constant. Thus we see that exp^ also 
preserves the orthogonality between radial and spherical vectors. □ 

For the general case of a submanifold we have by the same reasoning: 

Corollary 2.13. The vector field N is the unit normal to each of the tubular hyper- 
surfaces a = constant about a topologically embedded submanifold P of a Rieman- 
nian manifold M . 

The notions of radial vector and spherical vector for a submanifold can be 
defined much in the same way as for a point. 

Definition. Let P be a topologically embedded submanifold of a Riemannian mani- 
fold M, and let p E P. We call a tangent vector u G P^ a radial vector and a 
tangent vector x £ Pp a spherical vector. 

It is important to observe that the notions of radial vector and spherical vector 
make sense both for P considered as a submanifold of M, and P considered as the 
zero section of the normal bundle u. We can now restate the generalized Gauss 
Lemma as: 

Corollary 2.14. Let P be a topologically embedded submanifold of a Riemannian 
manifold M. Then the exponential map exp^: u — > M preserves the lengths of 
radial vectors and orthogonality between radial and spherical vectors. 
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2.5 Problems 

2.1 Let M be a Riemannian manifold and m E M. 

a. Show that the tangent space is naturally a flat Riemannian 
manifold (that is, its curvature tensor vanishes identically). 

b. For X € Mm let Px-^ — ^ Mm be the curve defined by Px(t) = tx. 
Show that px is a geodesic in Mm starting at m. 

c. For X e Mm prove that the curve t \ — ^ ^x{t) in M defined by 
^x = exp^op^ is the unique geodesic in M that starts at m and has initial 
velocity x. 

d. The manifold Mm is canonically identified with its tangent space 
{Mm)o at the origin as follows. For x G Mm let xq G (M^)o be the tangent 
vector defined by xq = Pxi^)- Show that, in fact, the tangent map of the 
exponential map 

((exp„)*)(,: {Mm)o — » 
is this canonical identification. 

e. Use the inverse function theorem to conclude that exp^ maps a 
neighborhood of 0 G Mm diffeomorphically into M. 

2.2 Let P be a topologically embedded submanifold of a Riemannian manifold 
M with normal bundle u. 

a. Prove that i/ is a differentiable manifold of the same dimension as M. 

b. Let Zero(i/) = {{p^O) E u \ p E P}. Show that Zero(i/) is a subman- 
ifold of 1 / and that exp^ maps Zero(i/) diffeomorphically onto P. For this 
reason we identify Zero(i/) with P, and so we can regard P as a submanifold 
of u. 

c. Show that the normal bundle u is naturally a Riemannian manifold 
such that the projection tt: i/ — > M is a Riemannian submersion. (See [HK] 
or [BZ, page 242].) 

2.3 Let M be an n-dimensional Riemannian manifold with tangent bundle 
7t:T{M) — > M. 

a. Show that any system of local coordinates {xi,. . . ,Xn) on M gives 
rise to a system of local coordinates (xiott, . . . , XnOTr, dxi, . . . , dxn) on T{M). 
In particular, if (xi, . . . ,x„) is a system of normal coordinates on M, then 
(xi o 7T, . . . , Xn o TT, dxi , . . . , dXn) is a system of normal coordinates on T{M). 

b. Let P be a g-dimensional topologically embedded submanifold of 
a Riemannian manifold M. Show that if (xi, . . . , Xn) is a system of Fermi 
coordinates for P at p G P, then (xiott, . . . , x^ott, dx^+i, . . . , dxn) is a system 
of Fermi coordinates at (p, 0) G u for the normal bundle u, considered as a 
topologically embedded submanifold of T{M). 
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2.4 Let P be a topologically embedded submanifold of Show that the expo- 
nential map exp^ is given by exp^(p, v) = p-\-v ior (p, v) G ly. 

2.5 Let P be a topologically embedded submanifold of a sphere S^(A) of radius 

regarded as sphere in centered at the origin. Identify the normal 
bundle i/ of P in S^{\) with { (p, t’) j p G P, v G fl S^{X)p }. With this 
identification show that for (p, u) G jy with ||u|| = 1 we have 



exp^(p, tu) = pcos{tVX) + 




Chapter 3 

The Riccati Equation for the 
Second Fundamental Forms 



Our goal in this chapter is to study the geometry of a Riemannian manifold M 
in the neighborhood of a topologically embedded submanifold P. The principal 
tool that we shall use is the fact that the second fundamental forms of the tubular 
hypersurfaces about P satisfy a Riccati differential equation. 

In Section 3.1 we define precisely the notions of tube and tubular hypersurface 
about a submanifold P of a Riemannian manifold M. Then we derive the Riccati 
differential equation for the second fundamental forms of the tubular hypersurfaces 
about P. The infinitesimal change of volume function of the exponential map exp^ 
is defined in Section 3.2; we show that it also satisfies a differential equation. In 
Section 3.3 we express the volume of a tube as an integral of the infinitesimal 
change of volume function. 

The formulas in the first three sections hold for arbitrary Riemannian man- 
ifolds; there is no particular advantage to prove them only for submanifolds of 
Euclidean space. However, that is certainly an important special case, as is the 
special case when P is a point and M is a general Riemannian manifold. When 
the general formula for the volume of a tube is specialized in Theorem 3.15 to 
Euclidean space, the volume is expressed in terms of the second fundamental form 
of the submanifold, so it is not intrinsic. But it is used in Chapter 4 to derive 
Weyl’s Tube Formula, which is intrinsic. 

The Riccati differential equation for the second fundamental forms (see Corol- 
lary 3.3) and the differential equation for the infinitesimal change of volume func- 
tion (see Theorem 3.11) provide information that is different from that of the more 
traditional Gauss and Codazzi equations. This information complements these two 
equations. Corollary 3.3 and Theorem 3.11 are useful in contexts other than Weyl’s 
Tube Formula. For example, in Section 3.5 we derive some fundamental inequal- 
ities of Bishop and Gunther for the volumes of geodesic balls. The nonintegrated 
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form of one of these inequalities is then used in Section 3.6 to give a simple proof 
of Myers’ Theorem. In Chapter 8 we shall give a simultaneous generalization of 
Weyl’s Tube Formula and the Bishop-Giinther Inequalities using the Riccati dif- 
ferential equation for the second fundamental forms. 

3.1 The Second Fundamental Forms 
of the Tubular Hypersurfaces 

It is time we said precisely what we mean by a tube. 

Definition. Let P be a topologically embedded submanifold {possibly with boundary) 
in a Riemannian manifold M. Then a tube T(P, r) of radius r > 0 about P is the 
set 

T{P,r) = {m G M 1 there exists a geodesic ^ of length (3.1) 

L{£) <r from m meeting P orthogonally}. 

Important Remarks. 

(1) If P has a boundary, then 

T{P,r) / {m G M \ distance(m, P) < r}, (3.2) 

because the ends of the set on the right-hand side of (3.2) must be excluded to 
get the left-hand side. 




Not a tube A tube 



(2) Recall that a Riemannian manifold is said to be complete provided that 
it is complete as a metric space. Although (3.1) makes sense in general, more often 
than not we shall assume that the ambient manifold M is complete. 

(3) Unless otherwise stated, we shall not allow overlapping of a tube with 

itself. 

(4) More stringently, until Chapter 8 we shall assume 

expj,:{ (p,v) e 1/ 1 ||t;|| < r} — > T(P,r) C exp^(0p) (3.3) 

is a diffeomorphism. 

If M is complete and the closure of P is compact, then condition (3.3) can always 
be achieved for sufficiently small r > 0. 
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(5) When (3.3) holds we can write (3.1) as 

T(F,r) = |^{expp(f) | v G and ||i;|| < r}. 

peP 

We shall also need a notion closely related to that of tube. 
Definition. We call a hypersurface of the form 

= {m e T{P^r) I distance(m, P) =t} 
the tubular hypersurface at a distance t from P. 



For 0 <t < r the tubular hypersurfaces Pt form a natural foliation of the tubular 
region T(P, r) — P. Let S{t) be the second fundamental form of the hypersurface Pt 
(the precise definition of S{t) is given below). We shall show that the function t \ — > 
S{t) satisfies a Riccati differential equation by means of some simple calculations 
using Fermi fields. 

Let V and R denote the covariant derivative and curvature transformation of 
M. We use the notation Rn for the tensor field defined on the set exp^(Op) — P 
by 






for U G X(exp^(Op) - P). We shall also need another important operator. 



Definition. The shape operator 



5: X(exp,((9p) - P) X(exp,(Op) - P) 



is defined by 

SU = -\N. (3.4) 

Lemma 3.1. S has the following properties: 

(i) S is tensorial in the sense that SfU = fSU for U G X(expj^(Op) - P) and 
f e 3'(exp^(C>p) - P); 

(ii) {SU, V) = {SV, U) for U,V € X{exp^{Op) - P) with {U, N) = {V, N) = 0; 

(iii) SN = 0 . 

Proof. Part (i) is a consequence of the fact that the covariant derivative is linear 
with respect to functions in its first argument. Also, (iii) is obvious from (2.23). As 
for (ii), we use the generalized Gauss Lemma (Lemma 2.11), computing as follows: 

{SU, V) - {SV, U) = -{V^N, V) + {VyN, U) 

= {[U,V],N) 

= [U,V\{a) 

= U{V,N) - V{U,N) = 0. 



□ 
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The covariant derivative of S is defined by 

V^{S)V^V^SV-SV^V 

ioT U,V G X{exp^{Op) - P). 

Lemma 3.2. On exp^(Op) — P we have 

V^(5) = 52 + R^. (3.5) 

Proof. Each tangent space Mm for m G exp^(Op) - P is spanned by vector fields 
of the form U = A + aX, where A G X(P,p)^ and X G X{P,p)^. Since (3.5) is an 
equation between tensor fields, it suffices to prove it by showing that both sides 
agree on vector fields of the form U. From (2.29) we have 

[N,U]=X{a)N. (3.6) 

Then using (2.23), (2.27), (3.6) and Lemma 3.1 we compute 

V^{S)U = V^iSU) - SV^U (3.7) 

= -V^V^iV - S[N, U] + S^U 
= Rj^U - - S[N, U] + S^U 

= R^U + S^U. □ 

For each t let S{t) and R{t) be the restrictions to the hypersurface Pt of S 
and Pat. Also, let S"(t) be the restriction oiV n{S) to Pt. Then from Lemmas 3.1 
and 3.2 we have: 

Corollary 3.3. On each tangent space to Pt the operators S{t) and S'{t) are sym- 
metric. Furthermore, 

S'{t) = S{t)^PR{t). (3.8) 

Notice that (3.8) is a matrix Riccati differential equation; it contains the same 
information as the Jacobi differential equation (2.33). One is about as hard to 
solve as the other: the Riccati equation is first order but nonlinear, whereas the 
Jacobi equation is linear but of second order. We shall see shortly that each of 
the eigenvalues Ka{t) of S{t) satisfies a scalar Riccati differential equation. For the 
history of the Riccati differential equation and its relation to the Jacobi differential 
equation, see the introductions to the books [Reidl], [Reid2] and Chapter IV of 
[Watson] . 

We denote the second fundamental form of the submanifold P by T. Then 
T is more or less the limit of S{t) as t — ^ 0, but the limit must be taken along 
a specific normal geodesic to make sense. The precise definition of T is as follows. 
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Let A and B be vector fields on P that are tangent to P. X be a vector field on P 
that is normal to P. We define TaB to be the vector field normal to P such that 

{T^B,X) = {V^B,X). 

for all vector fields X normal to P. Then T is tensorial in the sense that it is linear 
with respect to functions / G i?(P). Hence T gives rise to a multilinear function 

T{p): PpX PpX P^ — > M 

for each p £ P. The value of T{p) on a, 6 € Pp and u € P^ will be denoted by 
Tabu- Also, for u e Pp the Weingarten map T„: Pp — > Pp is defined by 

(T„(o),6) = Tabu- 

It follows from the fact that V aB — V bA — [A^B\ is tangent to P that Tu is 
symmetric in a and b. 

Of course, the tensor field S, when restricted to a tubular hypersurface, 
contains the same information as the second fundamental form of Pt, because 
(TaB,N) = (^SA,B) for A,Be j£(P,p)^. More generally, for any hypersurface 
Q it is possible to define a tensor field S' on Q by (3.4). Sometimes S is called the 
shape operator of the hypersurface Q (see [ONI, page 90], [ON4, page 107] and 
Chapter 10). 

The shape operator is normally used to study the geometry of a particular 
hypersurface via the Gauss and Codazzi equations. Notice, however, that for tubes 
it is necessary to study a different aspect of S, namely how S varies from one 
tubular hypersurface to another. In fact, the fundamental equation describing this 
variation is (3.5). 

Let ^ be a unit-speed geodesic normal to P at p with ^(0) = p, and let 
{/i, . . . , /^} be an orthonormal basis of Pp that diagonalizes the Weingarten map 
T^/(o) : Pp — ^ Pp. Extend these tangent vectors to unit vector fields Pi (f), . . . , Fq{t) 
along ^ such that for each t and a, Fa{t) is an eigenvector of S{t). We write 

S{t)Fa{t) = Ka{t)Fa{t) 

for a = 1, . . . ,^. Let Kqy 2 {t), • • • , /^n(f) be the remaining eigenvalues. For i = 
^ + 2, . . . , n there are unit vector fields Fqy 2 {t), . . . , Pn(t) along ^ such that 

S{t)Fi{t) = K^{t)F^{t). 

Finally, we put Fq-^i{t) = ^^(f); then t \ ^ {Pi(t), . . . ,Fn{t)} is an orthonormal 
frame field along 

Definition. The functions /^i, . . . , /^q, /Cg+ 2 , • • - called the principal curva- 

ture functions of S and Pi, ... , Pg, Pg+ 2 , • • • ,Fn are called the principal curvature 
vector fields of S. 
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More generally, the eigenfunctions of the shape operator of any orientable hyper- 
surface are called the principal curvatures of the hypersurface. They depend up 
to sign on the choice of unit normal to the hypersurface. In the special case of an 
orientable piece of a tubular hypersurface Pt we can choose the outward normal. 
Then from the definitions we have 

Lemma 3.4. For fixed t the restrictions of the principal curvature functions to an 
orientable tubular hypersurface Pt are the principal curvatures of Pt . 

Although Fq-\-i is parallel along the other F^s need not be. (However, 
frequently they can be chosen parallel when M is a symmetric space, for example 
a sphere or complex projective space. See Section 6.3.) Some technical difficulties 
arise at those values of t for which two of the hc^s coincide. At such values of t 
one or more of the F^s might be discontinuous and the nondifferentiable. 
Nevertheless, there is still a Riccati differential equation. 

Corollary 3.5. Suppose Fa is differentiable at t. Then 

Proof The differentiability of Fa and the equation SFa = i^aFa imply the differ- 
entiability of ACa- To establish (3.9), we use the fact that (Th, = 0 and compute 
as follows: 



^{SFa,FaY -2{S Fa, F^)-kI 

= < - □ 

Moreover, the following is true: 

Corollary 3.6. Let p^ denote the Ricci curvature of M. Then without exception 
( E = E '^l + P^{N,N). (3.10) 

a=l ' a=l 

a/q+1 

Proof The function Xl^a(^) is differentiable because it is just trS'(t). Hence 
Corollary 3.6 follows from Corollary 3.5. □ 



3.2 The Infinitesimal Change of Volume Function 

In this section we derive a differential equation that will be used to describe how 
the exponential map exp^^: i/ — > M distorts volumes infinitesimally. It will be one 
of the fundamental tools for studying tube volumes. 
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Recall that a Riemannian volume form on an n-dimensional Riemannian 
manifold M is an n-form cu that assigns ±1 to every orthonormal frame 
A Riemannian metric induces an inner product on the space of p-forms in a well- 
known fashion. With respect to this inner product it is easy to check that any 
Riemannian volume form uj has length 1. An orientable Riemannian manifold M 
has a globally defined Riemannian volume form lu; the choice of uj makes M an 
oriented Riemannian manifold. 

Since we shall be studying the local geometry around a submanifold P of 
a Riemannian manifold M, we can assume without loss of generality that both 
manifolds are oriented. Let uj and Ui, be the respective Riemannian volume forms 
of M and the normal bundle i/; then ||a;|| = \\(^u\\ = L The space of n- forms on 
each tangent space to either M or i/ has dimension 1, and so exp* (a;) must be a 
multiple of uji,. We make the choice of uj and uji^ so that this multiple is positive. 
This leads to the following definition. 

Definition. Let P be a topologically embedded oriented submanifold of an oriented 
Riemannian manifold M. Then the function chvol: exp^(Op) — > M is the every- 
where nonnegative function given by 

expl{uj) = {chYolo exp ^)ujiy. (3T1) 

Lemma 3.7. The restriction o/chvol to P is identically 1. 

Proof. This is a consequence of Lemma 2.2. □ 

Definition. Let p e P and let u be a unit vector in P^ . The infinitesimal change 
of volume function of P in the direction u is the function t \ — ^ du {t ) , where 

du{t) = (chvoloexp^)(p,t'ix). 

It is defined for {p^tu) ^ Op. 

The function idu measures the extent to which exp^ distorts volumes in the direc- 
tion u. There is a description of du{t) in terms of Fermi coordinates: 

Lemma 3.8. Let (xi, . . . ^Xn) be a system of Fermi coordinates for P at p e P 
which has the same orientation as uj. {This just means that 

Also, assume that the system of coordinates (pi, . . . ,yq) on P used to define the 
Fermi coordinates is chosen so that 
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forms an orthonormal basis of Pp . Then 

A .. . A ^^(exp^(p,iu)). (3.12) 

Proof. It follows from Lemma 2.4 that all the tangent vectors 

d d 

dxi ’ dxn p 

are orthonormal. Then (3.12) follows from the definitions of Fermi coordinates and 
the function chvol when we evaluate both sides of (3.11) on 

— — 

dxi ’ * * * ’ dXn 

Lemma 3.9. The infinitesimal change of volume function has the following prop- 
erties: 

(i) the tangent map of exp is singular along the geodesic t \ — > exp^(p, tii) 
precisely where du{t) vanishes for some t; 

(ii) the orthonormal frame fields starting in normal directions used to define 
the system of oriented Fermi coordinates (xi, . . . ,Xn) can be rotated by any 
constant orientation preserving matrix without changing the definition of 

(iii) 'i?„(0) = 1 for all unit vectors u G P^- for all p G P. 

Proof. It is easily seen that the infinitesimal volume function is just the Jacobian 
of the exponential map exp^. Then (i) follows from this fact or from (3.11). A 
proof of (ii) can be given along the lines of Lemma 2.6. Finally, (iii) follows from 
Lemma 3.7. □ 

We shall need some elementary facts about the volume forms. Recall that a 
tensor field L of type (1,1) on a Riemannian manifold M can be regarded as a 
function that assigns to each point m G M a linear transformation Lm • Mm — ^ 
Mm’ 

Lemma 3.10. Let lu be the volume form of an oriented Riemannian manifold M 
of dimension n. Then: 

(i) uj is parallel, that Vx(^) = 0 for all X G X(M); 

(ii) for any tensor field L of type (1,1) on M we have 

n 

w(Xi , . . . , , X„) = tr(L)o;(Xi , . . . , X„) (3.13) 

i=l 



for Xi,...,X„eX(M). 
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Proof. Since is an n-form, it is a multiple of cu. But u has unit length, so 
that 0 = X{(j,Lu) = thus, Vx^ = 0, proving (i). 

To prove (ii), we can suppose without loss of generality that Xi, . . . , Xn are 
linearly independent. We write LXi = calculate as follows: 

n n 

o;(Xi , . . . , LXi., • • • 7 Xn) = ^ ^ ^(Xi , . . . , OijXj , . . . , X^^,) 
i=l U = 1 

n 

— ^ ^ n2-iCj(Xi , . . . , X^ , . . . , X^T,) 

2 = 1 

= tr(L)o;(Xi,...,X,). □ 

We are now ready to derive a fundamental diflFerential equation that expresses 
the infinitesimal change of volume function in terms of the shape operator. 



Theorem 3.11. Let ^ be a unit-speed geodesic in exp^{Op) normal to P with ^(0) = 
p e P and ^'(0) = u. Then along ^ for t > 0 and (p, tu) G Op we have 



Kit) 

K(t) 



n — g — 1 
t 



+ tr S{t) 



(3.14) 



Proof By Lemma 2.5 we can choose a system of Fermi coordinates (xi, . . . , 
so that 

d 



Write 



dx, 



qFi 






m 






Nk = 
x^k = 



d 



dXq+i 

dxi 






{i = q + 2,...,n). 



Then we have 



= uj{Ai A . . . A Aq A N A Xq+2 A . . . A Xn){^{t)). (3.15) 

From part (i) of Lemma 3.10 it follows that 

Nlu{Ai a ... a Aq a X a Xg+2 A ... A X^) 



q 

= w(^i A ... A Xj^Aa A ... A A, ANA Xq+2 A . . . A 

a=l 

n 

+ ^ ^ (jj i^i A ... A Aq A N A Xq^2 A ... A \^X^ A ... A X,^) . 

i=qP2 



(3.16) 
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Since [Aa,N] — 0 and [N,Xi] — - VxiN, the right-hand side of (3.16) can 

be written as 

q 

^ ^ (^Ai A ... A Xa N a ... a Aq AN A Xq^2 A ... A X^^ (3.17) 

a=l 

n 

^ ^ ^^(^1 A . . . AN A Xq-^2 A ... A [-^5 ^'i]) A ... A X ^^ . 

i=q+2 



It follows from the definition of S and Lemma 2.8 that 

V, AT = -SAa, v„ TV = -SX, and [N, X,] = --Xi + -Xi{a)N, 

and so (3.17) becomes 
q 

^ w(Ai A ... A (-5^a) A---AAq ANAXq+2 A ... A Xn) (3.18) 

a=l 

n ^ 

+ w{AiA...ANAXq+2A...A{-SXi- -Xi)A...AXn). 

i=q-\-2 

Then from (3.13) and (3.16)-(3.18) it follows that 

- + trS^u). (3.19) 

When both sides of (3.19) are evaluated on ^{t) and (3.15) is used, we get (3.14). 
Hence the theorem follows. □ 



Nu- 



n — q 



3.3 The Volume of a Tube in Terms of the 
Infinitesimal Change of Volume Function 



In this section we assume that P is a topologically embedded submanifold with 
compact closure of a complete Riemannian manifold M. For all r > 0 both T(P, r) 
and Pr are measurable sets. 




the n-dimensional volume of T{P,r), 




the (n — 1) -dimensional volume of Pr. 



In Chapter 1 we gave an intuitive proof that Ap (r) was the derivative of (r). In 
this section we prove this fact rigorously. First, we derive the formula for Ap (r) in 
terms of the infinitesimal volume function. We shall make an assumption (namely 
(3.3)) in Lemma 3.12, Lemma 3.13 and Theorem 3.15 about the size of the tube 
T(P, r). This restrictive assumption will be removed in Chapter 8. 
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Lemma 3.12. Suppose that exp^: {{p^v) G u \ ||t’|| < r} — > T{P,r) is a diffeo- 
morphism. Then 

Ap (r) = / [ du{r)dudP. (3.20) 

Jp J 

Proof. Let s be the function defined on a neighborhood of the zero section of the 
normal bundle u by 

s{p,v) = the Euclidean distance from 0 to 7 ; (that is, s{p^v) = ||v||) 

for {p^v) € u. Then by the Generalized Gauss Lemma (Lemma 2.11) s = aoexp^^ 
where a is the distance function given by (2.21). Let * denote the Hodge star 
operator (either of M or iv). It is clear that each hypersurface 

{{p,v) \ vePp, ||t;|| =t, peP] 

in 1/ has for its volume form, because dsA^ds is the volume form of u. Moreover, 
da A ^ da is the volume form of M in a neighborhood of P. By the Generalized 
Gauss Lemma (Lemma 2.11) it follows that ^da is the volume form of Pt for each t. 




Ttibular hypersurfaces about a semicircle 

Let exp* denote the map induced by exp^ that maps differential forms on M to 
differential forms on u. Since exp* preserves wedge products, we have 

exp* (da) A exp* (*da) = exp*(dcr A*dcr) 



{ 



d d 

uj\ — A ... A — 

OX I uXr 



I o exp^ >ds A^ds. 

\OXi OXnJ 

Furthermore, exp* (da) = ds, so that 

exp:(.,to) = {..(A A ... A A) oexp„},<i». 



(3.21) 
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Because Pr has compact closure, the integral of over Pr is the volume Ap (r). 
Therefore, 



Ap (r) = / *d(j = f expli^da) 

J Pr> JeXV,A(Pr) 






J Pr ^expi^ (Pr') 

oexpj, jdudP, 



where dP is the volume form of P and du is the volume form of S'^ ^ ^(r). Now 
we use the map 

h: S^-^-\r) 

given by h(x) = rx. Then h*Uds) = r^~^~^^ds. Changing variables once more in 
(3.22) we get (3.20). □ 



Lemma 3.13. Suppose that exp^: {{p^v) e jy \ IMI <r} — > T{P,r) is a diffeo- 
morphism. Then 



d \ rAf 4 Af 

^Vp(r) = Ap 






§u{r)dudP. (3.23) 



Proof. Using the notation of Lemma 3.12, we compute as follows; 



T rM 

V P (r) = 



da A*d(j 



/ expty ^ (T(P,r)) 



exp* (dcr) A exp*(*d<j) 



n ds A expK^da) = f A^p{s)ds. 

Xp^^(Pr) y 0 



3.4 The Volume of a Tube in Euclidean Space 
in Terms of Its Second Fundamental Forms 

So far we have derived three fundamental equations for tubes: 
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These equations hold for any submanifold of any Riemannian manifold M when 
(3.3) holds. We now specialize them to a submanifold of 

Lemma 3.14. Let P he a topologically embedded submanifold of'MT. Then 

du{t) = det{Sab -tTabu) (3-24) 

as long as the right-hand side of (3.24) is nonnegative. 

Proof. We compute S{t) and afterwards du{t). First, assume that the princi- 
pal curvature functions of S are all differentiable. Then each satisfies the Riccati 
differential equation 

~ (3.25) 

in particular, each principal curvature function is a nondecreasing function. Thus 
there are two cases to distinguish: aCq;( 0) = — oo and ACa(O) finite. 

Case I: q-\-2 < i < n. Then /^^(O) = — oo, and so when we solve (3.25) we get 





Ki 


t) 


Ki{t) = - i 




r 



Case II: 1 < a < q. Then «:a(0) is finite. This time when we solve (3.25) we 
obtain 



^a(f) — 



/^q(Q) 

1 - tKa{0)’ 



l^a{t) 




The graph of Ka{t) 
when ACa(O) > 0 



Therefore, it follows from Theorem 3.11 that 



Kit) 

K[t) 



^tr5(i) + 



^ ~ g ~ ~^g(0) 

t ) 



We integrate (3.26) and exponentiate; the result is 



1 

= R(1 - i«a(0))l?„(0) = det((ia6 -tTabu)'&uitt)- 

a—1 



(3.26) 



(3.27) 
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In fact, by continuity (3.27) holds even at those points (if they exist) where a prin- 
cipal curvature function fails to be differentiable. On the other hand, by part (iii) 
of Lemma 3.9 we have i9u(0) = 1. Hence we obtain (3.24). □ 

Now we can derive a nonintrinsic formula for the volume of a tube about a 
submanifold of 

Theorem 3.15. Let P he a topologically embedded submanifold ofW^ with compact 
closure. Suppose that exp^:{(p, u) G i/ | IHI < r-} — > T[P,r) is a dijfeomor- 
phism. Then 

pj- p p 

Vp{r)= / / C-^-Uet{Sab-tTabu)dudPdt. (3.28) 

Jo 

Proof. This is an immediate consequence of Lemmas 3.12, 3.13 and 3.14. □ 



3.5 The Bishop- Giinther Inequahties 



The three fundamental equations can also be used to study tubular regions in 
spaces of nonnegative or nonpositive curvature, as we shall see in detail in Chap- 
ter 8. In this section we start out more slowly by using the three fundamental 
equations to derive some inequalities due to Bishop [Bishop] and Gunther [Gii], 
and then the theorem of Myers [Myerslj. 

It will be convenient to introduce some conventions for formulas involving 
trigonometric functions in order to avoid repetitive arguments. First, note that 
even when A is negative, expressions such as sin(tV^) make sense and can be 
written in terms of hyperbolic functions. (Thus when A < 0 we have 



sm{ty/X) _ sinh(^yiy) 

Vx ~ ' 



(3.29) 



Similarly, when A = 0 we interpret sin(t\/A) / '/X as t. 
First, we need an elementary lemma from calculus. 



Lemma 3.16. Let \ be a constant. Suppose that on the interval (0,^o) the function 
k{t) satisfies the differential inequality and initial condition 

k' A, fc(0) = -00. (3.30) 



Then 



k{t) > 



-Vx 

tan(t\/A) 



(3.31) 



for 0 <t < to. 

If the inequality in (3.30) is reversed, then the inequality in (3.31) is also 
reversed. 
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Proof. We do only the case A > 0. Then we can rewrite (3.30) as 

— ^ > \/A, (3.32) 



Integrating both sides of (3.32) and using the assumption that fc(0) = — oc, we 
obtain 

Ht) 

Vx 

which is equivalent to (3.31). □ 

Let M be a Riemannian manifold and let m € M. A point m' G M is said 
to be conjugate to m if the tangent map of the exponential map exp^ is singular 
somewhere on the set exp~^(m'). Next let ^ be a geodesic starting at m. The first 
point on ^ where ^ ceases to minimize distance is called the cut point of m along 
the geodesic The cut locus of m is the set of cut points of m. 

It is known that the cut point along a geodesic always occurs before any 
conjugate points (see, for example, [ON4, page 271] and [Ko]). More precisely, if 
5(M) — { G Mm I rn G M, l|ii|| = 1 } denotes the unit sphere bundle of M, we 
can define functions 

^cut5 ^conj- S(^M) > M 




arctan ^ 



by 



= sup{t > 0 I distance(exp^(tu), m) = t}, 

econj(m,'u) = inf{t > 0 | kernel((exp^)^(t^)) / 0}. 

Then econj(^,'^), if finite, is the distance along the geodesic t \ — > exp^{p^tu) to 
its first conjugate point. As noted above ecut(^?'^) ^ ^conii'f^iu) for all u G Mm- 
See Chapter 8 for more information and a generalization of these notions to tubes. 

A geodesic ball about a point is a particularly simple case of a tube. Notice 
that for a geodesic ball the focal assumption (3.3) can be rephrased in more familiar 
terms by saying that at most the boundary of the geodesic ball about a point m 
can intersect the cut locus of m. Also, (2.2) reduces to 

Om = {tue Mm I ||^A|| = 1, 0 < t < Ccut(^,^^)}- 

Now we are ready to prove a fundamental relation between curvature and 
volume. 

Theorem 3.17. (The Bishop- Gunther Inequalities.) Let M be a complete Rieman- 
nian manifold and assume that r is not greater than the distance between m and its 
cut locus. {So any point m' ^ M with distance(m, m') < r has a unique unit-speed 
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geodesic connecting with m.) 
X be a constant. Then 



>X implies 



<X implies 



Let denote the sectional curvature of M and let 




(3.33) 

(3.34) 



Proof. For each i = 1, ... ,n we apply Lemma 3.16 to the function k{t) = Hi{t). 
Each principal curvature function satisfies the Riccati differential inequality 



+ A, 



because the curvature of M satisfies 



Therefore, by Lemma 3.16 we obtain 



tan(t\/A) 



Summing the principal curvature functions, we get 



tvS{t) > 



— (n — 1)V^ 
tan(t\/A) 



and so by Theorem 3.11 

n — 1 {n — l)^/X cos{ty/X) 

du{t) ~ t sin(^V^) 



(3.35) 



(3.36) 



This inequality is easily integrated. Using the fact that duiO) = 1, it follows from 
(3.36) that 

Now Theorem 3.17 follows from this equation and Lemma 3.13. □ 

Gunther [Gu] proved (3.34), and Bishop [Bishop], [BC, page 256] proved 
(3.33), as well as a sharper result (Theorem 3.19 below) making use of the Ricci 
curvature instead of the sectional curvature. We shall show in Section 8.3 of Chap- 
ter 8 that there is a simultaneous generalization of Weyl’s Tube Formula and the 
Bishop- Gunther Inequalities. 
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A Riemannian manifold K^(A) is called a space of constant cm*vature pro- 
vided the sectional curvature of K^(A) is identically equal to a constant A. Any 
space of constant curvature is locally isometric to one of the following spaces: 



Euclidean space 


R” 


(A = 0), 


a sphere 


5"(A) 


(A > 0), 


hyperbolic space 


m{\) 


(A < 0). 



As a special case of Theorem 3.17 we obtain: 



Corollary 3.18. The volume Vm ^ (r) of a geodesic hall in a complete space K’^(A) 
of constant sectional curvature A is given by 



^ m 



27t”/2 r / sin(t\/A)\ 

mi 



(3.37) 



where r is not greater than the distance between m and its cut locus. 



Thus for a sphere equation (3.37) holds for r < n/y/X. Of course, in (3.37) 

the integration can be carried out, but only in such a messy fashion that it is 
probably better to leave formula (3.37) ais is. However, see Section A.A.3 of the 
Appendix for more information about the right-hand side of (3.37), including a 
graph. 

Bishop’s improvement [Bishop] of Theorem 3.17 is as follows. 



Theorem 3.19. (Bishop’s Theorem.) Let M be a complete Riemannian manifold 
and assume that r is not greater than the distance between m and its cut locus. Let 
X be a nonnegative constant and assume that the Ricci curvature of M satisfies 

p^{x,x) > (n — l)A||x||^ 
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Proof. Let 

fit) = ^ tr S{t) = 

a=l 

It follows from Corollary 3.6 that 



n— 1 



n — 1 



+ A. 



a=l 



By the Cauchy- Schwarz Inequality we have 







< 



n—1 



a=l 



n—1 



E' =( 



a=l 




and so 

fit) > f{t)^ + A. 

We apply Lemma 3.16 using the function f{t) for k{t). Thus we again obtain (3.35). 
Then the rest of the proof of Theorem 3.19 is the same as that of Theorem 3.17. 

□ 



3.6 Myers’ Theorem 

Recall that a Riemannian metric gives rise on a manifold M to a distance function 
(p, q) I — > distance(p, q) in the sense of metric spaces. The diameter of a metric 
space M (in particular, a Riemannian manifold) is defined as 

diameter(M) = sup distance(p, g). 

p,qEM 



The following lemma is an immediate consequence of the definitions. 

Lemma 3.20. If M is a complete Riemannian manifold, then 
diameter(M) = sup ecut(^ 5 ^)- 

{m,u)eS{M) 

We can now give a proof of one of the most important theorems in global 
Riemannian geometry, Myers’ Theorem [Myers 1]. We derive it as a consequence 
of (3.38). 




3.6. Myers’ Theorem 
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Theorem 3.21. (Myers’^ Theorem.) Let M be a complete Riemannian manifold 
and suppose that there is a number A > 0 such that 

p^{x,x) > (n - l)A||xlp (3.40) 

for all tangent vectors x to M . Then M is compact, the fundamental group of M 
is finite, and the diameter of M satisfies 



diameter(M) < —j^. 

vA 



(3.41) 



Proof Let t \ — > du{t) be the infinitesimal change of volume function with respect 
to any point m ^ M, where u is any unit tangent vector in Mm- Equation (3.40) 
implies that (3.38) holds, and from it we see that du{t) must vanish somewhere 
in the interval (0,7 t/V^). We know that the vanishing of du{t) is equivalent to 
the singularity of the tangent map of the exponential map exp^. Hence there are 
conjugate points along every geodesic emanating from every point m G M, and, 
in fact, from (3.38) we have 



ecut{m,u) < econi{m,u) < 






(3.42) 



for all u G Mm- Therefore, (3.41) follows from Lemma 3.20 and (3.42). Since M 
is a complete metric space with finite diameter, it is compact. 

The universal covering space M of M is also complete and the Ricci curvature 
of M satisfies (3.40), so M is compact by exactly the same argument. The number 
of elements in the fundamental group of M equals the number of points in any 
fiber of the covering M — > M. Since both M and M are compact, this number 
must be finite. □ 

Bishop [Bishop] observed that it is possible to modify the proof of Myers’ 
Theorem to estimate the volume of a Riemannian manifold with Ricci curvature 
bounded below by A. We now prove this estimate. 



Theorem 3.22. Let M be a compact n-dimensional manifold and S^{\) an n- 
dimensional sphere of constant curvature A. Suppose that 

p^{x,x) > {n- l)A||x|l^ (3.43) 

for all tangent vectors x to M . Then 



27ri(’^+i) 

volume(M) < volume(5^(A)) = — 

^ ^ T(i(n + 1))A^- 



(3.44) 



^ Sumner B. Myers (1910-1955). American Mathematician. Myers graduated summa cum laude 
from Harvard in 1929, then wrote his dissertation under the direction of Marston Morse,. After 
several fellowships, he came to the University of Michigan in 1936. Although Myers published 
only 21 papers, he has had a great influence in differential geometry. See [Myers2]. 
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Proof. By Myers’ Theorem the universal covering space M of M is compact; 
moreover, volume(M) = p volume(M), where p is the number of elements in any 
fiber of M — > M. Thus the volume of M is not larger than the volume of M. 
Therefore, without loss of generality we can assume that M is simply connected. 
Since the cut locus of any point m e M has measure zero, we have 

volume(M) == volume(exp^(Om)). (3.45) 

We use exp^ to transfer the integration from M to 





3. 7. Problems 
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3.7 Problems 

3.1 Recall from Section 3.4 that a Riemannian manifold K’^(A) is said to have 
constcint curvature provided there exists a constant A such that 

K{Up) = A 

for any 2-dimensional subspace lip to K^(A). Show that the curvature tensor 
field of a space of constant curvature is given by the formula 

^WXYZ = ^ } 
for W, X^Y^Z e X(K’^(A)). (This formula can be written more concisely as 

3.2 Show that the Ricci and scalar curvatures of a space K^(A) of constant 
curvature A are given by 

p{X, Y) = {n-- 1)X{X, Y) and r = n{n - 1)A 

for X,Y eX{K^{X)). 

3.3 Let P be a submanifold of a space K^{X) of constant curvature A, and let S 
be the shape operator of the tubular hypersurfaces of P. Show that each of 
the principal curvature functions /^a of S satisfies the differential equation 

^'a = + (3.51) 

3.4 Equation (3.51) has already been solved in Theorem 3.17 for the case when 
^a(O) = — oo. Solve it also for the case when /^a(0) is finite. 

3.5 Show that for any topologically embedded submanifold P of a space K^(A) 
of constant curvature A the infinitesimal change of volume function for P is 
given by the formula 

Mt) = L- . 

Conclude that the volume of a tube of radius r about a submanifold P in a 
space K^(A) of constant curvature A is given by 

= AT%) = (cos(r^))" 

for r not too large. 
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3.6 Try to integrate (3.52) from 0 to r and see what complications arise. 

3.7 Let 1 1 — ^ U (t) be a curve in the manifold of n x n matrices and let t \ — > S{t) 
and t I — > R{t) be curves in the manifold of symmetric n x n matrices. 
Consider the differential equations 

5' = 5^ + R, (3.53) 

U' + SU = 0, (3.54) 

U” + RU = Q. (3.55) 

What are the relations among (3.53), (3.54) and (3.55)? 

3.8 Prove the Cartan-Hadamard Theorem: Let M be a connected complete Rie- 
mannian manifold with nonpositive sectional curvature. Then for any m e M 
the exponential map exp^:M^ — > M is a covering map. In particular, if 
M is simply connected it must be diffeomorphic to E^. 

3.9 What goes wrong if one tries to generalize the Cartan-Hadamard Theorem 
by using the exponential map exp^^ of the normal bundle i/ of a submanifold 
instead of the exponential map of a point? 

3.10 Prove that the following conditions are equivalent: 

(i) p and q are conjugate. 

(ii) There is a nontrivial Jacobi field along the geodesic from p to q that 
vanishes at both p and q. 

(iii) At least one of the principal curvature functions of the geodesic balls 
centered at p blows up as the radii of the balls approach distance(p, q). 

3.11 What goes wrong when one tries to sharpen the Cartan-Hadamard Theo- 
rem by assuming nonpositive Ricci curvature instead of nonpositive sectional 
curvature? 

3.12 Show that for appropriate Ai and A 2 the Riemannian manifold 

has positive scalar curvature. Conclude that it is impossible to replace “Ricci 
curvature” with “scalar curvature” in Myers’ Theorem. 

3.13 Let /: M — E’^ be an integrable function. Show that the integral of / over 
the tubular hypersurface Pr is given by 

f f:¥da = r^~^~^ [ ( f{expj^{ru))du{r)dudP. (3.56) 

JPr JP 




Chapter 4 



The Proof of Weyl’s 
Tube Formula 



In Theorem 3.15 we wrote down a formula for the volume Vp'"(r) of a tube about 
a submanifold P of Euclidean space W^. Although this formula has a great deal 
of interest, it is not our principal concern, because the integrand is a function of 
the second fundamental form T of P. As Weyl says in [Weyll]: 

So far we have hardly done more than what could have been accomplished 
by any student in a course of calculus. 

Thus in this chapter we shall be dealing with the deepest part of Weyl’s paper, in 
which he reexpresses the tube volume Vp (r) entirely in terms of the curvature 
tensor of P. This means that tube volume is intrinsic to P, because in contrast 
to the second fundamental form, the curvature tensor does not depend on the 
particular way that P is embedded in . 

To complete the proof of his tube formula, Weyl^ appeals at the very end 
of the paper to the theory of invariants, which he had developed previously in 
[Weyl2]. We explain without proofs that part of the theory that we need in a 
modern setting. Actually, it is possible to avoid the general theory of invariants 
(see the second proof of Corollary 4.6 below, and also [Sadov]), but certainly the 
theory of invariants sheds a great deal of light on the tube formula. 

We shall need a generalization of the curvature tensor of a Riemannian mani- 
fold. Therefore, in Section 4.1 we introduce the notion of double form; it is a for- 
malism that is useful for writing down the coefficients in Weyl’s Tube Formula 

^ Hermann Klaus Hugo Weyl (1885-1955). 

It is not possible in a mere footnote to summarize the vast output of Weyl. For details the 
excellent articles by C.N Yang, R. Penrose and A. Borel in [Chan] should be consulted, as well 
as the many other biographical notes. Suffice it to say that Penrose has called Weyl the greatest 
mathematician whose work lies entirely in the 20^^ century. 
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in terms of curvature. Section 4.2 contains a brief discussion of that part of the 
theory of invariants that we need for the tube formula, and also for the power se- 
ries expansions of Chapter 9. Then in Section 4.3 invariants are used to compute 
moments, that is, to express integrals of invariants over spheres as finite sums. 
However, for symmetric invariants these integrals can be computed (as in the sec- 
ond proof of Corollary 4.6) without appealing to the general theory of invariants. 
The proof of the tube formula is completed in Section 4.4. The chapter is con- 
cluded in Section 4.5 with a discussion of generalizations of the tube formula; this 
discussion will be continued in subsequent chapters. 



4.1 Double Forms 

Let M be any differentiable manifold, and denote by 5^(M) the algebra of 
differentiable functions on M. Following de Rham [dR, pages 30-33] we define a 
double form of type (p, q) on M to be an g^(M)-linear map 

a: X{Mf X X(M)^ — ^ ^{M) 

which is antisymmetric in the first p variables and also in the last q. We use the 
notation 

(4.1) 

to denote the value of a on vector fields Xi , . . . , Xp, Fi , . . . , Then 
a(Xi,...,Xp):X(M)^ ^S(M) 

is an S^(M)-linear map whose value on vector fields Yi, . . . ,Fg is given by (4.1). 
Most important for us will be the symmetric double forms. These are the double 
forms for which p = q and 

a(Xi,...,Xp)(Fi,...,yp) =a(yi,...,Fp)(Xi,...,Xp). 
for all Xi, . . . ,Xp,Fi, . . . ,Fp G X(M). 

It is possible to define an exterior product a A (3 of double forms a and f3 
in much the same way as the exterior product between ordinary differential forms 
is defined. Let a have type (p^q) and (3 type (r, s). Let Sp denote the sign of the 
permutation p. Then: 

(a A ^)(Xi, . . . ,Xp+,)(ri, . . . , y,+,) (4.2) 

— ^ ^ ^CT 5 • • • 5 ^Pp ) ? • • • ? ^(Tq ) 

*/5(Xpp^l , . . . , Xpp_^^) 5 • • • 5 Frq-)-s ) 5 

where the sum is taken over all p G Sh(p, r) and a G Sh(g, s). Here 

Sh(p, r) = {pe &pyr \ Pi < P 2 < "’ < Pp and Pp+i < • • • < Pp^r }, 
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where 6p+r is the symmetric group of degree p-\- r and “Sh” is an abbreviation 
for “shuffle”. So an alternate version of (4.2) is 

(aAP)(Xi,...,Xp+r)(ri,-..,Vg+s) 

~ p!o!r!s! ’ • • • ■ V<rJ 

pG ©p-|-r 

a-G©q+s 

’/^(^Pp+1 7 • • • 5 ^pp^r)(^0-q+l ? • • • 7 ^CXq^s)- 

It is straightforward to show that A is associative, and also commutative in the 
sense that 

aA(3 = {-lf^-^^^f3Aa. 

The double forms of type (p, 0) are just the ordinary differential forms, and 
the exterior product A between such forms is the same as the ordinary exterior 
product. Moreover, the notation has been chosen so that if a is a double form of 
type (p, q) and Xi, . . . , Xp G X(M), then o;(Xi, . . . , Xp) is an ordinary differential 
form of degree q. Consequently, the definition (4.2) of the exterior product of 
double forms can be rewritten as 



(4.3) 

{aA(3){X,,...,Xj,+r) = epa{Xp„...,Xp^)Af3{X,^^„...,X,^^^) 

peSh{p,r) 

~ • • ^^Pp) ^ Pi^pp+i^ • • • 1^Pp+r)^ 

'P^&p + r 

In computations, frequently (4.3) is easier to work with than (4.2). 

In the context of Riemannian manifolds the two most important symmetric 
double forms are the metric tensor field p = ( , ) and the curvature tensor R. 
Clearly, g has type (1,1) and R has type (2, 2). Then the wedge product of g with 
itself c times, which we denote by p^, is a double form of type (c, c); similarly, R^ is 
a double form of type (2c, 2c). Although the definition (4.2) is rather complicated 
in the most general case, it is possible to give inductive formulas for p^ and R^. 
These inductive formulas are special cases of the following lemma. 

Lemma 4.1. Let xj) and ^ be double forms of type (1,1) and (2,2), respectively. 
Then 

V^^(Xi,...,x,)(yi,...,n) 

c 

= Y, ..,Xi ,.. . ,Xe)(Fi, . . . , , Yc), 
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and 

l<i<j<2c 

l<k<l<2c 

■^^-HXi,...,y,...,Xj,...,X2e){Yi,...,Yk,--.,Yl,...,Y2c). 
for Xu...,X 2 c,Y,,...,Y 2 ceX{M). 

Proof. These formulas follow by induction from the definition of double form. □ 

It will also be necessary to consider the contraction operators on the 
space of double forms of type (p, q) of a Riemannian manifold M. These operators 
are defined inductively by C^{a) = a and 



C^-\a){Xu- . . , Xp_e, Ea)(Y,,..., Y,_e, Ea), 

a—1 

where {Ei^ . . . ,En} is any orthonormal local frame field on M. (It is easy to show 
that this definition does not depend on the choice of frame field.) 

We can now explain the meaning of all the coefficients in Weyl’s Tube For- 
mula (1.1). 

Definition. Let R denote the curvature tensor of a Riemannian manifold P of 
dimension q. We put 

We call k 2 c{P) the (2c)^^ integrated mean curvature of P. 

In order for this definition to make sense, it is, of course, necessary that the 
integral on the right-hand side of (4.4) converge. This is the case, for example, if 
P is compact, or more generally, if P has compact closure. The name “integrated 
mean curvature” will become clear in Chapter 10, where we also define the odd 
integrated mean curvatures. 

We work out the first three of these coefficients explicitly. In the following 
lemma, and in fact in the rest of the book, it will be convenient to use the notation 
Rabcd as an abbreviation for R{Ea, Eb){Ec, Ed) . 

Lemma 4.2. We have 

ko{P) = volume(P), (4.5) 

k2(P) ^^f^TdP, (4.6) 

k4{P) = lj^{T^-M\pf+\\Rf}dP. 



( 4 . 7 ) 
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(The terms on the right-hand side of (4.7) will be discussed in the course of the 
proof.) 

Proof. By convention C^(R^) = 1, so fco(P) is given by (4.5). Furthermore, 
C^(R^) is just the scalar curvature: 

q q 

C\R^) = R{Ea,Et){Ea,Eb) = Y = T = t{R). 

ab=l ab=l 



Thus (4.6) holds. 

In order to discuss k 4 {P), we need to introduce the quadratic curvature 
invariants. These are the three possible complete contractions of the tensor product 
of the curvature tensor with itself (see Lemma 4.4). (The scalar curvature, on the 
other hand, is the unique linear curvature invariant.) Thus the quadratic curvature 
invariants are the square of the scalar curvature, and in addition 

11/^11'= E 11^11'= E ^abC- 

ab—1 \c=l / abcd=l 

Here ||p|| is called the length of the Ricci curvature p, and ||P|| is called the length 
of the curvature. 

For the computation of C^(i?^) in terms of r^, ||p|p and ||P|p, we first observe 

that 

R^{XuX2, Xs, ^ 4 ) = 2 @ R{XuX2) a R{X3, X 4 ). 

Hence 

q 

C\R^) = Y RHEa,Eb,Ec,Ed){Ea,Eb,Ec,E^) 

abcd=l 

= 2 V &{RiEa,Eb)AR{Ec,Ed)}{Ea,Eb,Ec,Ed) 

~~ bed 
abcd=l 

q 

= 6 ^ {RababR eded ^RabacRdbdc 4" RabcdRabcd^ 

abcd=l 

= 6{r^-4||pf + ||Pf}, 

and so from (4.4) we get (4.7). □ 

4.2 Invariants 

In the last section of [Weyll], the theory of invariants is used to complete the 
derivation of his tube formula. Instead of getting involved in the intricacies of this 
complicated theory, we shall use only those parts of the theory that we need. The 
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material in the rest of this section is adapted from [BGM, pages 75-76]. Other 
relevant sources are [ABP], [Ep], [Ku], [Spivak, volume 5, pages 466-486] and 
[Weyl2]. 

Let V be an n-dimensional vector space over R with inner product ( , )• 
Then the orthogonal group 0(n) has a natural representation on V, which we 
write as v i — > gv for u G E and g G 0(n). Next, let Wk denote the dual space of 
the A:- fold tensor product E ( 8 ) • • • (g) E; equivalently Wk = E* (g) • • • (g) E*, where 
y* is the dual space of V. Then the natural representation of 0{n) on V induces 
a representation on Wk , which is given by 

g{4>)(yi Ig) • ■ ■ (g) Vfc) = 4>{g~^vi <g ■ • • g> g~^Vk) 

for (j) G Wk and vi, . . . ,Vk ^ V. Also, the symmetric group &k acts on Wk via the 
formula 

0 • • • (g) Ufc) == 0 • • • 0 ^crj, 

for (J G S/c and (j) G Wk- 

By definition a polynomial of degree h on Wk is a mapping P: Wk — ^ R 

which has a symmetric multilinear extension to the h-fold tensor product Wk^ • • • 
<S>Wk- Let Ph{Wk) denote the space of all such polynomials. Then 0{n) also acts 
on Ph{Wk) via 

g{P){<f>) = P{g-^<P). 

We are interested in invariants of 0(n), that is, those elements P of Ph{Wk) 
such that 

g{P) — P for g e 0{n). 

We now write down examples of nonzero invariants in the case that k is even, say 
k = 2m. For 4> G W 2 m and a G 62 m we put 

n 

Pe{4>)= XI (4.8) 

CLl •• •Q'm — 1 

where {ei, . . . , e^} is any orthonormal basis of F. It is easy to see that this def- 
inition does not depend on the choice of orthonormal basis. But we need a gen- 
eralization of this construction. For this we introduce the following notation: let 
0^(/) G Whk be defined by 

(g • • ■ (g) Vhk) = Hvi g) • • • g) Ufc) • • • (f){v^h-l)+l g> • • ■ g Vhk) 
for 4>£Wk and vi, . . . ,Vhk ^ V. 

Definition. Suppose that hk is even, say hk = 2m, and let a G © 2 m- Then the 
elementary invariant corresponding to a is the polynomial P^ G PhiWk) defined by 

n 

Pa{(t>)= X (4.9) 

ai . . .dm — 1 



for (f) G Wk . 




4.2. Invariants 



59 



Note that the in (4.8) is linear in 0, whereas the in (4.9)) is a polynomial 
of degree h in (j). It is easy to see that the right-hand side of (4.9) is independent 
of the choice of orthonormal basis. It follows that every elementary invariant P^ 
satisfies g{P(j) = Pa for all g G 0(n). 

The most important fact from invariant theory that we shall need is the next 
theorem. 

Theorem 4.3. Every invariant polynomial is a sum of products of the elementary 
invariants. 

This key theorem from the theory of invariants is beyond the scope of this book. For 
an indication of the proof see [BGM, page 76] and [Spivak, volume 5, page 481]. It is 
a theorem about 0{n). For SO{n) the space of invariant polynomials is generated 
by the elementary invariants together with the determinant. 

Let U he a subspace of Wk • Instead of studying the invariant polynomials on 
Wk we can study the invariant polynomials on U. The space of such polynomials is 
generated by restrictions of elementary invariants to U. However, the restrictions 
of linearly independent polynomials may be linearly dependent. 

An important application of Theorem 4.3 is the classification of quadratic 
invariants of curvature tensors. We take V to be the tangent space Mm to a 
Riemannian manifold M and k — A. However, instead of using all of the dual 
space ofF(8)V’(^y(8)F, we take the subspace 94 of curvature tensors, that is, all 
multilinear mappings R:V <^V ^ R that satisfy the identities (2.16)- 

(2.19). Obviously, every polynomial on the dual space ofF(g)y(g)F(g)V' restricts 
to a polynomial on 94, although some may be zero there. 

More generally, we can consider contractions on (8)^94, which is a subspace of 
the dual space of Thus if i?i, . . . , G 94, then 

Ri — >R 

is an element of 0^94. It can be contracted in many different ways. A complete 
contraction on (g)^94 is a linear operator that assigns to each element A G 0^94 
the real number that is the contraction over all the arguments of A taken in some 
order. 

This leads us to make the following definition: 

Definition. A curvatiu*e invariant of order k is a complete contraction of an ele- 
ment of the form R<^ - ■ ® R in the space 0^94. 

Thus, for example, a quadratic invariant of a curvature tensor i? is a complete 
contraction of i? 0 i? G 94^. We now describe some of the low order curvature 
invariants. 

Lemma 4.4. The curvature invariants of orders 1 and 2 are as follows. 
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(i) The scalar curvature r is the only linear curvature invariant. 

(ii) The quadratic curvature invariants^ are precisely 

\\pf and ||i?f . 

Proof. Part (i) is easy, so we prove part (ii). The mapping R is a function of 
eight variables. Let us count the different ways to contract R^R four times. Each 
contraction involves two indices. Three possibilities for contractions are exemplified 
by II pp and ||i?|p. To get each pair of contracting indices must occur 
entirely in the first factor or entirely in second factor of ii 0 i?, whereas for ||ii|p 
each pair must be split over the two factors. On the other hand, of the four pairs 
in the definition of ||p|p, two are split, one pair is in the first factor, and one pair 
is in the second factor. 

We can use an element a E &gfo permute the various indices of R<^R before 
carrying out the contractions. So by definition r^, ||p|p and ||ii|p are curvature 
invariants. Since h = 2 in the definition of elementary invariant, they are quadratic 
invariants. In fact, using the first Bianchi identity (2.19) one sees that on the space 
any other quadratic invariant must be a linear combination of r^, ||p|p and ||i?|p. 
The most complicated case involves the verification that 

^ ^ 1 
RabcdRacbd ~ 

abcd=l 



4.3 Moments and Invariants 

In this section we shall use the theory of invariants (more precisely, we shall use 
Theorem 4.3) to express moments as finite sums. (See Section A.A.2 of the Ap- 
pendix for some of the elementary properties of moments and [ST] for a historical 
discussion of moments.) 

Let V be an n-dimensional vector space with positive definite inner product 
( , ). Define Ig'. (8)^E* — ^ M by 



W) 



L 






<t>(v,...,v)dv, 



where 5” ^(1) denotes the unit sphere in V defined by the inner product. Note 
that Is € Pi(Ws). 

^ There is a more general definition of curvature invariant that takes into account not only the 
contractions of but also the covariant derivatives of the curvature tensor. Such generalized 
curvature invariants are not needed for the proof of Weyl’s Tube Formula, but they are important 
for the study of the heat equation, and also for the study of power series expansion for the volume 
of a geodesic ball that we shall give in Chapter 9. There is one additional quadratic curvature 
invariant in this generalized sense, namely Ar. See problems 4.7 and 4.8. 
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Lemma 4.5. /« = 0 for s odd, and for f E = W 2 s we have 



hs{4>) 



27T”/2 



n(n + 2)---(n + 25-2)r(f) 



n 

^ ^ <j( 0 )( 62 i , C^i , . 



« E 



(4.10) 

) ^is 



where 

0s = { ^ ^ © 2 s I < ^^3 < • • • < CT 2 S -1 and a 2 t-i < ^ 2 t for ^ = 1 , . . . , s }, 
and {ei, . . . , e^} is any orthonormal basis of V. 



Proof. Theorem 4.3 implies that Is = 0 for s odd, and that / 2 s is a linear com- 
bination of elementary invariants. So after changing notation, we can write 

hs{(l>)=J2M ^ j. (4.11) 

(y£&s ^ii...is = l ^ 



To find the foci’s, it suffices to evaluate both sides of (4.11) on some well chosen 0; 
for example, we take (j) = uf^ • ' • It follows from Theorem 1.5 of the Appendix 
(page 251) that for any p G © 2 s we have 



27T^/2 



z(nT2)---(n + 25-2)r(f) 



hs {u\ ■■■ul) = hs {p ^ (ul ■■■uD) 






crE&s ^ii...is=l 




= 2^s\bp. 



Thus all the are equal; in fact, 

u 27T"/^ 

"" n(n + 2) • • • (n + 2s - 2)r(f )2®s! 

for all a G © 2 s- Hence we obtain (4.10) from (4.11) and (4.12). □ 

An element (f G is called symmetric provided a{(j)) = (p for all a G © 2 s- 

There is an important simplification of formula (4.10) for a symmetric (p. 
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Corollary 4.6. If (/) E is symmetric, then 



hs{<t>) = 



1 • 3 • ■ ■ (2s - 1) • 27 t"/2 
n(n + 2) ■ ■ ■ (n + 2s — 2)F( 



(4.13) 



n 



Proof (Making use of Weyl’s theory of invariants). If (j) is symmetric, then all the 
terms on the right-hand side of (4.10) are all the same. The cardinality of £l 2 s is 



2^s! 






and so (4.13) follows from (4.10). □ 

Second Proof (Independent of Weyl’s theory of invariants). Both the left and right- 
hand sides of (4.13) are linear in 0. By Theorem 1.5 of the Appendix (page 251), 
equation (4.13) holds for any (j) of the form 

(4.14) 

where ii, . . . ,ig are any even integers. Since any symmetric 0 G is the sum 

of polynomials of the form of the right-hand side of (4.14), it follows that (4.13) 
holds for any symmetric (j) G □ 



4.4 Averaging the Tube Integrand 

In this section we show how to express the tube integrand entirely in terms of the 
curvature tensor. Then we complete the proof of Weyl’s Tube Formula. 

The key observation of Weyl is that although t i — ^ det(Ja6 ~ iTabu) de- 
pends on the second fundamental form T (and hence the embedding of P in M), 
integration over all the unit vectors u gets rid of this dependence. In other words, 

I det((^Q5 tTabu^ du 

is expressible in terms of the curvature of P alone. The proof of this fact is unfor- 
tunately rather complicated. We tackle it in the next theorem. 



Theorem 4.7. Suppose that P C is a q-dimensional submanifold with second 
fundamental form T and curvature tensor . Letp G P and let denote 
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the unit sphere in . Then^ 







1^1 

r(i(n - q)) ^ c!(2c)!(n - q){n - g + 2) • • • (n - g + 2c - 2) 



(4.15) 









^t;(c!(2c)!r(i(n-g) + c)2‘= 

Proof. First, let 'ipc be defined by 

I 9 

. . . , Uc) = , ,.2 ' 'Ta^(^c)an(c)Uc 

^ ' ai ...ac = l cr,7rG6c 

(4.16) 

for ui^ ... ,Uc G P^. Notice that '0c is symmetric. The rule for expanding the 
determinant of the matrix det(5a6 ~ tTabu) by minors can be written as 



det((Sa6 - t Tabu) = y] Yc{u, . . . , u)f 



(4.17) 



c=0 



for u G P^. We must integrate each Yc over 5"~^~^(1). The ^ 2 c+i’s integrate to 
zero because integration over one hemisphere is cancelled by the integration over 
the other. For the V’ 2 c’s we have by Corollary 4.6 that 



hc{Y2c) 



l-3---(2c-l)-27r("-«)/2 YYI^. 
{n - g)(n - g + 2) •••(«- 



(4.18) 

,ic = l V’2c(fiti ) Cjj , . . . , €i^ , Cj^ ) 

g + 2c-2)F(i(n-g)) 



(2c)!27r("-g)/^ 

c!4'=r(^(n — g) + c) 



n 

^ ^ '02c(^2i 5 ? 

Zl...2c = l 



^Zc 5 ^Zc)- 



The Gauss equation (see, for example, [ON4, page 100]) relates the second 
fundamental form of a submanifold P with the curvature tensors of P and the 
manifold into which it is embedded. In the case that P C the Gauss equation 
is 



R 



p 

abed 



T. {raciTbdi - TadiTbci) 
i=q+l 



{Tac,Tbd) - {Tad, The)- 



(4.19) 



^Interpret (n — q){n - g + 2) • • • (n — g + 2c - 2) as 1 when c = 0. 




64 



Chapter 4. The Proof of Weyl’s Tube Formula 



We calculate the right-hand side of (4.18) making use of (4.19); from (4.16) we 
find that 



^ ^ V^2c(^Zl 7 5 • • • 5 ) 

ii...ic=q+l 



(4.20) 



1 



((2c) 



n q Z' 

X/ X/ p«a(i)a^(i)2i^a^(2)a, 

ii...ic=q+l a, 7 re& 2 c CLi---(^ 2 c = l ^ 



(2)^l 



• T T 

Cia(2c-l)0"K{2c-l)^c-^ aa(2c)0'iv(2c)'l 

Since {e^+i, . . . , e^} is an orthonormal basis for we have 

n 

^ ^ '^^a{s)^n{t)'^'^^a{u)^7r{v)'^ (^*^cr(s) ^7r(t) ’ ^*^cr(u) ^7 t(u) ) * 

i=q-hl 

Thus the right-hand side of (4.20) can be written as 
I 9 r 

((2c)!) 2 X/ X/ I ^^<^cT(l)a^(l) 7 ^aa(2)a7T(2) ) 

^ ^ a,i.-.a.2c = l cr,7rG©2c ^ 

^^®cr(2c— l)®7r(2c— 1) ’ ^®'<t(2c) ®7t(2c) ) ^ ’ 

Next, we write (4.21) in a way that at first sight seems more complicated: 



(4.21) 



(4.22) 



2<^((2c)\)‘^ X/ X] I ’ ^<^^(2)a7r(2)) (^o<r(i)a^(2) 7 ^a^(2)a7T(l) ) ] 

ai...a 2 c = ^ <y, 7 T^& 2 c ^ 

^(^®o-(2c — 1) <^7 t(2c — 1) ’ ^<^ct(2c) ‘^7t(2c) ) (^*^cr(2c— 1)<^7 t(2c) ’ ^^a{2c) ®7t(2c — 1) ' 

But each of the factors in (4.22) is expressible in terms of the curvature tensor 
making use of the Gauss equation (4.19). Thus from (4.19)-(4.22) we obtain 



^ ^ V^2c(^ii 1 ^%c 5 ^ic ) 

q...zc=g+i 



(4.23) 



2^((2c 



2c)!)2 5-/ X] ^'^^'^|■^aa(l)a<,(2)a,r(l)a, 

ai...a2c = l (7,7r6©2c 



( 2 ) 



...rP 

0 'a{ 2 c-l)(^a{ 2 c)Ci-n:( 2 c~l) 0 'n( 2 c) 
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((2c)!)2 



^ {R‘"y{ai,...,a2c){ai,...,a2c) 



ai ...a2c = l 



Now we get a nice formula for the integral of 7/^20 over the unit sphere in Pj~. Prom 



((2c)!)2 
^et a nic 

(4.18) and (4.23) it follows that 



hc{'^2c) 



2^(n-9)/2^2c((^P)c) 

d(2c)!2T(^(n - q) + c) 



(4.24) 



When we combine (4.17) and (4.24), we obtain 



/ det{5ab - tTabu) du = / Yc{u, . . . ,u) du 

k/2] [q/2] ( 72 c/^/zdP\c\ f2c 

= V /2 (^2 ) - V - 

h ^ ^d(2c)!P(i(n-^) + c)2^- 



Thus we get (4.15). □ 

At last we are able to complete the proof of Weyl’s Tube Formula (1.1). 

Theorem 4.8. (Weyl’s Tube Formula.) Let P be a q-dimensional topologically em- 
bedded submanifold in Euclidean space W^. Assume that P has compact closure, 
and that every point in the tube T{P,r) has a unique shortest geodesic connecting 
it with P. Then the volume Vp""(r) ofT{P,r) is given by 

k2c{Py^ 

^ (i(n-g))! ^ (n-g + 2)(n-g + 4)---(n-g + 2c)' 

Proof. We multiply (4.15) by and integrate over P. By Lemma 3.13 and 

Theorem 3.15 the left-hand side of the resulting equation is (t). For the right- 
hand side we make use of the definition (4.4) of the /c 2 c(F)’s in terms of the 
C‘^^{R^ys. The result is 




2^{n-q)l2 

r(i(n-g)) 



k/2] 

E 



c=0 



(n- 



q){n ~ q + 2) ■ ■ ■ {n — q + 2c — 2 




(i(n - q))\ ^ (n - 9 + 2 ) • • • (n - g + 2 c - 2 ) ■ 

When (4.26) is integrated from 0 to r, we get (4.25). □ 




66 



Chapter 4. The Proof of WeyVs Tube Formula 



Finally, 

Corollary 4.9. The tube volume (r) depends only on P and r and not on the 
particular way that P is embedded in . 

Proof. Since the coefficients in (4.25) depend only on the curvature of P, they, 
and also the tube volume, are intrinsic to P. □ 

Historical Remarks. A key result needed to establish Weyl’s Tube Formula is 
Theorem 4.7. A slight generalization of this theorem is given in [AW]. Then in a 
footnote Allendoerfer and Weil remark 

Similar calculations may also be found in W. Killing, Die nicht-eukli- 
dischen Raumformen in analytischer Behandlungen, Teubner, Leipzig, 

1885, p. 255. 

In a set of lecture notes [A12, page 15] Allendoerfer is more explicit. He first writes 
down the tube formula and then says 

The integration over can be carried through explicitly (see H. 

Weyl - Am. Journ. of Math. 1939, although the results are actually 
due to Killing). 

All of this may be true, but a great deal of work would be needed to obtain a tube 
formula from Killing’s^ calculations. 

It should also be mentioned that Weyl’s derivation of his formula (1.1) is 
somewhat different from the one presented here. He invokes the theory of invariants 
at the crucial point, but before that he relies heavily on explicit formulas using 
the calculus of Euclidean space. See [BeGo, pages 207-243] for more details on 
this approach. At the same time Weyl derives a formula for tubes in a sphere 
by observing that is a hypersurface in and then translating the formulas 
for S'^ to and back again. Besides being a little simpler, the approach we 

have taken (using the Riccati differential equation for the second fundamental 
forms) has the advantage that it strongly suggests how to get tube formulas in 
more general spaces, such as spaces of constant sectional curvature or constant 
holomorphic sectional curvature. We shall pursue these ideas in the next section, 
and also later in Chapters 7 and 8. 



Wilhelm Karl Joseph Killing (1847-1923). German mathematician. Killing introduced Lie 
algebras independently of Lie in his study of non-euclidean geometry. The main tools in the 
classification of the semisimple Lie algebras are Cartan subalgebras and the Cartan matrix, both 
first introduced by Killing. (But Cartan found some errors in his papers). The notions of root 
system of a semisimple Lie algebra and characteristic equation of a matrix are due to Killing. 
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4.5 Generalizations 



Corollary 4.9, and hence Weyl’s Tube Formula, is not true for a submanifold P of 
a general Riemannian manifold M. This is easy to prove, for example, when P is 
a point m E. M. We shall see in Chapter 9 that the volume of a geodesic ball in 
M centered at m has a power series expansion that starts off as 








6(n + 2) 



+ 0{r*) 



m 



where denotes the scalar curvature of M. Thus if M has nonconstant scalar 
curvature, the function m i — > will not be constant. In other words, V^{r) 

depends on where m is embedded in M. However, it is possible to generalize part 
of the proof of Weyl’s Tube Formula, and we shall need this generalization in later 
chapters. 

Let P be a submanifold of a Riemannian manifold M. We use the notation 
rP __ rM denote the restriction to P of the difference of the curvature operators 
of P and M. The operator will appear often in the rest of the book 

because of the Gauss equation (4.28); it is a rough measure of the failure of P to 
be totally geodesic in M. Although it seems that this operator has something to 
do with the curvature of the normal bundle of P in M, this is not the case. For 
example, when M is Euclidean space R^ — R^ and R^ coincide. 

The explicit integration of 'du{i) over unit vectors u is impractical for a general 
Riemannian manifold M. (It is very complicated, for example, even for a point 
in the product of two spaces of constant curvature.) However, there is nothing to 
prevent the integration of det{6ab — tTabu) over the unit sphere in P^ . 



Theorem 4.10. Suppose that P C M is a q- dimensional submanifold with second 
fundamental form T on a Riemannian manifold M . For each point p £ P let 
1(1) denote the unit sphere in P^ . Then we have 

[ det{5ab - 1 Tabu) du (4.27) 

_ - R^Y)P 

r(i(n - q)) “ c!(2c)!(n - q){n - q + 2) ■ ■ ■ {n - q + 2c - 2) 

^ 2 ^ in-,)/2 y' C^%R^-R^Y)P ^ 

£^c!(2c)!r(i(n-g) + c)2"’ 

Proof. The proof of Theorem 4.10 is exactly the same as that of Theorem 4.7 
with one exception, the Gauss equation. Instead of (4.19) we have the more general 
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formula 

n 

^abcd ~ ^abcd ~ ^ ^ {TaciTbdi ~ TadiTbci) ~ {Tac^Tbd) ~ {Tad^Thc) > (4.28) 

i=q+l 

This is the Gauss equation for a submanifold P of a Riemannian manifold M 
(see [ON4, page 100]). So the proof of Theorem 4.10 is word for word that of 
Theorem 4.7, except that (4.28) is used instead of (4.19). □ 

The reason that it is not possible to prove Weyl’s Tube Formula for general 
Riemannian manifolds is that Lemma 3.14 holds only for submanifolds of 
everything else works fine. In particular, integration of (4.27) over P yields: 



Corollary 4.11. Let P be a q- dimensional submanifold with compact closure of a 
Riemannian manifold M. Then 



fJJ 



^ ^ det(^a6 - t Tabu) du dP dt 






(4.29) 



_ (7rr2)(»-^)/2 k2c{RP - 

- ?))! ^ - 9 + 2)(« - g + 4) • ■ • (n - g + 2c) ■ 

It is an interesting fact that the right-hand side of (4.29) does not depend on 
the second fundamental form of P in M; still we cannot interpret it directly as a 
tube volume (but see Section 8.2 of Chapter 8). In later chapters the right-hand 
side of (4.29) will arise frequently. For example, we shall show in Chapter 8 that 
>0 implies that 

M ^ (^^2)(n-g)/2 1^1 _ fjM y2c 

- (l(n-q))\ {n-q + 2){n-q + 4:)---{n-q + 2c)' 



4.6 Problems 



4.1 Using problem 3.5, show that if P is any submanifold in a space K^(A) of 
constant curvature A, then the volume of a tube of small radius r about P 
is given by 



^Vp (r) = Ap W = p7i 



27t(" / tan(r\/A) 



n—q—1 



r{^{n-q))\ ^/A 



[.] k2c{R^ - \I) 



•(cos(rv/A))” Y, 



( tan(r\/A) 



2c 



c=0 



(n - q){n — q 2) • - {n — q 2c — 2)' 
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4.2 Let -0 be a double form of type (1,1). Show that 

nxi,. . . , Xp){Yi,. ..,Yp)=p\ det{i>{Xi){Yj)) 
for Xi, . . . , Xp, Yi,.. . ,Yp G X{M), and that 

nxu. ■■,Xp)=pl V’(Xi) A ... A ^(Xp). 

4.3 Let be a double form of type (2, 2). Show that 

4'P(Xi,...,X2p) = ^ ^ ep^(Xp,,Xp,)A...A^(Xp,^_,,XpJ 
pe&2p 

for Xi,...,X 2 pGX(M). 

4.4 Show for a space K’^(A) of constant curvature A that the lengths of the Ricci 
curvature and the curvature tensor are given by 

HpIP = n{n - 1)^A^ and ||i?|p = 2n{n - 1)A^. 

4.5 Show that if is considered to be a linear transformation 

R^-.A'^^Pp) A^^(Pp) 

then = (2c)!tr(i?=). 

4.6 Let Jn{z) denote the Bessel function of order n. Using problem 4.5 and the 
power series expansion 

^ \(n-g)/2 oo 

7 ^) = ,) + *)!• 

show that Weyl’s tube formula (1.1) can be rewritten as 

r f / \ \ 

Yp{r)= 

(See [Grl5].) 

4.7 One can also consider the invariants of the space V^9t of covariant derivatives 
of order p of curvature tensors. Show that V^!EH has the invariant 

n 

^ aa^cdcd- 

acd=l 

Usually the Ar is also considered a quadratic curvature invariant. (For 
the definition of the covariant derivative of the curvature tensor see equa- 
tion (6.22), page 94.) 
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4.8 Show that for a Riemannian manifold of dimension at least 6 the space of 
cubic curvature invariants has dimension 17. By definition a cubic invariant 
is a complete contraction of one of the spaces 



The following is a specific basis: 

^\\pr, T\\Rf, tAt, AV, {AR,R) = y,RijkiVlpRijki, 

P ~ Pij PjkPkii R — RiiklRklnqRnaii i R — V RikilRk-nlaRmai ^ 

l|Vr||2 = E(Vr)2, \\Vpf = EyiPjkr, 

c^ip) = EyiPjk)ykPij), ||Vi?||2 = yy,R,ki,)\ 

{Ap,p) = T^PiylkPij^ (W,p) = E(Vy'r)pij, 

0 P,R'^ — V! Pi i Pkl Rj i kl where Rijkl — Rikjl^ 

(^P^ — E: Pa Rg where RiJ — RinarR'inar- 




Chapter 5 

The Generalized 
Gauss-Bonnet Theorem 



In this chapter we shall prove the Generalized Gauss-Bonnet Theorem using tubes. 
The principal ingredients are: (1) H. Hopf’s generalization [Hopfl], [Hopf2] of the 
Gauss-Bonnet Theorem for hypersurfaces in (2) the Nash Embedding Theorem 
[Nash], (3) Weyl’s Tube Formula [Weyll], and (4) some elementary calculations 
with volumes of tubes and Euler characteristics. This proof using tubes is neither 
the most direct nor the most elegant; Chern’s proof [Chernl] excels in both of 
these respects (see the end of this chapter). However, the proof via steps (l)-(4) 
has many interesting features; it is due to Allendoerfer [All] and Fenchel [F12]. 
Furthermore, some of the techniques of the present chapter will be useful when 
we discuss complex versions of the Weyl Tube Formula in Chapters 6 and 7. 

From Weyl’s Tube Formula (1.1), we see that the volume {r) of a tube 
of radius r about a submanifold P C is a polynomial. In the course of the 
computations certain coefficients, the /c 2 c(P)’s, appear. We know by Theorem 4.8 
that these coefficients depend only on the Riemannian metric of P, and not on 
the particular way in which P is embedded in R’^. 

Although the /c 2 c(^)’s are independent of the embedding, it would be too 
much to expect them to be independent as well of the particular metric on P. As 
a matter of fact, ko{P) = volume(P) can change when the metric of P changes. 
Therefore, it is more than a little surprising that when P is compact and even 
dimensional, not only is the top coefficient in the Weyl Tube Formula a metric 
invariant, but also a topological invariant. We shall see that this fact is equivalent 
to the Generalized Gauss-Bonnet Theorem. 

In Section 5.1 we exploit the fact that tubular hypersurfaces about tubular 
hypersurfaces about a submanifold P are themselves tubular hypersurfaces about 
P. Elementary facts about the Euler characteristic and the Pfafiian are recalled 
in Sections 5.2 and 5.3. The proof of the Generalized Gauss-Bonnet Theorem for 
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hypersurfaces in is outlined in Section 5.4. Then in Section 5.5 we give the 

proof using tubes of the Generalized Gauss-Bonnet Theorem. Some of the main 
events in the history of the Gauss-Bonnet Theorem are mentioned in Section 5.6. 



5.1 Tubes around Tubulcu* Hypersurfaces 

Let P be a topologically embedded submanifold with compact closure in W^. Each 
tubular hypersurface Pt about P is also a candidate for a submanifold about which 
we can consider a tube. Instead of just computing the function 

1 1 — > volume (Pt) = ko{Pt) 



(which we already know is the derivative of Vp "" (r) at r = t) , why not compute 
the functions 

t ^ fc2c(Pt)? 

In fact, this can be done in an elementary way. Let us assume that P has even 
dimension, say 2p, and that it is embedded in an odd dimensional Euclidean space 
j^ 2 n+i needed for the Gauss-Bonnet Theorem.) Each tubular 

hypersurface Pt then has dimension 2n. 



Theorem 5.1. Let P C have even dimension 2p. Then for a = 1, . . . , n the 

tube coefficient k 2 a{Pt) of the tubular hypersurface Pt is given by 



k2a{Pt) 

l-3---(2a + l) 



(5.1) 



na k2ib+a-n+p){P) /2a + 25 + 1^26 
(n-p+i)! ^ (2n-2p + 3)---(2a + 26+l) V 2 a +1 ) 



Proof We apply Weyl’s Tube Formula (1.1) to the hypersurface Pt. Since Pt has 
codimension 1, we obtain 



K2n+1 ^ (,,,2)1/2 » k2c{Pty<^ 

(^)! ^l-3---(2c+l) 

^ k2c{Pty^+^ 

^l-3---(2c+l)- 



(5.2) 



On the other hand, we can express the left-hand side of (5.2) as the difference of 
volumes of tubes about P: 




(r)=Vp {t + r)-Yp {t-r). 



(5.3) 
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We expand the right-hand side of (5.3), again making use of Weyl’s Tube For- 
mula ( 1 . 1 ): 




1 j^2n+l 

(t + r)-Yp (t-r) 



P + ^)2n-2p+2c+l _ _ ^)2n-2p+2c+l| 

(n - p + i)! ^ (2n - 2p + 3) • • • (2n - 2p + 2c + 1) 



-p+5 P 



iV 



fc 2 c(P) 



(n - p + i)! “ (2n - 2p + 3) • • • (2n - 2p + 2c+ 1) 

n— p+c 



E 

a =0 



2n - 2p -I- 2c -h 1 
2 u “h 1 



2^2a+1^2(n-p+c-a) 



Letting 6 = c — a + n— p and changing the order of summation, we obtain 

-1 



]n) 2 n+l 

V IR^ T rM. 

P {t + r)-\lp {t-r) 

^ 2 (fe+a— n+p) (^)^ 



(5.4) 



^ 2^n p +2 /C2(5+a-n+p)(^)^^^"^^ / 2 tt + 26 + l\ 05 

- (n-p+i)!^( 2 n- 2 p + 3)..-(2a + 26+l)^ V 2 a T 1 J 

Now (5.1) follows from (5.2)-(5.4) when we equate the coefficients of like powers 
of r. □ 

A special case is noteworthy. 

Corollary 5.2. Under the assumptions of Theorem 5.1 we have 



k2n{Pt) = 2(27t)"-^^2p(P)- (5.5) 

Proof. When a = n the sum on the right-hand side of (5.1) collapses to one term. 
Thus (5.5) follows from 

k2n{Pt) 7r"-^+H2p(P) 

1 • 3 • • • (2n -1-1) {n — p-\- ^)! (2n — 2p -h 3) • • • (2n -h 1) 

_ 2{2nr-Pk,,{P) 

1 • 3 • • • (2n -f- 1) * 



5.2 The Euler Characteristic 

The most familiar definition of the Euler characteristic of a compact manifold is 
the alternating sum of Betti numbers: 

dim P 

x{p) = 5 ] i-mp). 

a=0 
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Here the Betti number ba{P) is the dimension of the cohomology group 
or equivalently the dimension of the space of harmonic a- forms. How- 
ever, often it is useful in differential geometry to use a more elementary definition, 
namely 

dimP 

X(P) = E (-l)“«a(P), 

a=0 

where aa(P) is the number of a-simplexes of P with respect to some triangulation. 
Then x(P) (but not the aa(P)^s) is independent of the choice of triangulation. 
Counting arguments can be used to prove that 



x{E) = x{F)x{B), 


(5.6) 


for any differentiable fibration of E — > B with fiber F, where F, 
compact [Hu, page 277]. In particular. 


F and B are 


x{FxB)^x{f)x{b), 


(5.7) 


x{P) =PX{P), 


(5.8) 


where P — > F is a p-fold covering space. 

We shall need the following related fact: 




Lemma 5.3. Let P^ be a compact submanifold. Then 




x{Pr) = x{P)x{s^-^-Hi))- 


(5.9) 



Proof. It is not hard to see that Pr fibers topologically over P with fiber 
Hence (5.9) follows from (5.6) and the obvious fact that 



for any r > 0.^ 



□ 



Corollary 5.4. Let P C be a compact submanifold of dimension 2p. Then 

the Euler characteristics of P and a parallel tubular hypersurface Pt are related by 

x{Pt) = 2x(P). 



Proof. In this case the fiber is a sphere of even dimension 2n — 2p. □ 



^ Here and infrequently elsewhere we use r to denote the radius of a sphere instead of the sectional 
curvature. 
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5.3 The Pfafficin 



When the dimension of P is even, say 2p, a particularly important coefficient is 
the top one, k 2 p{P). It is the integral of an interesting curvature function, often 
called the Gauss-Bonnet integrand. It is best understood in terms of a certain 
function of matrices, the Pfaffian,^ which can be described as a square root of the 
determinant. 



Definition. Let A be any 2m x 2m antisymmetric matrir^ then the Pfaffian Pf(A) 
is defined by 

Pi{A) = 2^m\ ^ " ^p2m-lP2m' (5.10) 

P^&2m 

Many terms on the right-hand side of (5.10) coincide with one another. When we 
combine them, the formula for the Pfaffian reduces to 

Pf(A) = ^p^plP2 ' ' ' ^p2m-lP2m^ (^‘H) 

where now the sum Yl' is over all permutations p G 62m such that 



pi < P3 < • • • < P2m-1 and p 2 i-i < P 2 i {l<i< m). 



For example, Pf 



0 a 
—a 0 



= a and 



Pf 





0 


ttl2 


^^13 


ai4 


\ 




— dl2 


0 


Ct23 


U24 






— «13 


— d23 


0 


U34 






— Ul4 


-U24 


— <^34 


0 


/ 



— ttl2<^34 — ^^13^^24 + CLl4:<^23- 



One useful method for computing higher order Pfaffians is as follows. Let 
denote the Pfaffian of the submatrix (^Zp2g)i<p,g<2/e- From (5.11) it follows by 
induction that 

2k 

^ii---i2k — ip... I2k’ 

p=2 

For the computation of the Pfaffian of a matrix that is antisymmetric and of the 
form 

A B\ 

-B aJ ’ 

see Lemma 6.6 of Chapter 6. 

^ Johann Friedrich Pfaff (1765-1825). German mathematician, professor of mathematics at Helm- 
stedt from 1788 to 1810 when he was appointed to the chair of mathematics at Halle. He worked 
in the areas of partial differential equations, special functions and the theory of series. His most 
important work on PfafRan forms was published in 1815, but its importance was not recognized 
until 1827 when Jacobi published a paper on Pfaff’s method. Pfaff taught Gauss, who lived in 
his house in 1798. He recommended Gauss’s doctoral thesis. 
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The most important fact about the Pfaffian is that it is a square root of the 
determinant: 

Pf(^)2 = det(yl). (5.12) 



Another important property is: 

Pf(CD^C) = Pf(D) det(C), (5.13) 

where = —D and C is arbitrary. (Here denotes the transpose of D.) For 
a straightforward inductive proof of (5.12) see [Chern4]. Other good references 
for the Pfaffian are [MS, pages 309-310], and [Spivak, volume 5, pages 416-417], 
where (5.13) is proved. 

So far we have been dealing with the Pfaffian of a 2m x 2m matrix A with 
= -A, but we have said nothing else about the nature of the entries of A. In 
fact, it is clear that Pf(A), like det(A), makes sense not only for real and complex 
A, but also for A with entries from a commutative ring, say the ring A®(M) of 
differential forms of even degree on a manifold M. We now exploit this fact. 

Let M be a 2n-dimensional Riemannian manifold and {Ei, . . . , E 2 n} a local 
orthonormal frame. Then the curvature forms Ptij {I < ij < 2n) of M with 
respect to this frame are given by 



n^j{X,Y) = {R^yE,,Ej). 

So the matrix of curvature forms Pi = {Plij) is an antisymmetric matrix of 2- forms, 
and Pf(r^) is a well-defined 2n-form. 



Definition. Let M be a Riemannian manifold of dimension 2n, and let Q be the 
matrix of curvature forms relative to a local orthonormal frame {£^i, . . . , £^ 2 n}* 
The Euler form of M {relative to {Ei, , E 2 n}) ‘Is 

^)n V ’ 



The factor {2tt)~^ is included so that the Euler form exactly coincides with the 
Chern form of highest degree that we shall define in Chapter 6, and also to make 
the Generalized Gauss-Bonnet Theorem look a little nicer. The Gauss-Bonnet 
integrand is by definition the Euler form. 



Lemma 5.5. Let M be an oriented Riemannian manifold of dimension 2p with 
Riemannian volume element uj. Then the definition of the Euler form x does not 
depend on the choice of local orthonormal frame field among those local ortho- 
normal frames that define the given orientation of M . Furthermore, we have 



RP{Eu ...,E2p){Eu..^^E2p)= p\ {Pm,uj). 



(5.14) 
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Proof. It follows from (4.3), page 55, and induction that 

X 2 ,) = ,X,,) A... A R(X,,^_, , X,J 

pe©2p 

(5.15) 

for Xi, . . . ,X2p E X(M), Then (5.14) is obvious from (5.15) and the definition of 
the Pfaffian. 

Furthermore, let {Fi, . . . ,F2pj be any other local orthonormal frame field. 
We can write ^ ^ijFj^ where (a^j) is some orthogonal matrix. Then 

F^(Fi,...,F2p)=eF^(Fi,...,F2p), 

where 5 = det (a^j) = ±1, so that 

F^(Fi,...,F2p)(Fi,...,F2^)-F^(Fi,...,F2p)(Fi,...,F2p). 

Thus from (5.14) it follows that (Pf(Q),a;) depends neither upon the choice of 
local frame nor upon the orientation. (When the orientation of M is changed, uj 
is replaced by —lu.) On the other hand, x does depend on the orientation, but is 
otherwise independent of the choice of the local orthonormal frame. □ 

There is a close relation between the Euler form and the top coefficient k 2 p{P) 
in Weyl’s Tube Formula. 

Corollary 5.6. Let P he a compact Riemannian manifold of even dimension 2p, 
and denote by 0^ its matrix of curvature forms {with respect to any local ortho- 
normal frame ) . Then 

k2p{P) = f Pf(f2^). (5.16) 

Proof First, we assume that F is orient able. For any curvature tensor R we have 

C2p(i?P) = {2p)\ RP{Eu. . .,E2p){Er ,.. . ,£ 2 ^)- (5.17) 

In particular, for the curvature tensor of P we have from (4.4), page 56, and 
(5.17) that 

" ^(Pf(0^),o;)a. = ^Pf(Jl^), 

proving (5.16) in the case that P is orientable. 

Let —P denote P with the opposite orientation. Then 

C^P{{R-^)P) = C^P{iR^)P), 

because P and —P have the same curvature tensor, and contraction is independent 
of the orientation. Moreover, by (5.14) we have 

f Pi{n^) = -f Pi{fi-^) = f pf(fi-^). 
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If P is not orientable, it can be split up into orientable pieces. Since (5.16) holds 
for each piece and neither side depends on the orientation, it follows from the ad- 
ditivity of the integral that (5.16) must hold for nonorientable as well as orientable 
manifolds. □ 



5.4 The Gauss-Bonnet Theorem for 
Hypersurfaces in 

We first recall Hopf’s^ formula [Hopfl], [Hopf2] for the Euler characteristic of a 
compact hypersurface of 

Theorem 5.7. (Hopf’s Theorem.) Let C be a compact embedded hyper- 

surface. Then 

{2i^Tx{P) = 1 ■ 3 • • • (2n - 1) ^ • • • « 2 „ rfP, (5.18) 

where the ’s are the principal curvatures of P. 



We refer to [Spivak, volume 5, page 386], for a proof of Hopf’s Theorem. 
Notice, however, that for a sphere 5^^(r) of radius r we have x(5^^^(r)) = 2 and 



L 



/^1 • • • tv2n dP = 



52«(r) 



ivolume(5-(r)) = - 



r 2 (27rr) 

(n- i)! 



27t"+5 



d / (7rr^)^+2 

dr I (rz + i)! 



2(27t)^ 



(n-i)(n-|).--(i)(-i)! l-3---(2n-l). 



Hence (5.18) gives the right answer for even dimensional spheres of any radius. 



^ Heinz Hopf (1894-1971). Swiss mathematician, professor at the Eidgenossische Technische 
Hochschule in Zurich. The greater part of his work was in algebraic topology, motivated by an 
exceptional geometric intuition. In 1931 Hopf studied homotopy cla>sses of maps between the 
spheres to 5^ and defined what is now known as the Hopf invariant. 

Let /: — > S'^ be a differentiable mapping between spheres, and let Q be an n-form 

such that [O] is a generator for the cohomology group ,Z). Then the form /*(r2) is a 

closed form of degree n on 5^^+^. It is exact because the group Z) is trivial; thus 

f*{Q) = d'd for some form d of degree n — 1. In 1937 J.H.C. Whitehead showed that the Hopf 
invariant is given by 

H{f) = [ dAdd. 

Hopf is responsible for other important concepts in modern topology such as Hopf fibration, 
Hopf group and Hopf algebra. 
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Note also that although each principal curvature Ki changes to —hvi when 
the orientation is changed, the product • • • K, 2 n is independent of orientation. 
So, the left-hand side does not depend on the orientation; obviously the Euler 
characteristic is independent of orientation. 

For the proof of the next theorem we need some special 1-forms. 

Definition. Let {Ei^ . . . ^ En} be a local orthonormal frame field on an n-dim- 
ensional Riemannian manifold M. Then the dual 1-forms of M with respect to 
{El , . . . , En] are the differential forms 6i defined by 



efix) = {x,E,) 



for 2 = 1, . . . ,n and X G 3£(M). 

Theorem 5.8. (The Gauss-Bonnet Theorem for hypersurfaces in 

Let C be a compact hypersurface. Then 

(27t)"x(F) = ^ dP = k2n{P). (5.19) 

Proof. Let {Ei, ... , E 2 n} be a local orthonormal frame defined on an open ori- 
entable subset U C P, and let {^i, . . . ,^2n} be the dual 1-forms. Since U is an 
orientable hypersurface, it has a globally defined normal vector field N. Let S be 
the corresponding shape operator. (So, just as in Chapter 2, SX = -VnX.) We 
assume that each Ei is a principal curvature vector field, that is, SEi = HiEi. It 
is easy to check that the curvature forms Ttij of P with respect to this frame field 
are given by 

^ij — Oi A 6j. (5.20) 

(The computation using the Gauss equation (4.19) is: 

= {R^^^X,Y) = {SEi,X){SEj,Y)-{SE„Y){SE,,X) 

= (^i{X)e,{Y) - e,{Y)6,{xfj = KiKj {6i A 6j){X,Y).) 

Using (5.10) and (5.20) it is easy to compute the Euler form: 

Pf(f2) = 2'^nl f^Ori(J2 A . . . A f2o-2n-lCT2n (5.2l) 

~ 2^n! ^ ^CT2 a ... a ^CT2n-l ^(T2n 



• • • /^2n 

2^n\ 



(2n)! 6i A . . . A02n 



= 1 • 3 • • • (2n — l)/^i • • • K, 2 n ^5 
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where cj is the Riemannian volume element of P compatible with the given orien- 
tation, Since the product /^i • • • /^ 2 n is independent of the choice of orientation, we 
get (5.19) when we integrate (5.21) over F. □ 



5.5 The Tube Proof of the Generahzed 
Gauss-Bonnet Theorem 

We state without proof the following fact (see [Nash]): 

Nash Embedding Theorem. Let P he a compact Riemannian manifold. Then for 
some n there is an isometric embedding of P in 

Now we have all the facts at hand to give the proof of Allendoerfer [All] and 
Fenchel [F12] of the Generalized Gauss-Bonnet Theorem. The original proof was 
for a submanifold of some Euclidean space, but the Nash Embedding Theorem 
can be used to eliminate this hypothesis. 



Theorem 5.9. (The Generalized Gauss-Bonnet Theorem.) Let P he a 2p-dimen- 
sional compact Riemannian manifold. Then the Euler characteristic is expressed 
in terms of the curvature of P by the formula 

i27rrx{P) = k2p(P) = f^ dP. (5.22) 

Proof. By the Nash Embedding Theorem it is possible to embed P isometrically 
in some Euclidean space. We can assume (by increasing the codimension by 1, if 
necessary) that this Euclidean space is an odd dimensional space Choose 

a /: > 0 so that 

Pt = {m e I distance(m, P) —t} 

is a well-defined hypersurface. This is possible because exp^^ is a diffeomorphism 
in a neighborhood of P. By Corollary 5.2 and the Gauss-Bonnet Theorem for 
hypersurfaces, we have 



fc2p(P) = l(27T)-”+^’fc2n(P) = i(27T)-"+P(27r)”x(P)- 

Thus by Corollary 5.4 the Euler characteristic of P is given by the formula 

k2p{P) = (27t)Px(P)- 

The second equality of (5.22) follows from (5.16). □ 
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5.6 The History of the Gauss-Bonnet Theorem 

The original theorem of Gauss concerns a triangle T whose sides are geodesics 
on a surface M. See Dombrowski [Dom] for a translation of Gauss’ Disquisitiones 
Generales Circa Superficies Curvas, a guide to commentaries on this work and 
many enlightening remarks on how to read it from a modern point of view. See 
also [Gauss 1] and [Gauss2]. Gauss’ theorem states that 




where the ii are the angles of the triangle T. By piecing together triangles on a 
compact surface Bonnet^ [Bonnet] used Gauss’ result to show that 

2ttx{M)= [ KdM. 

Jm 

This is the most familiar form of the Gauss-Bonnet Theorem for surfaces. Modern 
proofs, following Darboux [Da], are usually based on Stokes’ Theorem. For discus- 
sions of the early history of the Gauss-Bonnet Theorem see [Struik, pages 153-156], 
[Biihler, pages 103-106] and [Dom]. 

For many years it was unclear how to generalize the 2-dimensional Gauss- 
Bonnet Theorem to higher dimensions. It is reasonable to exclude odd dimensional 
compact manifolds, since they all have Euler characteristic zero. The next step 
came in 1925 when H. Hopf in his papers [Hopfl] and [Hopf2] gave a formula 
for the Euler characteristic for a compact orientable hypersurface of 
(Theorem 5.8). His proof makes use of the Gauss map from to the unit sphere 
of R2n+l^ 

But hypersurfaces of Euclidean space are very special manifolds. (For in- 
stance, for n > 2 it is not possible to embed complex projective space CP^ as 
a hypersurface in Euclidean space However, the Nash Embedding Theo- 

rem states that it is possible isometrically to embed every compact Riemannian 
manifold in some Euclidean space. (This theorem is much more difficult than the 
Whitney Embedding Theorem, which says that every differentiable manifold 
can be differentiably embedded in as a closed subset (see [BJ, page 71]). 

Also, the dimension of the embedding space for an isometric immersion is much 

^ Pierre Ossian Bonnet (1819-1892). French mathematician, who made many important contri- 
butions to surface theory, including the Gauss-Bonnet Theorem. Bonnet wa.s director of studies 
at the Ecole Polytechnique, professor of astronomy in the faculty of sciences at the University of 
Paris, and member of the board of longitudes. 
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larger than the dimension of the embedding space for a differentiable immersion.) 
On the other hand, Allendoerfer [All] and Fenchel [F12] proved the Gauss-Bonnet 
Theorem for a Riemannian manifold M that was assumed to be in some Euclid- 
ean space. As we have seen, this proof (which is essentially that of Theorem 5.9) 
depends on Weyl’s Tube Formula. In view of the Nash Embedding Theorem, this 
is sufficient to establish the theorem in general. 

However, the Generalized Gauss-Bonnet Theorem was actually proved before 
the Nash Embedding Theorem; the first proof was given in [AW] by Allendoerfer 
and Weil^ in 1943. Their proof relies on the Allendoerfer-Fenchel proof of the Gen- 
eralized Gauss-Bonnet Theorem for submanifolds of Euclidean space together with 
the Cartan-Janet-Burstin Theorem ([Cal], [Burstin]) The Cartan-Janet-Burstin 
Theorem is a weak version of the Nash Embedding Theorem; it states that any 
Riemannian manifold has a local isometric embedding into some Euclidean space. 
So Allendoerfer and Weil embed an even dimensional Riemannian manifold one 
piece at a time into Euclidean space, and then they give a rather complicated ar- 
gument to fit the pieces together. This argument, which is of independent interest, 
involves a generalization to higher dimensions of the Gauss-Bonnet Theorem for 
surfaces with boundary. 

Chern’s intrinsic proof [Chernl] of the Generalized Gauss-Bonnet Theorem 
goes as follows. Let P be a 2g-dimensional compact orient able Riemannian mani- 
fold and let tt:S{P) — > P be the unit sphere bundle. First, observe that when 
the Euler form Pf(fi^) is pulled back to S{P) it is exact. Thus there exists 

a (2q — l)-form $ on S{P) such that 



(See also [Fla].) 



^ Andre Weil (1906-1998). French mathematician, one of the most respected mathematicians of 
the 20^^ century. Weil was hailed for bringing together number theory and algebraic geometry, 
laying the groundwork for such areas as the theory of modular forms, automorphic functions and 
automorphic representations. His work has found application in elementary particle physics and 
in the development of modern mathematical cryptography. Weil is best known for two things: 
his fundamental discoveries in number theory, and his membership of the secretive group known 
as Bourbaki, which redefined the foundations of modern pure mathematics. 

After writing a thesis under the direction of Jacques Hadamard he broke the European aca- 
demic mold by beginning his teaching career in 1930 at India’s Aligarh Muslim University. Later 
in the 1930s, he returned to France, teaching at the University of Strasbourg. In 1939 Weil was 
called for military service. He fled to Finland, explaining that while he could be of some use 
doing mathematics, “as a soldier I would be entirely useless”. He was saved from execution as 
a spy by the lucky intervention of Rolf Nevanlinna. He was sent back to Prance and spent six 
months in a military prison before agreeing to join the French army. After the fall of Prance, he 
made his way to the United States, holding several teaching posts before joining the Institute 
for Advanced Study in 1958. 

Weil was the brother of the well-known religious mystic and author Simone Weil. In 1994 Weil 
received the Kyoto Prize. 
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Let y be a vector field on P with isolated zeros. Then X = ||y|| has 
isolated singularities and can be viewed as a section 



X: P — {singularities} — S{P). 



Moreover, the boundary of image X{P- {singularities}) is a {2q - l)-dimensional 
cocycle of S{P). Therefore, by Stokes’ Theorem 



1 




(2 



hi 



{singularities} 






j X*{d^) 



/p- {singularities} 



-L 

-I 






x(P- {singularities}) 






dx{p- {singularities} ) 



This last expression is the sum of the indices of the vector field X, which by a 
well-known result from algebraic topology equals the Euler characteristic x(P). 
Thus we get (5.22). 

In [Chern2] Chern used the same techniques to give a proof of the Generalized 
Gauss-Bonnet Theorem for a Riemannian manifold with smooth boundary. The 
Generalized Gauss-Bonnet Theorem for a Riemannian manifold with nonsmooth 
boundary also holds, but then the more complicated proof of Allendoerfer and 
Weil [AW] must be used. 



5.7 Problems 



5.1 Show that the volume of a tube about a compact surface P in is given 
by the formula 

X f 27rx(P)r^ 1 

<’■> = TPp)' r ' ’ ■ 

5.2 Show that the volume of a tube about a compact surface P in a space K^(A) 
of constant curvature A is given by the formula 

n— 3 



dxrK^{X) 27T2’^ ^ /sin(r\/A) 



f 1 ^“1-2/ /T\\ 27rx(-P)sin^(r\/A) 

{ ™ j + — (^rr2)A — 




Chapter 6 

Chern Forms and 
Chern Numbers 

We interrupt our study of tubes in order to present some basic information about 
complex manifolds that we shall need in Chapter 7 when we prove the Complex 
and Projective Weyl Tube Formulas. In Section 6.1 we start by recalling some basic 
facts about Kahler manifolds. Then we define the Chern forms of the tangent bun- 
dle of a Kahler manifold in terms of curvature and discuss the basic properties of 
these forms. Section 6.2 is devoted to Kahler manifolds with constant holomorphic 
sectional curvature. In Section 6.3 we recall some facts about locally symmetric 
spaces that we shall eventually need. More can be said about the volume of a sub- 
manifold P of a Riemannian manifold M, provided the second fundamental form 
of P is not too complicated when compared with the curvature operator of M. 
Therefore, in Section 6.3 we define the notion of compatible submanifold and study 
the basic properties of such submanifolds. We derive Study’s formula [Study] for 
the volume of a geodesic ball of radius r in a space Khoi(A) of constant 

holomorphic sectional curvature in Section 6.4. Complex projective space CP^(A) 
is discussed in Section 6.5, where we use Study’s formula for Vm ^ {r) to find 
the volume of CP^(A). Then in Section 6.6, we compute the total Chern form 
of CP^{\) directly from its definition in terms of curvature. A brief treatment 
of Wirtinger’s Inequality is given in Section 6.7. In Section 6.8 we write down 
representatives of the generators of the integral cohomology of CP^(A) that are 
useful. In Section 6.9 we discuss Chern numbers, in particular the Chern num- 
bers of complex projective space CP^(A). The chapter concludes with an explicit 
computation in Section 6.10 of the Chern numbers of a complex hypersurface of 
CP^{\) in terms of the degree of the hypersurface. 
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6.1 The Chern Forms of a Kahler Manifold 

A Kahler^ manifold is a special kind of Riemannian manifold that has many inter- 
esting properties. We shall see in Chapter 7 that Weyl’s Tube Formula simplifies 
dramatically for a tube about a Kahler submanifold of complex Euclidean space. 
For a compact Kahler manifold M (or more generally for a compact almost com- 
plex manifold) there is a sequence of integers, the Chern numbers, that generalize 
the Euler characteristic. Each can be defined as an integral over M of a certain 
differential form, a Chern form. In this section we define the Chern forms in terms 
of the curvature tensor and establish some formulas involving them that we shall 
need when we study tubes about Kahler submanifolds. 

To explain the notion of Kahler manifold, we need some auxiliary definitions. 
An almost complex structure on a differentiable manifold M is a tensor field J 
of type (1,1) such that = —I. (Thus J is a field of linear transformations 
m I — > Jrn, where each J^: Mm — > Mm is a linear map such that = — /m, 
where Im is the identity map on M^.) 

Lemma 6.1. An almost complex manifold M has even dimension. 

Proof (Following [Calabil].) Let n — dimM. Then for any m G M we have 

(-1)" - det(-7„) = det(4) = (det(J„))2. □ 

Suppose that M is simultaneously a Riemannian manifold and an almost 
complex manifold. It is reasonable to require compatibility between the almost 
complex structure J and the metric tensor ( , ), and the most reasonable com- 
patibility condition is to require that J be an isometry; ( JX, JY) — (X, Y) for 
X, y G X(M). If this is the case, we say that ( , ) is an almost Hermitian metric, 
and that M is an almost Hermitian manifold. The Kahler form F of an almost Her- 
mitian manifold M is the 2-form defined by F(X, Y) — ( JX, Y) for X, T G X{M). 

Lemma 6.2. Any almost complex manifold is orientahle and can be made into an 
almost Hermitian manifold. 

Proof. Since we are assuming that M is paracompact, it has a Riemannian metric 
( , ). We define a new metric ( , ) on M by (X, T) = (X, K) + ( JX, JF) for 
X, y G X{M). Then it is easy to check that ( , ) is an almost Hermitian metric 

^ Erich KMer (1906- ). German mathematician. Kahler studied mathematics, cistronomy and 
physics at the University of Leipzig. He taught at the Universities of Konigsberg, Hamburg, 
Leipzig, and the Technische Universitat, Berlin. In his Geometrica arithmetica he synthesized 
arithmetic, algebraic geometry and function theory. 

Kahler manifolds seem to have been defined for the first time by Kahler in 1933 {Hamb. 
Abh. 9 (1933)), but as Weil points out in [Weil] the importance of Kahler manifolds only became 
apparent in Chapter V of Hodge’s great work [Hodge]. Weil’s important book [Weil] systemat- 
ically described the cohomology of a compact Kahler manifold. This was complemented by the 
paper [DGMS] in which it is shown that the minimal model of a compact Kahler manifold is 
formal. 
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on M. Furthermore, the Kahler form F of this metric has the property that F'^ is 
everywhere nonzero on M, where dimM = 2n. This implies that M is orientable. 

□ 

(In Lemma 6.28 we give more precise information about F^.) 

At this point it will be convenient to alter the notation slightly. We shall 
write Rvwxy for the value of the curvature tensor field on tangent vectors v^w^x^y 
at some point m e M. (Since i? is a tensor field, we have {RvwxY)m — Rvwxy 
for any vector fields F, W, A, Y such that Vm — v, and so forth.) Also, sometimes 
we put Jx — X*. 

Furthermore, we shall need various tensor fields that assume complex values 
(for example, the complex curvature forms). It is possible to use complex functions 
and tangent vectors to make these definitions, but this is not necessary. At any 
rate, most formulas for Riemannian manifolds hold with complex arguments when 
they are complexified in the canonical way. Obvious exceptions to this statement 
are inequalities involving positive definiteness of the metric. 

Let M be an almost Hermit ian manifold and let m G M. Frequently, it 
will be convenient to use a special orthonormal basis of the tangent space M^. 
We call a real orthonormal basis of the form {ei, Jei, . . . , e^, Jen} a holomorphic 
orthonormal frame, and we shall usually use the notation {1, 1*, . . . , n, n*}. (So, 
Ji — F and JF = —i.) When a holomorphic orthonormal frame is used to form 
some contraction, the contraction can be written, if necessary, as a sum from 1 to 
n instead of from 1 to 2n. 

Although there are many interesting almost Hermitian manifolds, Kahler 
manifolds form by far the most interesting subclass. For X G X{M) write Xx{J) — 
VxJ- JVx- 

Definition. A Kahler manifold is an almost Hermitian manifold M for which the 
almost complex structure J of M is parallel, that is, X x{J)Y = 0 for X,Y e 
X{M). 

The curvature tensor of a Kahler manifold M satisfies identities in addition 
to (2.16)-(2.19): 

Lemma 6.3. Let M be a Kahler manifold. Then for X,Y e X{M) we have 

^JXJY ^ ^XY' 

p{JX,JY) = p{X,Y). (6.2) 

Proof Equation (6.1) (called the Kahler identity) is an easy consequence of the 
definition of Rxv and the fact that Vx{J)y = 0. 

Let {El, .. . ,E 2 n] be any (real) local orthonormal frame field on a Kahler 
manifold M. Then [JEi , . . . , JE 2 n) is also a local orthonormal frame field. From 
this trivial observation and (6.1), it follows that the Ricci curvature p of M satisfies 
( 6 . 2 ). □ 
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Thus using the first Bianchi identity (2.19) together with (6.2), we see that 
for a Kahler manifold M the Ricci and scalar curvatures can be expressed in terms 
of any holomorphic orthonormal frame { 1 , 1 *, . . . , n, n*} as 

n n 

~ ^ ^ Rxy*ii* 1 ^ ^ (^*^) 

for tangent vectors x,y to M. 

Throughout the rest of this chapter, unless stated otherwise, any almost 
complex manifold will be assumed to be Kahlerian. 

In order to define Chern forms we shall need complex variants of the real 
curvature forms we defined in Chapter 5. Let m G M and fix a holomorphic 
orthonormal frame { 1, 1 n, n*}. 

Definition. The complex curvature forms Eij (1 < i, j < n) of a Kahler manifold 
M relative to a holomorphic orthonormal frame { 1 , 1 *, . . . , n, n*} are given by 

^ij ~ 's/ 1 ^ij* • 

Note that while the matrix (flij) of real curvature forms is an antisymmetric ma- 
trix, the matrix (S^j) of complex curvature forms is anti-Hermitian by Lemma 6.3. 
The complex curvature forms have been introduced so that we can give a simple 
definition of Chern form, and later, Chern class and Chern number. 

Definition. Let M be a Kahler manifold. Write 

Jf<n “ 2^ S,,) = 1 + 71 + • • • + 7n = 7- (6.4) 

Then 7 is called the total Chern form of M. Its component 7 ^ of degree 2i is called 

the Chern form. 

Before proceeding further we observe some elementary facts about Chern 
forms. 

Lemma 6.4. For i = 1, . . . ,n the i^^ Chern form 7 ^ is a real differential form. 

Proof. It suffices to show that the total Chern form 7 equals its complex conjugate 
7 . From the fact that Eij = —Eji, we get 

Two Riemannian metrics ( , ) and ( , )' are called homothetic, provided 
there exists a constant p. such that { , ) = p { , ). 




6.1. The Chern Forms of a Kahler Manifold 



89 



Lemma 6.5. The definition of Chern form does not depend on the choice of local 
holomorphic orthonormal frame field. Furthermore, two homothetic Kahler metrics 
have the same Chern forms. 



Proof. One holomorphic orthonormal frame is transformed into another by means 
of a unitary matrix A. Let E = {'E^ij) be the matrix of complex curvature forms 
corresponding to the first holomorphic orthonormal frame. Then the matrix cor- 
responding to the second holomorphic orthonormal frame is A~^EA. Using well- 
known properties of the determinant, we compute 



det / 



27tV^ 



= det A-A I - 



det I 



27 ^^/^ 

1 



sU 



(6.5) 



27tv^‘ 



In (6.5) we used only the existence of A~^ and not the fact that A was a 
unitary matrix. So, the same proof shows that the Chern forms are invariant under 
a homothetic change of metric. □ 



In [ChernS] Chern showed that the total Chern form 7 of a Kahler manifold 
is closed. (In general 7 need not be a harmonic form, however.) 



Definition. Let M he a compact Kahler manifold with total Chern form 7 . The 
de RharrP cohomology class [ 7 ] is called the total Chern class of M , and [ 7 ^] G 
iJ^*(M, R) is called the Chern class of M. 

Not only is the total Chern class [ 7 ] invariant under homothetic changes of 
metrics (see, for example, [KN, volume 2, page 307]), but also it is invariant under 
all changes of metrics in the class of metrics compatible with the given almost 
complex structure.^ 

The first and second Chern forms of a Kahler manifold M are given by 

n n 

27r7i(u,w;) = ^u{v,w) - (6.6) 

2=1 2 = 1 

n 

47T^72(v,w;,a;,y) = - {Sji A A w,a;,y) (6.7) 

ij=l 

^ Georges de Rham (1903-1990). Swiss Mathematician, who proved the fundamental theorem 
that expresses the cohomology of a compact differentiable manifold in terms of differential forms. 
De Rham was professor at the Universities of Geneva and Lausanne. 

^Properly speaking, 7 is the total Chern form of the tangent bundle of M. In the study of tubes 
we shall not need to deal with the Chern classes of vector bundles other than the tangent bundle. 
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for tangent vectors v^w^x^y to M. In fact, the first Chern form 71 is a variant of 
the Ricci curvature; from ( 6 . 3 ) and (6.6) it follows that 

p{x,y) =^ 2 wji{x,Jy) (6.8) 

for tangent vectors x,y to M. Thus the other Chern forms can be thought of 
roughly as higher degree analogs of the Ricci curvature. 

To find convenient expressions for the Chern forms, we let denote 

the Pfaffian of the matrix Q = i^ipiq)i<p,q<2k- So, according to Section 5 . 3 , we 
have ^ 

2^k\ ^ ^ ^icr(2fc-l)*cr(2fc) • 

For Kahler manifolds there is a close relation between the Pfaffians and 

the Chern forms 7/^. To find it, we need a lemma that relates the Pfaffian to the 
determinant for certain matrices. 



Lemma 6.6. Let A and B he commuting k x k matrices with entries from a com- 
mutative ring. Assume that ^A = —A and = B. Then 



Pf 



A B 
-B A 



det 



( 6 . 10 ) 



Proof. Since ( 7 ^ ) ^ skew symmetric matrix, its Pfaffian is well defined. 

Moreover, the square of the Pfaffian is the determinant, and so using elementary 
operations that preserve the determinant, we compute 



Pf 



A 

-B 



B 

A 



= det 



= det 



A 

-B 



B 

A 



A-V^B B + x/^A 



det 



-B 

-B 



0 

A + ^fAB 



det(j 4 — V-A B) det(j 4 + y/-A B) 



= |det(^- V^S)p. 

Thus both Pf ( 7 ^ I B) \ are square roots of det ( 7 a ) > 

SO we can write 

Pf( T ) =^Wdet(T- V^B), 

where 0 is a function of k alone, and |^(A:)| = 1. 



( 6 . 11 ) 
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To compute 6{k), we need only evaluate both sides of (6.11) on some well 
chosen k x k matrix. We choose A — 0 and B = L The right-hand side of (6.11) 
is easily found to be 6{k){—y/^)^, but the left-hand side is more difficult to 
compute. There exists a 2k x 2k orthogonal matrix P (in fact, a permutation 
matrix), such that 

det(P) = (-l)3''(fc-i) 



and 



P 



0 I 
-I 0 



tp 



0 1 

-1 0 

0 1 

-1 0 



V 

(For example, for A: = 2 we can take 



\ 



( 6 . 12 ) 



0 1 
-1 oj 



1 1 


0 


0 




0 


0 


1 


0 


0 


1 


0 


0 


\0 


0 


0 





From the definition (5.10) it follows that the Pfaffian of the right-hand side of 
(6.12) is 1. Hence from (5.13) and (6.12) we obtain 



1 = Pf(p(_^^ o)‘p) (6.13) 

= Pf( j)det(P) 

= (-l)^''(''-'^Pf( J). 



From (6.11) and (6.13) we get 6{k) = (>/^)^^; consequently, (6.10) holds. □ 

Lemma 6.7. The Chern forms of a Kahler manifold M are related to the real 
curvature forms of M by the formulas 

(27t)S= ^ (6.14) 



for k — 1, 2, . . . , n. 
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Proof. The definition (6.4) of the Chern form 7^ can be written more explicitly 
as 

/ • • • ^iiik \ 

(27r)''7fc = (v^)'' detj : : j. (6.15) 



\ ^ikh 



) 



Lemma 6.6 implies that 



Thus from (6.15) and (6.16) we get 



ii<---<ik 



ii<---<ik 



(6.16) 







^iiik ^ 






^iiil ^ 


det 






= (\/^)“'''pf 


: ■ 






V ^ikh 


^ikik / 




V • 


• * ^ikik / 



□ 



The top Chern form is particularly important. Prom the definition of Euler 
form on page 76 we get: 



Corollary 6.8. The top Chern form 7n of a Kdhler manifold M is the Euler form: 

(27T)"7n = (6.17) 

Thus we have another description of the Chern forms: they are generalizations of 
the Euler form. The additional structure inherent in a Kahler manifold allows us 
to define not just the 2n-form Pf(0), but the other Chern forms as well. 



6.2 Spaces of Constant Holomorphic 
Sectional Curvature 

A 2-dimensional subspace 0^ of a tangent space Mm to an almost complex mani- 
fold M is called a holomorphic section, provided there are tangent vectors x and 
Jx in Mm that span 11^. Not every 2-dimensional subspace 11^ of Mm is holo- 
morphic, but it is always possible to choose a basis of a general of the form 
{x, aJx -h y} for some real number a, where (x, y) = 0. The fact that it is possible 
to single out the holomorphic sections among the 2-dimensional subspaces has 
important consequences for the study of the curvature of Kahler manifolds. 

The holomorphic sectional curvature Khoi of an almost Hermitian manifold 
M is the restriction of the ordinary sectional curvature to holomorphic sections 
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of tangent spaces. Thus Khoi can be regarded as a function that assigns a real 
number JChoi(^) to each unit tangent vector x to M. We extend the definition of 
^hoi to all tangent vectors x to M by the formula 

-^hol(^) ~ RxJxxJx' 

Definition. An almost Hermitian manifold is said to have constant holomorphic 
sectional curvature^ provided there is a constant A such that 

Khoix) = 4X\\x\\^ (6.18) 

for all vectors x tangent to the manifold. Of particular interest are the Kdhler 
manifolds of constant holomorphic sectional curvature. A Kdhler manifold of con- 
stant holomorphic sectional curvature will be denoted by K[Jqi(A) and will be called 

a space of constant holomorphic sectional curvature. 

Lemma 6.9. The curvature of a space of constant holomorphic sectional curvature 
®^hoi(^) divert by 

Rwxyz = xi^{w,y){x,z) - {w,z)(x,y) (6.19) 

+ {Jw,y){Jx,z) - {Jw,z){Jx,y) +2{Jw,x){Jy,z)\ 



for tangent vectors w^x^y^z to ^holW- 

Proof. (Following [BG].) Let us put 

y) ~ Tixyxy 

for tangent vectors x and y. It is possible to express the complete curvature tensor 
R in terms of the components B{x,y), and these components are in turn expressible 
in terms of Khoi- More exact formulas are: 

32B{x, y) - 3Ky,o\{x + Jy) + 3i^hoi(^ - Jy) ~ ^hoi(^ + y) (6.20) 

- K^^o\{x -y)- 4Khoi(^) - 4i^hoi(y), 

12R^ycyz = B{w -h y,x -h z) -\- B{w -y,x- z) (6.21) 

- B{w + z, X + y) - B{w - z,x -y) 

- 2B{w, z) - 2B{x, y) + 2B{w, y) + 2B{x, z). 

A long but straightforward calculation using (6.18), (6.20) and (6.21) yields (6.19). 

□ 
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Corollary 6.10. The sectional curvature of a Kdhler manifold of constant 

holomorphic sectional curvature 4A is given by 



^xy — A I 



1 + 



HJx,y) 

|| x || 2 || 2/||2 - {x,yf 



for linearly independent x and y. Consequently, the sectional curvature ofK^^^{\) 
varies between A and 4A. 



Proof The sectional curvature is easily computed using (6.19). 



□ 



6.3 Locally Symmetric Spaces and Their 
Compatible Submanifolds 

An important class of manifolds that includes both spheres and complex projec- 
tive spaces is the class of locally symmetric spaces. By definition a Riemannian 
manifold M is called locally symmetric, provided the covariant derivative Vi? of 
the curvature tensor of M vanishes. Here Vi? is defined as follows: 

^ ^{^WXYz) ~^VyWXYZ 
“ ^WVyXYZ ~ ^WXVyYZ ~ ^WXYVyZ 



for F, W, X,Y,Zg X{M). 

The curvature tensor field of any Riemannian manifold satisfies the second 
Bianchi identity 

For a nice proof of (6.23) avoiding coordinate systems see [Nomizu, page 62]. De- 
spite the similarity between the second Bianchi identity and the condition Vi? = 0, 
the latter is infinitely stronger. On the one hand, it is out of the question to classify 
all Riemannian manifolds; but the classification of complete simply connected lo- 
cally symmetric spaces amounts to the classification of globally symmetric spaces, 
and this was first done by E. Cart an. For the classification of symmetric spaces 
and a complete list see, for example, [He]. 

We already know some examples of locally symmetric spaces: 

Lemma 6.11. A space K’^(A) of constant sectional curvature A is locally symmetric. 

(The proof is similar to that of Lemma 6.15 given further on. It is also easy to see 
that the product of locally symmetric spaces is locally symmetric.) 
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Let P be a submanifold of a Riemannian manifold M with normal bundle u. 
For (p, u) E u we define a linear transformation Mp — > Mp by 

— Rux^ 

for X G Mp, where R is the curvature operator of M. Then {RuX,y) — (Ruy.x), 
so that Ru is a symmetric linear transformation. If ^ is a unit-speed geodesic in 
M, we define R{t): — > ^^{t) by 

R(t)x = 

(This is a slight generalization of the definition of R{t) that we gave in Section 3.1 
of Chapter 3.) 

The proof of the following lemma is an elementary consequence of the defi- 
nitions. 

Lemma 6.12. Let M he a locally symmetric space. Then the eigenvalues of R{t) 
along a unit- speed geodesic are constant, and the corresponding eigenvectors 
can be chosen parallel. 

In order to study tubes in a locally symmetric space M, we need to single out 
those submanifolds of M whose second fundamental forms are closely related to 
the curvature operator of M. To this end, let P be a submanifold of a Riemannian 
manifold M and let p ^ P. For u G Pp the Weingarten map Tu'. Pp — > Pp has a 
natural extension Tu 0 /: Mp — ^ Mp, where /: P^ — ^ P^ is the identity map. 

Definition. We say that a submanifold P of a Riemannian manifold M is com- 
patible with M , provided for all p ^ P and for each unit vector u G Pp the linear 
transformations Tu® I and Ru are simultaneously diagonalizahle. 

Let us note some examples of compatible submanifolds. 

Lemma 6.13. Any submanifold of a space K’^(A) of constant sectional curvature is 
compatible with K^(A). Any point in any Riemannian manifold M is compatible 
with M . 

Proof. For a space K’^(A) the operator Ru is given by Ru = A/ for any unit tan- 
gent vector u. Therefore, Ru and 0 / are always simultaneously diagonalizable. 
Since Ru and / are simultaneously diagonalizable, the last statement follows. □ 

A submanifold of a locally symmetric space M more complicated than IK’^(A) 
need not be compatible with M. For example, a curve that sits diagonally in 
the product K^(A) x K’^(A) of two spaces of constant curvature A will not be 
compatible with K^(A) x K"^(A) when A 7 ^ 0. 

Now we come to an important fact concerning tubular hypersurfaces about 
a compatible submanifold of a locally symmetric space. 
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Theorem 6.14. Let M be a locally symmetric space, and let P be a submanifold 
that is compatible with M. Then: 

(i) the eigenvectors of the shape operators of the tubular hypersurfaces about P 
can be chosen parallel along geodesics normal to P; 

(ii) any tubular hypersurface about P is also compatible with M. 

Proof Let ^ be a unit-speed geodesic in M that meets P normally at p = ^(0). 
By Lemma 6.12 the eigenvalues {Ai, . . . , A^} of R{t) are constant functions of t 
along If {El, . . . ,En} are the corresponding eigenvectors, then by Lemma 6.12 
they can be chosen parallel along Let Ha be the solution to the differential 
equation + A^ with the initial conditions 

for 1 < a < q, 

tor a = q F 1, 

tor q F 2 < a < n, 

and write 

•• 0 \ 

/ 

Then we have S'{t) = S{t)^ + R{t). But by (3.8) we also have S'{t) = S{t)‘^ + 
R{t). Since 5(0) = 5(0), it follows that S{t) and S{t) coincide for all t. Thus 
[El, . . . , En} are the eigenvectors of S{t), so part (i) follows. We also see that 
5(t) 0 / and R{t) are simultaneously diagonalizable for all t, so part (ii) follows 
as well. □ 

Now we turn to the complex case. The first observation is the following: 

Corollary 6.15. A Kdhler manifold M with constant holomorphic sectional curva- 
ture is locally symmetric. 

Proof Equation (6.19) can be written in terms of vector fields as 

^WXYZ = ^{(W,Y){X,Z) - {W,Z){X,Y) (6.24) 

+ {JW, Y){JX, Z) - {JW, Z){JX, Y) + 2{JW, X){JY, Z) | 

for W,X,Y,Z € X(M). When we take the covariant derivatives of both sides of 
(6.24), we get a formula for VR. A long but straightforward calculation using 
(6.22), together with the assumptions that A is constant and VJ = 0, shows that 
VR = 0 . n 



Ka(0) 



Ka(0) 

0 



-00 



where Ka(0) are the eigenvalues of T^'(o), 

( Ki 



S = 



\ 0 
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It should be remarked that there is a curvature condition of interest that 
is potentially weaker than that of constant holomorphic sectional curvature: one 
can require that the holomorphic sectional curvature be pointwise constant, that 
is Khoi(^) = 4A(m)||x||^ for x G where A G But if M is Kahlerian and 

dim(M) > 4, such a function A is necessarily constant. The proof uses the second 
Bianchi identity and is a variant of F. Schur’s Theorem from Riemannian geom- 
etry (see, for example, [KN, page 168, volume 2]). (However, there are complex 
manifolds for which the holomorphic sectional curvature is pointwise constant, but 
varies from point to point [GV2].) 

It follows from the classification of symmetric spaces (see, for example, [He]) 
that a space K[^qi(A) of constant holomorphic sectional curvature is locally isomet- 
ric to one of the following spaces: 



complex Euclidean space 


C" 


(A = 0) 


complex projective space 


CP” (A) 


(A>0) 


complex hyperbolic space 


Ci/”(A) 


(A<0) 



Here is complex Euclidean space with a fiat Kahler metric, CP^(A) is complex 
projective space and is complex hyperbolic space. We shall have more 

to say about complex projective space in the next section. Complex hyperbolic 
space can be realized as the unit ball { ( 2 : 1 , . . . , ^ | < 1} with 

a constant multiple of the Bergman metric. (For details see, for example, [He].) 

There are many compatible submanifolds of K^^j(A). 

Lemma 6.16. Any complex submanifold P of a space K[Jqj(A) of a constant holo- 
morphic sectional curvature is compatible with K^^j(A). 

Proof Let p G K[Jqj(A). For any unit vector u tangent to P eigen- 

values of the Ru are 4A (with multiplicity 1), A (with multiplicity 2n — 2), and 0 
(with multiplicity 1). So, the eigenspace decomposition of 5^hoi(^)p respect 
to Ru is 

Furthermore, Ju G P^ because P is a complex submanifold of KJJqj(A), and there- 
fore we have the decomposition 

Khoi(A)p = Pp® {w} © [Ju] © {P^ n {u, Juy). (6.25) 

Each of the subspaces on the right-hand side of (6.25) is invariant under Tu 0 L 
It follows that 0 / and Ru are simultaneously diagonalizable. □ 

Corollary 6.17. Let P be a complex submanifold ofW!^^^{\). Then: 

(i) each tubular hypersurface Pt about P is compatible with ^hol(^)5 
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(ii) if N is the vector field that is the unit normal to each tubular hypersurface 
Pt about P, then JN is a principal curvature vector of the shape operator 

s{t) ofPf 

Proof. Since is locally symmetric, it follows from part (ii) of Theorem 6.14 

that Pt is compatible with K[Jqj(A). Furthermore, JN starts off as an eigenvector 
of 5(0) and is parallel; so it remains an eigenvector of S{t). □ 

Remark. Conversely, Cecil and Ryan [CR2] have shown that if a real hypersurface 
Q of CP^(A) has the property that JN is an eigenvector of the shape operator at 
all points of Q, then with an additional assumption Q is a tubular hypersurface of a 
complex submanifold of CP^(A). Recently, A. A, Borisenko [Boris] has shown that, 
with no additional assumption, Q is a tubular hypersurface around an irreducible 
algebraic variety. 



6.4 Geodesic Balls in a Space of 

Constcint Holomorphic Sectional Curvature 

The formula for the volume of a geodesic ball turns out to be surprisingly simple 
for a Kahler manifold K[Jq^(A) of constant holomorphic sectional curvature 4A. To 
see how much more complicated volumes of geodesic balls in a space K^(A) are, see 
the discussion before Lemma 3.16. The derivative of formula (6.26) below occurs 
in Study’s paper [Study]. 

Lemma 6.18. The volume of a geodesic ball in a space K[Jqj(A) of constant holo- 
morphic sectional curvature 4A is given by 

^ (sin(ryA))^”. (6.26) 

Proof. Given u 6 KJ^qj(A)^ with ||u|| = 1, let ^ be a unit-speed geodesic with 
^(0) = m and ^'(0) = u. Let {ei, . . . , Je^} be a holomorphic orthonormal frame 
which diagonalizes Ru on the tangent space IKJJqj(A)^, and put u = e\. Along 
the geodesic ^ we choose a parallel holomorphic orthonormal frame field t \ — ^ 
{Ei{t ), . . . , JEn{t)} which coincides with {ei, . . . , at m. Since points of M 
are trivially compatible with M, each Ei{t) is an eigenvector of both R{t) and 
5(t), where S{t) is the shape operator at ^{t) of the geodesic sphere 

{ m' G K{Jqi(A) I distance(m, m') = t}. 

So along ^ the Riccati equations for the principal curvature functions of the 
geodesic spheres are: 
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with the initial conditions ^^2(0) = • • • = f^2n(0) = —00. Equations (6.27) can be 
solved just as in the proofs of Lemmas 3.14 and 3.16: 

-2VA 

Thus by Theorem 3.11 

_ 2n-l 2\/A {2n-2)V\ 

'&u{i) t tan(2t\/X) tan(tvO() 



2n — 1 2\/Acos(2t\/A) (2n - 2)\/Acos(t\/A) 

t sin(2t\/A) sin(tv^) 

Using the fact that duiO) = 1 and integrating, we obtain 

log'duit) = -(2n - 1) logt + log(sin(2t\/A)) 4- (2n - 2) log(sin(t\/A)) 

- liin^ I - (2n - 1) logt + log(sin(2t\/A)) + (2n - 2) log(sin(tVA))| 

= log sin( 2 t\/A)(sin(t\/A)) 2 ^-^A-^+ 2 ^ , 

or 

=i (sin(t\/A))^^ ^ cos(t\/A)A-’^'*'2 , (6.28) 

Therefore, from (6.28) and Lemmas 3.12 and 3.13 we have 

\r) = f f (sin(t\/A))^^ ^ cos{tVX)X~^~^^ dudt 

= - ( (sin(t\/A))^’^ ^ cos{ty/X)X~^'^^ dt 

r(^) Jo 

An important fact that arises from the proof of Lemma 6.18 is that du{t) is 
independent of u. This is a very special property of the space KJJqi(A). (A manifold 
M with the property that du{t) is the same for unit tangent vectors ^ to M is called 
a harmonic space. In fact, until 1992 the only known examples of harmonic spaces 
were Euclidean space, spheres, complex projective spaces, quaternionic projective 
spaces, the Cayley plane, and the negative curvature analogs of these spaces. E. 
Damek and F. Ricci [DaRi] found examples of non-symmetric harmonic spaces. 
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For more details on harmonic spaces see [Bessel, Chapter 6], [RWW], [Sza], [BCG], 
[Vanh] and [BTV].) We shall exploit the independence of on u to compute 
the volume of complex projective space CP^{\) in the next section. 

Thus all the known examples of harmonic spaces are homogeneous of a very 
special kind: the isotropy representation acts transitively on the unit sphere of the 
tangent space of any point. We shall need the following lemma in the next section: 

Lemma 6.19. Let M he a homogeneous Riemannian manifold such that the iso- 
tropy representation acts transitively on the unit sphere of each tangent space. 
Then the distance from a point p to its first conjugate point in any direction is 
independent of p and the direction. 

Proof Since for each p e M the infinitesimal change of volume function du{t) 
is independent of u, so is the distance from p to the first zero of du along the 
geodesic 1 1 — ^ exp^{tu). □ 



6.5 Complex Projective Space CF”(A) 

In this section we shall mention a few important facts about complex projective 
space CP^{\) that are useful for the study of tubes. As a complex manifold, 
complex projective space is the space of complex lines in Alternatively, let 

~ be the equivalence relation on given by (zq, . . . , 2:^) ~ . . . ,Wn) 

if and only if there is a complex number a with |a| = 1 such that Zi = aw{ for 
0 < z < n. It can be shown that CP^{1) is the set of equivalence classes of Then 
CP^{1) is a manifold and the projection tt: CP'^{1) is differentiable 

and surjective. So, tt is a submersion, because each tangent map of tt is onto. 

For the study of tubes it is important that CP^(l) is not just a manifold, 
but a Riemannian manifold, in fact a Kahler manifold. The (canonical) almost 
complex structure on CP’^(l) can be obtained as follows. Let J denote the usual 
almost complex structure of and N the unit normal to Then JN 

is a unit tangent vector field to and is in the kernel of the tangent map 

TT^p for each p G The almost complex structure J of CP’^(l) is defined 

by JTT^pX = 7T^p{Jx) for p G and x G (kernel 7r„.p)-^. It is not hard to 

check that this J is well defined. 

There are several methods to introduce the canonical Fubini^ -Study metric 
[Fubini] , [Study] . One of the easiest ways is to require the projection tt: (1) — > 

CP^(l) to be a Riemannian submersion. This means each tangent map n^p maps 
(kernel 7T*p)-^ isometrically onto CP'^{l)^(^py The resulting metric (often called the 
Fubini-Study metric) is Kahlerian with respect to J. Then CP^(A) is CP^{1) with 

^ Guido Fubini (1879-1943). Italian mathematician. Born in Venice, Fubini studied at the Scuola 
Normale in Pisa, where he worked with Dini and Bianchi. Fubini was professor in Turin until he 
was forced to leave Italy in 1939 because of anti-semitism. 
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the Fubini-Study^ metric multiplied by where A > 0. The verification that 
this metric is Kahlerian and has constant holomorphic sectional curvature 4A can 
be accomplished by means of the submersion equations (see, for example, [Grl], 
[ON2] and [Besse2, Chapter 9]). Consequently, CP^(A) is a symmetric space (and 
in fact a rank 1 symmetric space). For this reason CP’^(A) plays roughly the same 
role among Kahler manifolds that the sphere plays among real manifolds. 

Corollary 6.20. The volume ofCP'^{\) is given by 

volume(CP’^(A)) = A f • (6.29) 

n\ VA/ 

Proof. From Lemmas 6.18 and 3.13 we have 

^^\t) = (sin(^VA))^"~^cos(t\/A). (6.30) 

(n — 1)!A^ 2 

Then (t) vanishes for t = 0 trivially. But by Lemma 6.19, the next time 

that it vanishes, say for t = to, is when the geodesic ball 

{ m' G CP^(A) I distance(m', m) <t} 

exactly covers CP’^(A) except for a set of measure zero. This is because ^u{t) is 
the same in all directions u. 

Now cos{toVX) = 0 implies sin(toV^) = L Therefore, 

. rCP^(X) 1 /7r\^ 

volume(CF"(A)) = {to) = ;^(^) • ^ 

6.6 The Chern Forms of a Kahler Manifold 

of Constcmt Holomorphic Sectional Curvature 

Because of its prominence among Kahler manifolds, it is important to compute 
the Chern forms of CP'^(X). We know from Lemma 6.5 that the total Chern form 
of CP^^(A) (in contrast to the Kahler form) does not depend on the choice of A. 

There are topological methods for computing the total Chern class of CP^(A) 
(see, for example, [MS]). However, in Theorem 6.24 we shall obtain a more precise 
result by computing the total Chern form of CP’^(A). This has the added advantage 
that, at the same time, we obtain a formula for the total Chern form of a Kahler 
manifold of constant negative holomorphic sectional curvature. 

Before beginning the calculation of the Chern forms of KJJqj(A), it is useful 
to have some preliminary facts about matrices of complex differential forms. 

^ Eduard Study (1862-1930). German mathematician, professor at the University of Bonn. His 
major work, Geometrie der Dynamen, in which he considered Euclidean kinematics and the me- 
chanics of rigid bodies, was published in 1903. Study was a leader in the geometry of complex 
numbers and wrote important papers on isotropic curves. Since any minimal surface arises from 
an isotropic curve. Study’s work has applications in minimal surface theory. 
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Lemma 6.21. Suppose ai, . . . ,ac are complex 1-forms {on any differentiable mani- 
fold). Then 



/ a\ f\a\ ... ai Aac \ 



det 



c\ a\ A a\ A . . . A ac A ac 



\ ac A ai ... acAac/ 

Proof Since £cr A ... A A . . . A dc, it follows that 



Sa oi A o^j(i) A ... A ac A a^(^c) = a\ A a\ A ... A ac A ac- 
Write Oij = ai A aj . Then by definition of the determinant we have 

det{aij) ^ ^ ^lcr(l) • • • ^ccr(c) 

aeGc 

^ ^ ^ ^(7(1) A ... A ac A a^j^^c) 

aeSc 

= d ai A ai A . . . A ac A ac> 



□ 



Next, for any almost Hermitian manifold M let {Ei , . . . , JEn} be a holo- 
morphic orthonormal frame field, and let . . . , On^On* be the corresponding 

dual 1-forms. In order to compute the complex curvature forms, it is reasonable 
to introduce the complex dual 1-forms (fa- We put 



— 9a F 9a* , 



(6.31) 



for 1 < a < n. 



Lemma 6.22. For any almost Hermitian manifold M the Kdhler form F of M is 
related to the dual 1- forms by the equations 



^ 2 n j — Y" ^ 

F=-'£6aA0a- = 

a=l a=l 

Furthermore, we have the identity 

/ 4^a\ ^ 4^a\ • • • 4^ai ^ 4^ac \ 



(6.32) 






ai ...ac = l 



= c\{-2^/F^FY. (6.33) 



V (f>acA({> ai (l>ac A fac / 



Proof. Equations (6.32) are easy consequences of the definitions, and (6.33) fol- 
lows from (6.32) and Lemma 6.21. □ 
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Next we compute the curvature forms and complex curvature forms of 
^hoi('^)* Notice that the formulas are not very different from the formula (5.20) 
for the curvature forms of a hypersurface in Euclidean space. 



Lemma 6.23. The real and complex curvature forms o/KJJq^(A) are related to the 
dual l-/orm5 by the formulas 



A + Oa* A Op* — 2Sa(3* F 

for 1 < a, P < 2n and 1 < a, 5 < n. 

Proof From (6.19) we obtain 

= xl^{X,E^){Y,Ep) - (X,Ep){Y,E^) 

+ {JX,Ea,){JY,Ep) - {JX,Ep){JY,Eo,) + 2{JX,Y){JEa,Ep)^ 

= xl^ea,{x)ep{Y) - e„{Y)ep{x) 

+ 6a- {X)6p. (y ) - So.. {Y)0p. {X) - 2Sap. F{X, y )| 

= + a 0;3. -2j„/3-f|(x,y). 

Since X and Y are arbitrary elements of X(M), we get (6.34). 

Also, from (6.34) it follows that for 1 < a, 6 < n 

^ab — ^ab f ^ab* 

= Aj^a A {6b - v/=l06.) + V^6a^A {0b - V^Ob.) - 



(6.34) 

(6.35) 



: aI^o A4>b — 2(5a6-\/^F|. 



□ 



Now we are ready to compute the Chern forms of K[J^^j(A). In fact, we compute 
them simultaneously by computing the total Chern form. 
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Theorem 6.24. The total Chern form of a space of constant holomorphic 

sectional curvature is given by 



7 = 



1 + -F 

7T 



n+l 



(6.36) 



Proof. Using the rule for expanding determinants (compare equation (4.17), 
page 63), we have 



7 = det ( 5 ab + {<pa A h - 2^^ 5abF) 



— det( ( 1 H ^ <Pa A 4>b 

7T / Z7T 



-±Hrm 






where 



! V’c = Tj 



Cl 1 . . .Cic — 1 



/ 4^ai A (fai • • • 4^ai A (pac \ 



V 4^ac A (f^ai • • • 4^ac A 4^ac / 



By (6.33) we have xpc = (~2\/^F)'^, and so 






c=0 



(6.37) 



c=0 






/A 



-F 



The right-hand side of (6.37) is a geometric series. Using formal manipulation, it 
can be rewritten as 



ilJ Vf_J = i + ^F 

i + M-fV ^ ^ 

7T J \7r 



n+1 



(6.38) 



Then (6.36) follows from (6.37) and (6.38). 



□ 
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Corollary 6.25. The Chern form is given by 




(6.39) 



Proof. Equation (6.39) is proved by equating forms of degree 2i on the left-hand 
side of (6.36) with the corresponding forms on the right-hand side. □ 

Remarks. (1) Since the total Chern form does not depend on A, the apparent 
dependence of the right-hand side of (6.36) and (6.39) on A must be canceled out 
by the dependence of the Kahler form F on A. 

(2) When the right-hand side of (6.36) is expanded by the binomial theorem, 
the term of highest degree is zero because its degree is larger than the dimension 
of ]K[Jqj(A). Thus for example, the total Chern form of CP^(A) is 



l + 30f)+3 




6.7 Kahler Submanifolds and Wirtinger’s Inequality 

Strong use will be made in this section of the assumption that metrics are pos- 
itive definite. Strictly speaking, Wirtinger’s^ inequality is independent of WeyPs 
Tube Formula. However, we discuss it in this section in order to provide some 
perspective. 

Let M be any Riemannian manifold and P an isometrically immersed sub- 
manifold of dimension p. The mean curvature vector field^ iL of a Riemannian 
submanifold is given by 

a=l 

for any local orthonormal frame {E \, . . . , Ep} on P, where T is the second funda- 
mental form of the immersion of P in M. Then P is said to be a minimal variety, 
provided H vanishes identically. 

Now, let M be a Kahler manifold with almost complex structure J and metric 
( , ) . We say that a submanifold P of M is a Kahler submanifold, provided that 
whenever a: is a tangent vector to P, so is Jx. Clearly the restriction J to P 
is an almost complex structure on P which we call the induced almost complex 
structure; we denote it by the same letter J. 

® Wilhelm Wirtinger (1865-1945). Austrian mathematician. Born in Ybbs, Austria, Wirtinger 
studied at the University of Vienna, at which university he received his doctorate in 1887 and 
his habilitation in 1890. He was greatly influenced by Felix Klein, with whom he studied at 
Berlin and Gottingen. Wirtinger taught at the Universities of Vienna and Innsbruck. His range 
of mathematics was exceptional. He wrote on theta functions, geometry, algebra, number theory, 
invariants, relativity and statistics. Among the mathematicians who Wirtinger taught while he 
held the chair at Vienna were Schreier, Godel, Radon and Taussky-Todd. 

^This is a slight change of notation from Chapter 1, where H was a function. 
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Lemma 6.26. Suppose P is a Kdhler submanifold of M . Then the induced Rie- 
mannian metric and almost complex structure make P into a Kdhler manifold. 
Furthermore, the mean curvature vector field of P vanishes. 

Proof. Let and denote the covariant derivatives of M and P. Then we 
have 

+ T, (6.40) 

where T is the second fundamental form of P. From (6.40) follows 

0 = V“(J) = Vp = V^{J) +T^J-JT^ (6.41) 

for A e X{P). Since V^{J)B is tangent to P and TaJB — JTaB is normal to P 
for A,Be X(P), it follows that both must vanish. Therefore, P is Kahlerian, and 
we have 

= -^A^- 

Hence the mean curvature vector H of P is given by 

a=l 

Thus any Kahler submanifold is a minimal variety in the sense that its mean 
curvature vector vanishes. However, we shall now show that a Kahler submanifold 
is a minimal variety in the stronger sense of being volume minimizing among all 
manifolds homologous to it. First, we make what seems to be a trivial observation, 
but we shall see that it has important consequences. 

Lemma 6.27. The Kdhler form F of a Kdhler submanifold P is the restriction to 
P of the Kdhler form of M. 

Proof. This is an obvious consequence of the fact that the metric and almost 
complex structure of P are the restrictions to P of the metric and almost complex 
structure of M. □ 

Another important fact is 



Lemma 6.28. (l/n!)F^ is one of the two Riemannian volume elements of a Kdhler 
manifold M . Hence it determines an orientation of M, the canonical orientation. 



Proof. Let {Ei, . . . , JEn} be any local holomorphic orthonormal frame and put 
Aij — F{Ei,Ej) for (1 < i,j < 2n). Since F is antisymmetric, so is the matrix 
S — {Aij). Moreover, 



F"(£^l, . . . , J£„) - ^ ^ ^ia(2n-l)ia{2n 



0-e&2n 






^a(l)*a(2) A ... A ^V(2n-l)^a(2n) ’ 
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where Yl' is the sum over all permutations a such that a{2i — 1) < a{2i) for 
1 < i < n and cr{l) < a{S) < • • • < a{2n — 1). When i < j, we have Aij = 0 unless 
j = z*; also An* = 1. Hence 

^ ^ ^V(2n- 1) ^a(2n) “ ' ‘ ' = h 

Thus (l/n!)F’^ is the Riemannian volume element having the same orientation as 
any local holomorphic orthonormal frame. □ 

From Lemmas 6.27 and 6.28 we get 

Corollary 6.29. For a Kahler submanifold P of M, the volume element correspond- 
ing to the canonical orientation of P is {l/p\)F^, where 2p is the real dimension 
ofP. 



Using Lemmas 6.27, 6.28 and Corollary 6.29, we derive a formula for the 
volume of a Kahler submanifold P of M in terms of the Kahler form of M. Let 
denote the formal power series 



oo 



E 

k=0 



pk 

Id' 



Theorem 6.30. The volume of any Kahler submanifold P with compact closure can 
be expressed as an integral of a power of the Kahler form F of M . More precisely, 
we have 

volume(P) — ^ [ F^ = [ , (6.42) 

P' Jp Jp 

where 2p is the real dimension of P. 



Proof. Since(l/p!)P^ is the volume element of P, the first integral on the right- 

hand side of (6.42) reduces to the definition of the volume of P. When is 
expanded formally in a power series and all terms not of degree 2p are discarded, 
the second integral in (6.42) reduces to the first. ^ □ 

Let P and P' be compact g-dimensional submanifolds of a manifold M. We 
say that P and P' are homologous, provided that there exists a (g + l)-chain B 
such that P — P' = dB. The next theorem is due to Wirtinger [Wir], although the 
simple proof given below is due to Federer [Fd2] and is based on Theorem 6.30. 
(See also [HL].) 

Theorem 6.31. (Wirtinger’s Inequality.) Let P be a Kahler submanifold of M with 
finite volume, and let P' be any submanifold which is homologous to P. Then 

volume(P) < volume(P'). (6.43) 

®Of course, it is not necessary to introduce the notation e^. But notice that using e^, the 
formula for the volume of a submanifold can be written without reference to the dimension of 
the submanifold. 
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Proof. Let B be a manifold (of dimension 2p + 1) such that OB = P — P'. By 
Stokes’ Theorem we have 

0= f dPP ^ [ pP = [ PP - f PP. (6.44) 

Jb Jp-p' Jp Jp' 



Let uj' denote the volume element of P' . Since lo' and {l/p\)PP are volume 
elements, they both have norm 1. Therefore, by the Cauchy- Schwarz Inequality 





< Ill'll 


-PP 


\ p! / 




p\ 



(6.45) 



Prom (6.44) and (6.45), we obtain 






U) 



Now (6.43) follows from Theorem 6.30 and (6.46). 



volume (P'). 



(6.46) 

□ 



6.8 The Homology and Cohomology of 
Complex Projective Space CF^(A) 

We recall the well-known fact that 

Theorem 6.32. The real cohomology ofCP^(X) is {as a ring) 

F*(CP"(A),M) = |[F]'' A; = 0,1, 2,... I y/{ [F]”+^ =0}. 
In fact, there is a more precise result. 

Theorem 6.33. The integral cohomology o/CP”(A) is (as a ring) 



H*(CP^{\),Z) 



A 



-1 k 



fc = 0,l,2,... 



7T 



-I n+1 



= 0 



Proof. The generator for the homology group iLfc(CP^(A), Z) is the sub- 
manifold CP^(A). Let denote the generator for the integral cohomology 
group JT^(CP’^(A),Z). Then also belongs to the real cohomology group 
H^{CP^{X)^R) and hence x^ — cik[F]^ for some a/e. To determine a/e, it suf- 
fices to integrate x^ over the cycle CP^(A) and use formula (6.29) for the volume 
of CP^(A). We have 

1 = x^[CP^(A)] -a/e[P]^[CP^(A)] 

rrik 



= dk 

Jc 



CP^(A) 



= a/e k\ volume (CP^(A)) = a/e . 



Hence a/e = ^nd the theorem follows. 



□ 
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6.9 Chern Numbers 



What is the analog for a compact Kahler manifold M of dimension 2 n of the Euler 
characteristic? Since the top Chern form 7^ coincides with the Euler form, it is 
clear that 

X(M) = / 7n, 

JM 

but what about the other Chern forms? We must have a 2n-form to integrate 
over M, so the question is how to get a 2n-form using the various Chern forms. 
Suppose, for example, that the dimension of M is 6. Then the products of Chern 
forms that have degree 6 are 7^, 72 A 71 and 73. Each of these can be integrated 
over M. This leads to the following definition. 



Definition. The Chern number Ci^ "'^ik i^) defined as follows. Let (ii , . . . ,ifc) 
be a sequence of numbers {not necessarily distinct) such that + - + = n. 

Then 



^i \ Q2 




A... A7i,. 



Thus the three possible Chern numbers of a 6-dimensional Kahler manifold M are 
cf(M), ciC 2(M) and cs{M). (See also problem 6 . 2 .) 

Since we have formulas for the total Chern form and volume of CP’^(A), we 
can find all of its Chern numbers. 



Corollary 6.34. For complex projective space CP^(A), we have 




Proof. It follows from Corollary 6.25 that 

Cii • • • Ci^ (CP”(A)) = f A . . . A 

JcP^(X) 




Notice that the Chern numbers of complex projective space are all integers. 
In fact, for any Kahler manifold M the Chern numbers are interesting integers 
that generalize the Euler characteristic. 
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6.10 Complex Hypersurfaces of Complex 
Projective Space CP”+^(A) 

A complex hypersurface of a complex manifold is a complex submanifold of real 
codimension 2. Just as in the case of real hypersurfaces of real manifolds, com- 
plex hypersurfaces are in some ways simpler than general complex submanifolds. 
Particularly important are complex hypersurfaces in CP^^^(A). 

Consider the homogeneous equation 

n+l 

'£aizf = 0, (6.47) 

2=0 

where d is a positive integer and the are complex numbers. Since (6.47) continues 
to hold when each Zi is replaced by Xzi, it makes sense not only on but also 

on CP^“^^(A). More generally, let Pd(zo, • • • , Zn+i) be any homogeneous polynomial 
of degree d and consider the set of zeros of Pd'. 



Md{\) = { [zo, . . . , ^n+l] € CP"+1(A) I Fd(zo, . . . , Zn+i) = 0 }. 



Then Md{X) is, in fact, a complex submanifold of CP"+^(A); it is called a complex 
hypersurface of degree d. It is easy to see that any complex hypersurface of degree 1 
in CP^“^^(A) is isometric to CP^{\). However, for d > 1 the Riemannian geometry 
of Md{\) (for example, the curvature) will in general depend on the polynomial 
Pd (as well as on A). However, there are many Riemannian invariants that are 
independent of Pd. In particular, in Chapter 7 we shall show that the volume of a 
tube of radius r about a complex hypersurface Md{\) depends only on A and the 
degree d, and is otherwise independent of the polynomial Pd. 

In the present section we write down the Chern classes and compute the 
Chern numbers of a complex hypersurface of degree d. 



Theorem 6.35. The total Chern class of Md{X) C CP^'^^(A) is given by 



biMdim = 



1 + -F 

IT 



n+2 “ 



Xd^ 
1 + —F 

7T 



(6.48) 



For a proof see [Hi, page 159]. 

Note that when d = I, formula (6.48) follows from Theorem 6.24. However, 
the formula 

/ A 

7(CF”(A)) =1^1 + -Fj 

is more precise because it is a formula for the total Chern form of CP^^(A), whereas 
(6.48) is only a formula for the total Chern class. 
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Corollary 6.36. The first three Chern classes of a hypersurface Md{X) C 
are given by 

[7i(Md(A))] = (n + 2-d) [-f1 , 

7T 

[ 72 (M(i(A))] = ^-{n + 2){n + 1) — d{n + 2) + (Pj — f , 

[73(M<i(A))] = Q(n + 2)(n+l)n- ^(n + 2)(n+l) 

+ (f{n + 2)-(f'^ . 

More generally, 

[7.(M,(A))] = (^E (” I ■ (6.49) 

Proof. To get (6.49), we expand the right-hand side of (6.48) and equate forms 
of like degree with the left-hand side. □ 

Notice that when d = 1 in (6.48) or (6.49), we recover the formula for the Chern 
classes of CP^^(A). 

In addition to the inequality of [Wir] , Wirtinger also found a simple formula 
for the volume of a complete intersection in CP’^'^^(A) (see problem 6.5). A special 
case is the formula for the volume of a complex hypersurface of degree d. We now 
give a proof of this formula. 

Theorem 6.37. The volume of a complex hypersurface Md{X) C CP^+^(A) of de- 
gree d is given by 

volmne{Md{X)) = d • volume (CP^(A)) = . (6.50) 

Proof. Md{\) is a cycle of CP’^^^ (A) because it is a compact submanifold without 
boundary. Hence it gives rise to a homology class 

[Md(A)] e/f„(CP”+'(A),Z). 

Therefore, [Md{X)] must be an integral multiple of the generator [CP^^(A)] G 
Pn(CP^“^^(A), Z). A more exact formulas is: 

[M,(A)]-d-[CP"(A)]. 

Now we use the fact (Corollary 6.29) that the volume form of Md{X) is the restric- 
tion of (l/n!)P'^ to Md{\), where F is the Kahler form of CP^+^(A). Therefore, 
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we have 

volume (Md(A)) = - f F" = i[F"] • [Md(A)] 
n'- 

= ^[F"] • d ■ [CF"(A)] = d ■ volume (CF"(A)) . □ 

Til Til \ A/ 

Next we compute some of the Chern numbers of hypersurfaces of degree d. 
First, we need the following elementary fact. 

Lemma 6.38. Let M be any Kdhler manifold of real dimension 2n whose Chern 
classes satisfy the generalized Einstein condition 

Ci = bi] = /(*) -F . 

7T 

Let ii, . . . , ifc be such that 2i + 22 H Fik = n. Then 

c^^---CibM)= - /(ii)/(i 2 )---/(ifc) •n!'Volume(M). 

IT 

In particular, 

Cii • • ■ Ci, (Md(A)) = d ■ fiibfih) ■ ■ ■ /(*fc). 

The proof is obvious. 

The values of the /(i) for a complex hypersurface Md{\) can be determined 
by means of Corollary 6.36 together with the formula (6.48) for the volume of 
Md{\). For the Chern numbers of hypersurfaces of low degree, see problem 6.3. 
Here are some more general formulas. 

Lemma 6.39. We have 

c^MdiX)) = (n + 2-d)^d, 

c„(Md(A)) = x(M,(A))=dy;(” + ^)M^-^ 

k=0 ^ ' 

~ — {(1 — + (n + 2)d — 1 } . 

6.11 Problems 

6.1 Compute explicitly the Chern numbers of complex projective space CP’^(A) 
for n < 4 (see Table I). 



6.2 Find all possibilities for the Chern numbers of an almost complex manifold 
M of complex dimension less than or equal to six (see Table II) . 
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Table I 


Complex 

dimension 


Chern numbers 
of complex projective spaces 


1 


ci(CPi(A)) = 2 


2 


c2(CP2(A)) = 9, C2(CP2(A)) = 3 


3 


c3(CP3(A)) = 64, C2Ci(CP3(A)) = 24, 
C3(CP3(A)) = 4 


4 


cf (CP4(A)) = 625, C2cf(CP4(A)) = 250, 
cl{CP^{\)) = 100, ciC3(CP^(A)) = 50, 
C4(CP'*(A)) = 5 



6.3 Compute the Chern numbers of a complex hypersurface Md{\) of degree d 
in low dimensions (see Table III). 

6.4 Show that the Ricci and scalar curvatures of a space of constant 

holomorphic sectional curvature 4A are given by 

p(X, Y) = 2{n + 1)A(X, Y) and r = 4n(n + 1)A 
forX,y€X(K;^„,(A)). 

6.5 A complete intersection Pai...a^(A) C CP^+"’(A) is defined to be the set 

of simultaneous zeros of polynomials of degrees Generalize the 

formula for the volume of a complex hypersurface in CP^~^^(A) by showing 
that 

volume(Pai...a,(A)) = 

Hence the volume of a complete intersection depends only on the degrees of 
the polynomials. 
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Table III 


Complex 
dimension 
of M4X) 


Chern numbers 
of the complex 
hypersurfaces Md{X) 


1 


ci(Md(A)) = (3-d)d 


2 


cf(Md(A)) - (4 - dfd, 
c2{Md{\)) = (6 - 4d + d^)d 


3 


c?(Md(A)) = (5 - dfd, 
C2C\{Md{\)) = (5 - d)(10 - 5d + d?)d, 
Ci{Md{\)) = (10 - 10d+5(P - d^)d 


4 


4(Md{\)) = (6 - d^d, 

C2cf (Md(A)) = (6 - d)^(15 -6d + d^)d, 
C3Ci{Md{\)) = (6 - <i)(20 - 15d + 6d"^ - d^)d, 
4{Md{X)) = {15-6d + cPfd, 
C4(Md(A)) = (15 - 20d + 15d2 - 6^^ + d*)d 



6.7 What goes wrong if one tries to mimic the theory of complex hypersurfaces 
in CP^(A) by studying quaternionic hypersurfaces in quaternionic projective 
space? 





Chapter 7 

The Tube Formula in 
the Complex Case 



For a complex submanifold F of a complex Euclidean space C”, we shall give a 
considerably simplified version of Weyl’s Tube Formula. It turns out that all the 
coefficients k 2 c{P) have a topological nature similar to that of the top coefficient. 
We shall derive explicit formulas for the k 2 c{P) as integrals involving the Chern 
forms and Kahler form of F. To carry out this program, we require generalizations 
of the Bianchi and Kahler identities to double forms; these we give in Section 7.1. 
We use these identities in Section 7.2 to derive formula (7.18) for the volume of a 
tube about a complex submanifold with compact closure in a complex Euclidean 
space. We call it the Complex Weyl Tube Formula. 

Even though the Complex Weyl Tube Formula is far simpler than the gen- 
eral Weyl Tube Formula, the situation is not completely satisfactory because for- 
mula (7.18) has little relevance for compact complex submanifolds without bound- 
ary in C^. The problem is that, necessarily, any such submanifold is zero dimen- 
sional. This leads us to study complex submanifolds of complex projective space 
CF^(A), in which there are many interesting compact complex submanifolds. 

We call the formula for the volume of a tube about a complex submanifold 
of CF’^(A) the Projective Weyl Tube Formula. We carry out its derivation in two 
stages. In Section 7.3 we give a tube formula (formula (7.28)) that holds for a com- 
plex submanifold F with compact closure in a Kahler manifold K[Jqi(A) of constant 
holomorphic sectional curvature. The proof of formula (7.28) is a straightforward 
generalization of Weyl’s Tube Formula and involves solving the Riccati equations 
for the principal curvature functions of the tubular hypersurfaces about F. How- 
ever, it is not clear from formula (7.28) how the coefficients depend on the Chern 
forms. 

Therefore, in Sections 7.4 and 7.5 we turn to the study of tubes about a 
complex submanifold F of K[Jqj(A) with two objectives in mind. The first goal is to 
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rewrite formula (7.28), making the dependence on the Kahler form and total Chern 
form clear; this we achieve with Theorem 7.20, where we prove the Projective Weyl 
Tube Formula. 

Secondly, we find simple formulas for the volumes of tubes about certain 
compact complex submanifolds of CP'^(X). For example, complex hypersurfaces 
of complex projective space CP^(A) are studied in Section 7.6, and a formula for 
the volume of a tube about a complex hypersurface of degree d resembling the 
formula for the volume of a geodesic ball is given. 

In Section 7.7 we show that the volume of a tube about a complex subman- 
ifold of is invariant under Kahler deformations. Finally, in Section 7.8 we 

derive the formula for the volume of a tube about a totally real totally geodesic 
submanifold of complex projective space. 



7.1 Higher Order Curvature Identities 

In order to derive a new version of Weyl’s Tube Formula in the complex case, it 
will be necessary to use various curvature identities involving the power of 
the curvature tensor. These are generalizations of well-known curvature identities 
for the case c == 1. We begin with a general Riemannian manifold. 

Lemma 7 . 1 . (Generalized first Bianchi identity.) Let R be the curvature tensor of 
a Riemannian manifold M, and let x\^. , X2c+i,V2, • • • , I/2c be tangent vectors to 
M. Then 

2 c+l 

, ife, . . . , X2c+l){xk,y2, ■■■, y2c) = 0. (7.1) 

fc=l 

Proof We define an operation (j) \ — > 0' mapping the space of double forms of 
type (p, q) into those of type (p + 1, g — 1): 

p+i 

(p'ixi,. . .,Xp+i){y2, ...,yq) = ■ ,*fc, • • ■ ,Xp+i){xk,y2, ■ ■ -,yq)- 

k=l 

Then it can be checked that 

(0 A 0)' = (/)' A 0 + (-1)^+V A e\ (7.2) 

where 0 is a double form of type (p, q) and 0 is a double form of any type. For the 
curvature tensor R considered as a double form, the identity 

R' = 0 (7.3) 

is just the (first) Bianchi identity (2.19), page 19. So, it follows by induction from 
(7.2) and (7.3) that 

{R^y = 0 . 



Then (7.4) is equivalent to (7.1). 



(7.4) 

□ 
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For more details on the generalized Bianchi identities see [Gr3] and [Thl], [Th2], 
[Th3]. 

There is an additional identity for for Kahler manifolds: 

Lemma 7.2. (Generalized Kahler identity.) Let R be the curvature tensor of a 
Kahler manifold M. Then 

, . . . , X2c-){yi , • • ■ , y2c) = X2c){yi,. ■ ■ , y2c), (7.5) 

for tangent vectors xi, ^ X 2 c, yi->- • ,V 2 c to M. 

Proof. Formula (7.5) can be proved by induction from the definition of multi- 
plication of double forms (formula (4.2), page 54) and the Kahler identity (6.1). 

□ 

Let M be an almost Hermitian manifold of real dimension 2q. To study a 
contraction of a tensor field on M, we can use an arbitrary orthonormal basis to 
do the contraction. Since M is almost Hermitian, we usually choose this basis to 
be of the form {ei, ci* , . . . , Cg, Cg* }. Often we abbreviate to a^. 

For any almost Hermitian manifold M it is possible to form a contraction of 
that is, in general, different from the contraction C^^(i?‘^), which is given by 

C^^{R^)= R%a^,...,a2c){ai,...,a2c). 



The new contraction is: 

2g 

Yi , ai. , . . . , ac, a^. )(&i , 6i. , . . . , 6c, 5c* )• 

ai ...ac = l 

bi...bc = l 

However, for Kahler manifolds, at least, it turns out that this contraction is a 
multiple of C‘^''{R''). 

Lemma 7.3. Let R be a curvature tensor which also satisfies the Kahler iden- 
tity (6.1). Then we have 

V /i^(ai,ai.,...,ac,ac*)(6i,6i*,...,6c,6c*) = ^^t^'^(i?^). (7.6) 

a,.^=l (2c)! 

6i ...6c = l 

Proof. Let , . . . , d 2 c be arbitrary elements of a holomorphic orthonormal basis 
{ei, ei*, . . . , Cg, Cg^}, and put Oi — 6^^, bi = e^. for 1 < i < n*. Write 

^(0 ~ ^ ^ P (^1 5 5 • • • 7 ^2 5 ? d2^-(-l , . . . , d2c) 

oi ...aj = l 

bi...bi=i • (6i, 6i*, . . . , 6j, bi.,d.2i+i,. . . ,d2c)- 



(7.7) 
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Prom (7.5) it follows that we can replace each dk in (7.7) by dk*] thus: 



2q 



b(i^ — ^ R (^1 5 ^1* t ' ' ' 'jtli'j di* 5 d2i-\-\* 5 • • • 5 ^2c* ) (^•^) 

• . . . ^hi,hi* ,d2i-\-i’> • • • 5 ^ 2 c )- 



di ...di — 1 

hi...hi = l 



At this point we need a somewhat long but straightforward calculation using (7.8) 
and the generalized first Bianchi identity (7.1). We have 



2q ^ 



oi 

bi...bi = l 



iR^{ai* , U2, d 2 * , . . . , , d2z+i* , • . • , d 2 c* , ^i) 

• {ai,h 5 ^, bi* , (^22+1, • • • 5 d 2 c) 

ii?"^(ai,a2,a2*, • • • 5 ^2 7 ^2* 5 ^22+1*, . . . ,d2c*^bi) 

(Ul* , , . . . , 62 ? ? ^ 22 - 1 - 1 5 • • • 5 ^2c) 

2c-2i 



+ ^ (-1)''+^ jR‘'(ai, ai* , . . . , ttj, a*. , d2i+i* , ■ ■ ■ , <^2i+fc* , • • • , d2c* , &i) 
fc=l 

(^2z + /c* ? ^1* ? • • • 5 ^2? bi* , ^22-1-1 5 • • • 5 d2c) 

FR (<3-1 , ( 2 i* , . . . , CI 2 5 t^i* 7 ^ 22 - 1 - 1 * 5 • • • 7 d2c* ) 

• (5i, 7 . . . 7 bi,bi * , ^22+1, ... 7 <i2c)| 

J + X] JJ + /// + /V • 

Here, can be combined with XI//? J2iii ^>e combined with Yliv Thus 
we get 

2g 



= 2: 

ai...ai = l ^ 
bi...bi = l 



— 2%R^{a2^a2* ^ . . • 7 ^^ 27 ^ 2 * 5 ^ 22 + 1*7 • • • 7 ^ 20 * 7 ^ 17 ^ 1 ) 

• (^27^2*7 • • • 7^2 7^2*7^22+17 * * * 7 <^2c 7 ^1 * 7 ^1 * ) 

+ ( 2 c - 2 i + l)i?''(ai , ai* , . . . , tt 27 ^^i* 7 ^ 22 + 1 * 7 • • • 7 c? 2 c* ) 

• (61 7 61*7 ... 7 bi, 62*7 ^22+17 • • • 7 C!2c)|7 



or more concisely 



6(i) = 



2i 

2c - 2z + 1 



6(i- 1). 



(7.9) 



(Equation (7.9) is a generalization of formula (6.3), page 88, for the Ricci curvature 
of a Kahler manifold.) 
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Prom (7.9) it follows that 
6(c) = (2c)6(c - 1) = (2c) (^) 6(c - 2) 

2-c! (2-c!)^ 

l*3..-(2c-l) (2c)! ^ 



which is the same as (7.6). □ 

Throughout the rest of this chapter we assume that all almost complex man- 
ifolds are Kahler manifolds, unless stated otherwise. 

Lemma 7.4. Let P be a 2q- dimensional Kohler manifold, and (j) € where 

h?^{P) denotes the space of 2c-forms on P. Then 

(<AAF‘'-‘^)(ei,...,C2,) = ^^^ ^ </.(ai,ai.,...,ae,ae.). (7.10) 

ai...ac = l 

Proof Without loss of generality, we can compute the left-hand side of (7.10) 
by evaluating (j) A on a basis of the form {ci, ci* , . . . , e^, eq * }. Prom (4.2) it 
follows that 

{(p A F^“‘")(l, , • • ■ , Oc, )F^~^{ac+i,. . . , o,. ). 

l<ai<--<ac<g 

But F^“^(ac+i , . . . ,Oq*) = {q — c)\ by the proof of Lemma 6.28, page 106. So we 
obtain 

{(p/\F'^~‘^){l,l*,...,q,q*) = (q-c)] (p{ai,ai., . . . ,ac,ac-) 

l<ai<---<ac<q 

_ {q — c)! ^ ^ ^ ^ \ 

2 *^ 0 ! / V 0(^1 5 ^1* 5 • • • 5 ^C* )• 

a I • * *CL Q — 1 



Thus we get (7.10). □ 

Lemma 7.5. For a Kahler manifold the following relation holds between and 
the Chern form 7c: 



1 

( 27 t )^ 7 c = ^ ^ F, 7?‘^(ai,ai-,...,ac,ac*)- 



2‘=(c!) 

Proof Lemma 5.5 implies that 



(7.11) 



ai ...ac=l 



c! ...acttc* — , ,Oc, Oc*). 



(7.12) 
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Also, from (6.14) we get 

(2'Tt) 7c — V ^ ^aiai* ...aca^^ 

l<ai < ‘ <ac<q 



1 



2q 



^ ^ ^aiai* ..Mca^ 
ai ...ac = l 



(7.13) 



Then (7.11) follows from (7.12) and (7.13). □ 

Lemma 7.6. For a Kdhler manifold P the C^^(i?^) ’s and the k 2 c{P) are expressed 
in terms of the Chern forms of P by the formulas 

= (27rr(7cAF«-^)(ei,...,e2,); (7.14) 

Proof From Lemmas 7.3 and 7.5 we have 

^j^C^-(R-) = 2'=(c\f{2nrYl 7c(^>i,&i-,-..,&c,6c0- (7-16) 

^ bi...bc = l 

On the other hand, it follows from Lemma 7.4 that 
^ 2^c! 

> 7c(ai,ai*,...,ac,ac*) = 7 ^(7cAF^ ^)(ei, . . . , e2q). (7.17) 

1 \Q- o' 

ai...ac = l 

Combining (7.16) and (7.17), we get (7.14). Then (7.15) results when (7.14) is 
integrated over P. □ 



Notice that when c — equation (7.15) is a special case of equation (5.22), which 
expresses the top coefficient in Weyl’s Tube Formula in terms of the Pfaffian of 
the curvature tensor. 



7.2 Tubes about Complex Submanifolds of 

We can now derive the formula for Vp^ (r) in terms of the total Chern form and 
Kahler form of a complex submanifold P of We shall write Vp"" [r) as the 
integral over P of a certain nonhomogeneous differential form (see formula (7.18) 
below). In this formula the integral of each differential form whose degree is dif- 
ferent from the dimension of P is to be thrown away. 
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Theorem 7.7. (The Complex Weyl Tube Formula.) Let P be a topologically 
embedded complex submanifold of with compact closure, and assume that 
expj^: {{p^v) ^ \ Ill’ll <r} — ^ T{P,r) is a diffeomorphism. Then 

Vp (r) = ^ / 7 A (Trr^ + F)”, (7.18) 

n\ jp 

where 7 is the total Chern form and F the K abler form of P. 



Proof For an arbitrary 2g-dimensional submanifold P in with compact clos- 
ure Weyl’s Tube Formula (1.1) simplifies to 




C :=0 



(27r)^(n — q + c)! 



Assume that P is complex and write 

^7cAF«-= = (7cAF«-‘^)[P]. 
Then from (7.15) and (7.19) we calculate 

= V (7cAP^-^)[P](7rr^)»-^+‘^ 

^ ^ {n - q + c)\{q - c)\ 

^ (7cAP^)[P](7rr2)»-fe 

{n-k)\k\ 



(7.19) 



(7.20) 




[P]- 



Now (7.18) follows from (7.20) and the binomial theorem. □ 

That the volume of a tube about a complex submanifold P of is expressible 
in terms of the Chern forms was observed by Griffiths [Gs]. Formula (7.18) was 
proved in [GrlO]. 



7.3 Tubes about Complex Submanifolds 

of a Space of Constant Holomorphic 

Sectional Curvature 

Our goal in this section is to derive a formula that is a simultaneous generalization 
of the formula for the volume of a geodesic ball in CP'^{\) and Weyl’s Tube 
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Formula (1.1). However, we can prove a more general formula with little extra 
effort. Let denote a Kahler manifold with constant holomorphic sectional 

curvature 4A, where A may be positive, negative or zero (see Section 6.2). We shall 
give a formula for the volume of a tube about a complex submanifold P of K{^q^(A) 
in terms of the k2c{R^ - 

We shall be writing expressions in terms of trigonometric functions, but, just 
as in Chapters 3-6, these expressions will also make sense when A is negative or 
zero. In all cases it can be checked that as A — > 0 the expressions reduce to the 
tube formulas already obtained for complex Euclidean space. 

First, we derive the formula for the infinitesimal change of volume function 
of a complex submanifold of KJJq^(A). It is only a little more complicated than the 
corresponding formula for a sphere. Recall that Op is the set of points in M that 
can be joined to P by a unique shortest geodesic meeting P perpendicularly (see 
the definition (2.2)), and that Tu is the Weingarten map (see the definition on 
page 35). 

Lemma 7.8. Let P he a topologically embedded complex submanifold of a space 
^hoi('^) constant holomorphic sectional curvature 4A. Then the infinitesimal 
volume function du{t) o/KJJq^(A) at p e P is given by 

(7.21) 

det (/ - . 

for {p,tu) G Op with ||u|| = 1. 

Proof Let ^ be a unit-speed geodesic in Khoi(^) with ^(0) = p and ^'(0) = u. 
Because P is a complex submanifold of IKJJqj(A), it is compatible with KoM) 
by Lemma 6.16, page 97. Hence there exists a holomorphic orthonormal frame 
{ei, . . . , Jcn} such that = u and {ei, . . . , Jcq} is a basis of Pp which diagonal- 
izes the symmetric linear transformation Ru'. 5^hoi(^)p — ^ ^hoi(^)p- Since Khoi(A) 
is a locally symmetric space, we can choose a parallel holomorphic orthonormal 
frame field t \ — > {Pi(^), . . . , JP^(t)} along ^ which coincides with {ei, . . . , Je^} 
at p. Then Theorem 6.14 implies that each Ea{t) is an eigenvector of both R{t) 
and S{t), where S{t) is the shape operator of the tubular hypersurface P^. Just 
as in the proof of Lemma 6.18, the principal curvature functions of the tubular 
hypersurfaces about P satisfy Riccati differential equations; however, some of the 
initial conditions are different. 

More precisely, we have: 

( < = + A (« = 



''( 9 + 1 )* 



''( 9 + 1 )* 



4A, 



(7.22) 



^ 



{i = q + 2,...,n*). 
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The initial conditions are: 

{ /^a(0) finite for a = 1, . . . , 

^z(O) = — (X) for i = (g' + 1)*, . . . , n*. 

The solutions to (7.22) with the initial conditions (7.23) are found to be 

Ka{t) = (cos(t\/A) - sin(f\/A)) , 

Ki{t) = -^log{sm{tV\)), 



(7.23) 



(7.24) 



for a = 1, . . . , ^* and i = (g + 2) n*. When we sum the principal curvature 

functions given by (7.24), we get 



trS'(t) = 



" (cos(t\/A) - sin{tVx) 



(7.25) 



+ 2{n - q - 1) log(sin(i\/A)) + log(sin(2f-\/A)) |. 



We substitute (7.25) into (3.14), and then integrate making use of the fact that 
'i?^^(0) = 1. After taking exponentials of the resulting equation, we get 



(7.26) 

2n-2q-l 

cos(^a/A) (^os{tVX) — 

Equation (7.26) is just another way of writing (7.21). □ 

Just as in the fiat case, when we integrate the infinitesimal volume function 
over the unit sphere in , the resulting expression depends only on the curvature 
tensors of the submanifold and the ambient manifold. 







n(^V^) \ 

ty/X J 



Corollary 7.9. Let P be a complex submanifold of IIC[Jqj(A), and suppose that 
expj^:{{p,v) e u I jit'll < r} — > T(P, r) C exp^(Op) is a diffeomorphism. Then 
for {p^tu) e Op, we have 



L 



52n-2q-l(l) 

2n—2q—l 



iduit) du 



sm 






52n-2<3-l(i) 



det(/- tan(^) r^ 

. V A 



(7.27) 



du 
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2n — 2q—l 

(cos(^a/A))^^^^ 

9 C2o((j;P_ /tan^Y' 

^c!(2c)!2<=(n-g + c- 1)! ^ VA ) 

Proof. Theorem 4.10, with t replaced by tan(t\/A)/\/A, n replaced by 2n, and 
q replaced by 2g, can be used to integrate the right-hand side of (7.21) over 
52 ^- 29 - 1 ( 1 ). The result is (7.27). □ 

We are now ready to derive our first intrinsic formula for the volume of a 
tube about a complex submanifold of a space KJJqj(A) of constant holomorphic 
sectional curvature 4 A. 



27T^-^ 



sm 



I 

ty/\ j 



Theorem 7.10. Let P he a topologically embedded complex submanifold of a 
space K[Jq|(A) of constant holomorphic sectional curvature, and suppose that 
exp^: { (p, 'c) G 1 / I ||u|| < r } — > T{P,r) is a diffeomorphism. Then 






w=w: 






dr ' P 



(r) 



(7.28) 



q 

= 27T^-^(cos(r\/A))^^ 

c=0 



k2c{R^ - 
2^{n - q-\- c- 1)\ 



( tan(rV^) 



2{n-q-\-c)-l 



Proof To get (7.28), we integrate (7.27) over P and use Lemmas 3.12, page 41, 
and 3.13, page 42, together with the definition (4.4), page 56. □ 



7.4 Tubes and Chern Forms 

Thus the tube formula for a space K[Jqj(A) of constant holomorphic sectional cur- 
vature (in particular, for complex projective space CP^(A)) is somewhat more 
complicated than the tube formula for Euclidean space, but it has basically the 
same form. Instead of a polynomial in r, the tube volume is a poly- 

nomial in trigonometric functions, and in place of the coefficients k 2 c{P) we must 
use the coefficients k 2 c{R^ - P^^oh^)). 

On the other hand, for a complex submanifold P of we have derived the 
simple formula (7.18), which expresses {r) in terms of the Chern forms and 
Kahler form of P. In Section 7.5 we shall find a similar formula for the volume of 
a tube about a complex submanifold P of a Kahler manifold K^^j(A) of constant 
holomorphic sectional curvature. For this it is necessary to express the coefficients 
k 2 c{R^ — P^hoi(^)) in terms of the Chern forms and Kahler form of P. We do the 
preliminary calculations with Chern forms in the present section. 
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In one respect the situation for KJJqj(A) is better than that for C’^, because 
there are many interesting compact complex submanifolds of However, 

the calculations are considerably more complicated. 

Lemma 7.6 can be generalized immediately. Let us write 

7c=7c(iZ^ - 

for the Chern form of the curvature tensor — i?^hoi(^). (Here, the definition 
of 7 c is given by (6.4), page 88 , where one uses the complex curvature forms of 
rp _ place of those of R^.) 

Lemma 7.11. For a complex submanifold P ofK^^^{\) we have 

{2nn% A F«-^)(ei, . . . , 62 ,) = , (7.29) 

fc2c(i?^ - / 7c A (7.30) 

[q - c)\ Jp 

Proof. The calculations are exactly the same as those of Lemma 7.6 with 7 c 
replaced by 7 c. □ 

Now we face the more difficult problem of expressing the coefficients k 2 c{R^~ 
R^hoiW^^ not in terms of the 7 c ’s, but in terms of the 7 c ’s. To achieve this, we need 
algebraic relations between the 7 c ’s and the 7 c’s. To find these algebraic relations, 
we must resort to some calculations with curvature forms. For this we use the 
structure equation version of the first Bianchi identity, which we now explain. 
First we do the real structure equations and afterwards the complex structure 
equations. 

Let P be a Riemannian manifold of dimension n, and let {Pi, . . . , Pn} be a 
local orthonormal frame field on P. For X G X(P) we put 

~ 5 

then { LUij \ i < j} are called the connection forms of P relative to the local 
orthonormal frame field {Pi, . . . , Pn}. Recall (see page 79) that {^i, . . . , 9n} are 
the dual 1-forms corresponding to {Pi, . . . , P^i}. 

Lemma 7.12. For a Riemannian manifold P and a local orthonormal frame field 
on P we have the real structure equations 

'' n 

dOi — ^ij A 9 j , 

^ ^ n 

dUJij — ^ ^ ^ik A iO}^j i lij , 

k=l 

UJij + LOji = 0, 



forij = l,...,n. 
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Proof. Equations (7.31) can be established directly from the dehnitions of the 
covariant derivative and the exterior differential. Let {Ei^ . . . , En} be the local 
orthonormal frame field dual to and let X,Y G X{P). Then for 

z = 1 , . . . , n we have 

d6i{X, Y) = XOiiY) - YdiiX) - e^{[X, Y]f (7.32) 

this is just the definition of the exterior derivative of the 1-form 6i. Using the 
definition of 6i and well-known properties of the covariant derivative (namely 
(2.13)) and (2.14)), the right-hand side of (7.32) can be written as 

(7.33) 

We expand (7.33) and get: 



de,{X,Y) = (x^E^,Y'j - (x^E,,x') 

n 

= E {EjY - {\e,,Ej) (e„x)) 

= y] Lj(X)dj(Y) - uJij(Y)dj(X)) 

j=i V / 

n 

Since X and Y are arbitrary, we get the first equation of (7.31). The other equa- 
tions of (7.31) are proved similarly. □ 

Now assume that P is a Kahler manifold of real dimension 2n, and that 
{Pi, . . . , Pn, JEi, . . . , JEn} is a local holomorphic orthonormal frame field on P. 
Put 

i’ab = {l<a,b< Tl). (7.34) 

The are called the complex connection forms. 

For the next corollary, recall the definition of Eab given on page 88 and the 
definition of (/>a in 6.31. 

Corollary 7.13. For a Kahler manifold P and a local holomorphic orthonormal 
frame field on P we have the complex structure equations 




= A (pb, 

b=l 

n 

= y]V’ocAt/)c6 

C=1 

= 0 , 



'^abi 



(7.35) 



for a^b = 1, . . . , n. 
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Proof. The first two equations of (7.35) are immediate consequences of (7.31) 
and the definitions (6.31) and (7.34). The last equation of (7.35) follows from the 
easily established fact that LOi^j* = tUij for all i and j. □ 

Using matrix notation, the real and complex structure equations can be writ- 
ten as 



dO = LJ A 6, dw = uo Auj — Ft, 

dcf) = 'll) A (f), d'lp = 'll) A 'ip -E. 

From these follow the Bianchi identities written in matrix form: 

Lemma 7.14. We have 
^A6 

dfl — u)AFt + FtAu) 

E Acp 

dE-'ipAE-\-EA'ip 
We shall need only the first complex Bianchi identity, namely 

S A - 0, (7.36) 

to get the relations between the 7 c ’s and the 7 c ’s that we require. 



= 0 



{Real Bia'nchi identities), 



= 0 



{Co'mplex Bianchi identities). 



Lemma 7.15. The 7c ’s are related to the 7c ’s via the formula 




q - a-\-l 
c — a 




or more concisel'y, 



9 / \ \q-a-\-l 

7 = ^(l--f) A7a. 

a=0 ^ ^ 



(7.37) 



(7.38) 



Proof. We use (6.4) with 7 replaced by 7 . This means that instead of using the 
complex curvature forms Eab of , we must use those of R^ — which 

we denote by Eab- If follows from equation (6.35), page 103, that the formula for 
Eab in terms of Eab is 



'^ab — '^ab ^{4^a ^ 4^b IF). 

Then from (6.4) and (7.39) we get 



7 = det ( ( 1 - -F jSab + (2^6 - Xcpa A (pb 



— - \(pa ^ 



(7.39) 



27T 



(7.40) 
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We expand (7.40) in the same way that we calculated the Chern forms of a space 
of constant holomorphic sectional curvature in Theorem 6.24, page 104. 

The expansion of the determinant on the right-hand side of (7.40) by minors yields 



A0ai A (pai 


• • ^aidc ^4^ai A (f)i 


^4^dc A 4^ai 


^dcGc ~ A 0, 



c!Cc(A) = ^ det : : 

ai...ac = l 1 

V '^acai ~ ^4^ac ^ 4^a\ • • • ^Gcac ^4 ^glc ^ 4^Gc / 

The right-hand side of (7.42) can be expanded as a polynomial in A; thus: 



-•Cc(A) — ^ ^ A . . . A ^aca^(c) 



a\...ac = l (jG©c 



A ... A (j)af, A A ... A 



+ •••-+- {-Xycpai A 0a^(i) A ... A A 

Using the first Bianchi identity in the form (7.36) together with Lemma 6.21, 
page 102, we can rewrite (7.43) as 



-!Cc(A)= ^ <det 



-cXcpa, det 



_l_ . . . _l_ (—A)*^ det 



4^ai A (pai • • • 0ai A 



4^Gc a (j^ai • • • 4^Gc a 4^ac 
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From (7.44) and (6.33), page 102, it follows that 

Cc(A) = ^ 

6=0 



(2Av^f 



C6(0). 



(7.45) 



On the other hand, from the definition of the Chern forms we have 




(7.46) 



We use (7.46) to rewrite (7.45) as 




c— 



b 



F"-*’A7b. 



(7.47) 



Substituting (7.47) into (7.41) and changing the order of summation, we find that 

, c—b 



q q 






b=0 c=b 



A7fc. 



(7.48) 



We can use the formula for the partial sums of a geometric series to simplify the 
right-hand side of (7.48). Thus 




Note that A 76 = 0 for all 6, because it is a (2^+2)-form on a 2^-dimensional 

manifold. This observation together with (7.48) and (7.49) yields (7.38). □ 

Now let iZ be a tensor field having the same symmetries (in particular, the 
Kahler identity (6.1) as the curvature of a 2^-dimensional Kahler manifold, and 
let 7(iZ) = 1 -h 7i(iZ) + • • • + Tq{R) be its total Chern form. Actually, it will be 
more convenient to use the Chern polynomial ^{R){t) of iZ; it is defined by 



7(iZ)(t) — 1 + Z7i(iZ) -f • • * + F^q{R). 



(7.50) 
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We can formally factor 'y{R){t) as^ 

Q 

7(-R)W = tJ(l + tea). 

a=l 



We define a new polynomial by 

7(-r)w = n • 

It is easy to see that formally 



a=l 



7(ii)(l) = (l-^fY7(Ji) 



^ ^ 



1 - -F 



(7.51) 



J 



Next we use (7.50) and (7.51) to get a formal factorization of the total Chern 
form 7 (i?^ - 



Lemma 7.16. If P is a complex submanifold ofK^^^{X) of complex dimension q, 
then 







7T 




-F + x 

7T 



A 



7T 



F 7(i?7 




Proof By Lemma 7.15 we have 



(7.52) 



7(i?^ - F'^ho.(A)) 



1 - -F 

7T 






a=0 



q — a 






q-l 



— y \ — —F j +1^1— — i^J {x\ F ''' F Xq) X\ Xq 



a=l 






□ 



^The Xa are nonhomogeneous differential forms that can be quite complicated. This can be seen 
if one tries to factor the Chern polynomial of 



«,.,=(..,F)“ 7 Err)(‘)-)‘ 



Fortunately, explicit knowledge of the xFs will not be necessary for the Projective Weyl Tube 
Formula that we shall prove in the next section. 
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7.5 The Projective Weyl Tube Formula 

As might be expected, the Projective Weyl Tube Formula turns out to be more 
complicated than the Complex Weyl Tube Formula. We studied formal factor- 
ization of Chern forms in the previous section, because in its simplest form the 
Projective Weyl Tube Formula needs this formalism. 

Before proving the Projective Weyl Tube Formula, we need another formal 
lemma about Chern forms. We do it for a general R, and then specialize to — 
RKoiW, 



Lemma 7.17. Let j{R) = 1 + 7i(i?) + • • • + 7q{R) be the total Chern form of a 
curvature tensor R, such that the Kdhler identity (6.1) holds for R. Then 



f 



2 7rsin(t\/A)(cos(i\/A))^" 



Va 



(7.53) 



•'F — 

In - 






n— g+c— 1 



c=0 



{q - c)\{n - q + c- l)\q\ y X j 



n! \ q\ 



sin^(r\/A) + cos^(r 



1 - -F 

7T 



r 



Proof First, we need a formal calculation: 

{^c{R) (t\/X) 

^ - c)!(n - g + c - 1)! g! ( A 



n—q-\-c—l 



dt 



^ ^ ^ '"n — 7Tta,n^{tVX) 






c=0 



6=0 



- 6-1 



-F^ 



(n- 1)! 



7(i?) A 



IT taiP (t>/X) 



n—1 



+ F ,-FM. 



Hence 



2 7Tsin(t\/A)(cos(^\/A))^’^ (7 c(^)AF'^ ^,F^) 

2^ (n-, 



v/A 



{q-c)\{n-q + c~ l)!g! 



c=0 



'tan^(t\/A)\ 

) 



n — q-\-c— 1 



2 7T sin(^V^)cos(tA/A) 
(n - 1)!\/A 



7(i?) A ((^ - f) sin2(iVA) + fJ~\ 1 






When this formula is integrated with respect to t from 0 to r, the result is (7.53), 

□ 




134 



Chapter 7. The Tube Formula in the Complex Case 



Now we can get a simple formula for the integral of the infinitesimal change 
of volume function over the unit sphere in in terms of the Chern forms of 
j^p _ Kahler form F. 



Theorem 7.18. Let P be a topologically embedded complex submanifold o/KJJq|(A), 
and suppose that exp^: {{p^v) E u \ ||i;|| < r} — ^ T{P,r) is a dijfeomorphism. 
Then for {p^tu) ^ Op, we have 



fl 



t^n dudt 



52 n- 2 q-l(l) 



1 /i (^sm^{ty/X) +cos^{t\^X)F\ \ 

n. \ q\ 



(7.54) 



1 - -F 

7T 



/ 



Proof First of all, Corollary 7.9 implies that 
±2n—2q—\ I 

Js 



= 27t”-« 



sm 



M)^ 

Va ) 



S2n-2,^l(l) 

2n~2q—l 



du{t) du 
{cos{tVX))‘^^~^^ 



" 4an(t\/A)^ 

^ c!(2c)! 2^{n - ^ + c - 1)! ^ y/\ 



2c 



(7.55) 



Next we use (7.29) to rewrite the right-hand side of (7.55) as 

2 7Tsin(tVA)(cos(i^))2"-i a 

/ ^ ^ I ^ 1 M ^1 v7-5oj 



Va 



c=0 



{q - c)!(n - q + c-l)\q\ 



■tan^(i\/A) 



n—q-\-c—l 



To compute the integral from 0 to r of (7.56), we use (7.53) with R replaced by 
rP _ rKoiW. Thus (7.54) follows from (7.55), (7.56) and (7.53). □ 

Moreover, we obtain the formula for the tube volume {r) in terms of 

the Kahler form and Chern forms of — R^^oiW: 
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Theorem 7.19. Let P be a complex submanifold of and suppose that 

expj,: {{p,v) £ i> \ ||u|| < r } — > T{P,r) is a diffeomorphism. Then 



(7.57) 



'y^^hoi 



(A) 



(r) = 




.RKod^))A 



(r\/A) + cos^(rVA)F^ 



Proof. When we integrate (7.54) over P and use Lemma 3.13, we get (7.57). □ 
Finally, we derive an expression for {r) in terms of the Chern forms 

of P: 



Theorem 7.20. (The Projective Weyl Tube Formula.) Let P be a complex subman- 
ifold o/K{Jqj(A), and suppose that 

exp^:{(p,t;) e u \ ||t;|| < r} — > T{P,r) 

is a diffeomorphism. Then 



(7.58) 



yKLi(A) 





7T 



-F + X, 



“)^( 



sin^ {r\f\) + cos^(rV^)F^ . 



Proof. Formula (7.58) is immediate from Lemma 7.16 and Theorem 7.19. □ 



7.6 Tubes about Complex Hyper surfaces of 
Complex Projective Space CP^^^(A) 

In this section we combine the formulas of Chapter 6 for the Chern classes of a 
complex hypersurface M^(A) of CP^~^^{\) with formulas (7.51) and (7.58). In this 
way we get an especially simple formula for the volume of a tube about Md{\). 

Lemma 7.21. For a complex hypersurface Md{\) C CP’^^^(A), we have 

_jfP^+\X) 



Proof. Theorem 6.35 implies that 

[7(Mi(A))(f)| = [7(K"-<«)1 = 



7T 









(7.60) 
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From (7.52) we have 



(7.61) 



1 - -F 

7T 



We take t 



in (7.60) and substitute the resulting expression into 



the right-hand side of (7.61). Thus 



and 



l + t-F 

7T 



becomes 




1 + td-F 

7T 



becomes 



1 



After some calculation we obtain (7.59). 



□ 



Next we show that the volume of a tube about a complex hypersurface Md{\) 
of CP’^“^^(A) depends only on A, r and the degree d of the hypersurface. 



Theorem 7.22. Let Md{\) be a complex hypersurface of degree d in complex pro- 
jective space and suppose that exp^: {{p,v) € ly \ ||^’|| < r} — > 

T{Md{X)^r) is a diffeomorphism. Then the volume of a tube of radius r about 
Md{X) is given by 

VS^(A) ~ rfsin2(rVA))"+i). (7.62) 

Proof We have by Theorem 7.19 and Lemma 7.21 that 



.rCP^+\X) 
V Md(A) 



(r) 



(n + 1)! 



(7.63) 



sin^ (r\/A) + cos^(r-\/A)F) 



Md{\) 
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The power series expansion of the denominator of the integrand on the right-hand 
side of (7.63) is easily computed. We have 



1 



(7.64) 



oo .. 
c=0 




Therefore, the integrand on the right-hand side of (7.63) can be written as 



sin^ (ry/X) + cos^(r\/A)F^ 



(7.65) 




(l_(l_rf)c+l) 

d 





7Tsin^(rV^) 

A 




We are interested only in the component of degree n on the right-hand side of 

(7.65); it is given by 



(7.66) 

^ a=0 \ ^ / 

= (";')((l-c^)sin^(rVA))”"^>s^(.^/A)ni^’^ 

^ a=0 ^ ^ ^ 

= |l - ^(1 - d) sin^(r\/A) -h cos^(r\/A)^ } 

Now (7.62) follows from (7.65) and (7.66), when we integrate (7.66) over M^(A). 

□ 

Corollary 7.23. The volume yj^dix) ^ ^ about a complex hypersurface 

Md{X) in depends only on A and the degree d of the hypersurface. 
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7.7 Kahler Deformations 

We now show that the volume of a tube about a Kahler submanifold of a space of 
constant holomorphic sectional curvature is invariant under Kahler deformations. 
Let d = d' -\-d" be the usual decomposition of the exterior differential into its (1, 0) 
and (0, 1 ) components. 

Definition. Let M he a Kahler manifold with Kahler form F. A Kahler deforma- 
tion of M consists of a change of Kahler form 

where f is a real-valued differentiable function on M. 

It is easy to prove that the deformed Kahler form is also a Kahler form. 

Theorem 7 . 24 . Let P be a compact Kahler manifold with Kahler form F. Define 
l)y Then is the same for all Kahler deformations. 

Proof. The proof is elementary and is essentially the same as that of [BGM, 
page 117]. We do only the case A = 0 . Let F i — > F + \f^d!d!' f be a Kahler 
deformation. The metric also changes, but the total Chern form 7 becomes 7 + da. 
Then 

(7 + da) A {irr^ + F + = 7 A {nr^ + F)^ + dp 

for some (nonhomogeneous) differential form 77 . Thus by Stokes’ Theorem 

V p ^ [ (7 + da) A (7rr^ + F + d'ff'f)"^, 

nl Jp 

and the theorem follows. □ 

Theorem 7.24 is related to the notion of generalized Chern numbers. 

Definition. Let (ii, . . . , ik-i) be a sequence of numbers such that 

i\ i2 F ' ‘ ’ F ik-i F k = n. 

Then the generalized Chern number Ci^Ci^ . . . ci^_^ [F]^(M) is given by 

Ci,Ci^ . . . Ci,_, [Ff{M) = [ A . . . A A F\ 

Jm 

The Chern numbers are topological invariants, but the generalized Chern numbers 
are not; for example, they change when the metric (or equivalently F) is multiplied 
by a constant. However, each generalized Chern number depends only on the 
cohomology class of F. The generalized Chern numbers are also invariant under 
Kahler deformations (see [BCM, page 117]). 
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7.8 Tubes about Totally Real Submanifolds 
of a Space Kj^qj(A) of Constant 
Holomorphic Sectional Curvature 

In general the calculation of the volume of a tube about a noncomplex subman- 
ifold of 1 K[Jq|(A) is a great deal more difficult than the calculation of the volume 
of a tube about a complex submanifold of KJJq|(A), because the Chern forms are 
unavailable. Indeed, in [GV4] it is shown that the volume of a tube about two 
isometric embeddings of the same Riemannian manifold into CP^{\) may differ. 
This happens when one of the embeddings is complex and the other is not. How- 
ever, there is one case of a noncomplex embedding where the calculation of the 
volume of a tube is simple. 

Definition. A submanifold P of an almost complex manifold M is called totally 
real provided that the almost complex structure J of M maps tangent vectors to 
P into normal vectors. 

The most obvious example of a totally real submanifold is a totally real 
vector subspace of We now describe another example. Let MP^(A) denote real 
projective space with the metric that has constant sectional curvature A. 

Lemma 7.25. There is a natural embedding of real projective space MP^(A) as a 
totally real totally geodesic submanifold ofCP'^{\). 

Proof Let F be a totally real subspace of of dimension n + 1. Without 
loss of generality, we can identify V with Then the projection ^ 

CP’^(A) restricts to a projection — > MP^(A). Thus we get the standard 

embedding of RP^(A) in CP’^(A) that maps homogeneous coordinates in RP’^(A) 
to homogeneous coordinates in CP’^(A). This embedding is totally geodesic. □ 



Lemma 7.26. Let P be a topologically embedded n- dimensional totally real totally 
geodesic submanifold of a space IK[Jq|(A) of constant holomorphic sectional curva- 
ture 4A. Then the infinitesimal change of volume function du{t) is given by 

for {pjtu) G Op with ||u|| = 1. 

Proof. We proceed as in the proof of Lemma 7.8, making modifications where 
necessary. The equations for the principal curvature functions along a geodesic 
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normal to P are 



Ha{t) 

^ ^niT) 



Ki{t) 



\/Atan(i\/A) 
2\/A tan(2<\/A) 

tan(t\/A) 



(7.68) 



for a = 1, . . . , n — 1 and z = n + 2, . . . , 2n. When we sum the principal curvature 
functions given by (7.68) and use (3.14), we get 



Kit) 



^ - (n- l)-\/Atan(t\/A) 



an + (n — 1) 



tan(t>/A) 



When we integrate and exponentiate (7.69), we get (7.68)). 



(7.69) 



□ 



Theorem 7.27. The volume of a tube of radius r about EP^^(A) embedded as a 
totally geodesic totally real submanifold ofCP^{\) is given by 



7T" 



^rCP^X) 

VmP"(A)W x-n\ 



sm{2ry/xy 



(7.70) 



Proof Equation (7.70) is a consequence of Lemma 7.26, the identity 



and the fact that 



volume(RP"(A)) = 1 volume(5”(A)) = 



□ 



7.9 Problems 

7.1 The covariant derivative of a double form uj of type (p, q) on a Riemannian 
manifold M is defined by 

V^(a;)(Xi,...,Xp) = V^(a;(Xi,...,X^)) 

p 

j=l 
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for Z, Xi, . . . , Xp G X{M). Define an operator D which assigns to each double 
form u of type (p, q) a double form Duj of type (p + 1, by the formula 

p+i 

{Dto){x,,. . . , Xp+i) = H(Xi, . . . . . ,Xp+i). 



for Xi,...,Xp+i gX(M). 

a. Show that for g = 0 the operator D reduces to the ordinary exterior 
derivative and hence is independent of the Riemannian metric. 

b. Establish the formulas 

^^{luA6) = A 6 LU 

D{uA6) = Duo Ae-\-{-iyuj ADO, 

where a; is a double form of type (p, q) and 6 is an arbitrary double form. 

c. Let R be the double form of type (2, 2) determined by the curvature 
operator of M. Show that for all c 

D{R^) = 0 . 



This is the generalization for double forms of the second Bianchi identity. 



7.2 Let P be a topologically embedded complex submanifold of with compact 
closure; assume that exp^: { (p, u) G i/ | Ur’H < r } — T(P, r) is a diffeomor- 
phism. Show that the infinitesimal change of volume function of P is related 
to the total Chern form and Kahler form of P by the formula 



/7 ‘ 

Jo 752r^-i(i) 



(7 A (Trr^ + F)” If? 
nl \ q\ 



(7.71) 



(Prove (7.71) directly or take the limit as A — ^ 0 in (7.54).) 

7.3 For a complete intersection P = Pai...a^(A) C CP^+^(A) show that 






n 



1 




(flc - 1)A 



(7.72) 



7T 
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7.4 Let P = Pai...arW C CP'^~^^{\) be a complete intersection (defined as the 
zeros of polynomials of degrees ai, . . . ,ar). Assume that (3.3) holds. Show 
that 



, ,CP“+"(A) 1 

Vp M = 3 




(7.73) 




Chapter 8 

Compeirison Theorems 
for Tube Volumes 



In this chapter we shall show that there is a simultaneous generalization of 
Weyl’s Tube Formula and the Bishop-Giinther Inequalities. Imagine a manifold M 
equipped with a family of Riemannian metrics. Intuitively, it is clear that if one 
varies the metric of M so that its curvature increases, then volumes in M decrease. 
For geodesic balls the Bishop-Giinther Inequalities (Theorem 3.17, page 45) show 
this clearly. The situation for tubes is more complicated and interesting, however, 
as we shall see. 

Section 8.1 contains the definitions of focal and cut- focal points; these defi- 
nitions generalize the notions of conjugate and cut points. We also show that with 
suitable assumptions (r) is the derivative of (r) for all r > 0. Eventually, 
this allows us to extend the validity of Weyl’s Tube Formula for but as an 
inequality. 

In Section 8.2 we generalize Weyl’s Tube Formula to a submanifold P of 
a complete manifold M of nonpositive or nonnegative sectional curvature. The 
formula changes in two ways. In the first place, it becomes an inequality. Secondly, 
the coefficients use the difference of curvature tensors instead of the 

curvature tensor R^ . 

Section 8.3 is devoted to deriving inequalities similar to those of Section 8.2, 
but for the volume of a tube about a submanifold P of a manifold M whose 
sectional curvature satisfies >\otK^<\, where A is a constant. In Weyl’s 
original paper there is a formula for the volume of a tube about a submanifold of 
a sphere. We recover this formula as a corollary. In Section 8.4 we show how lower 
bounds on Ricci curvature yield upper bounds on tube volumes. 

Tubes about a Kahler submanifold of a Kahler manifold whose holomorphic 
and antiholomorphic sectional curvatures are bounded above or below are studied 
in Section 8.5, where we generalize and sharpen the results of Chapters 6 and 7. 
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Inequalities of Heintze and Karcher [HK] are discussed in Section 8.6. In Section 8.7 
we prove Gromov’s improvement of the Bishop-Giinther Inequalities. Finally, in 
Section 8.8 we discuss refined comparison theorems for surfaces. 

In Sections 8. 2-8. 7 the comparison theorems are all of the type where we 
compare volumes in a given Riemannian manifold with volumes in a model space 
(Euclidean space in Section 8.2, a space of constant sectional curvature in Sec- 
tion 8.3, and a space of constant holomorphic sectional curvature in Section 8.5). 
It is possible to dispense with the model space. We use a method that goes back 
to the papers of M. Bocher [Bocherl], [B6cher2], [BocherS] in order to obtain in 
Section 8.8 comparison theorems for two surfaces M and M^for which in an ap- 
propriate sense the curvature of M is larger than that of M. In Section 8.9 we 
describe a method developed by J. Eschenburg and E. Heintze which applies to 
Riemannian Manifolds of any dimension. 

Unless stated otherwise in this chapter P will be a q-dimensional subman- 
ifold with compact closure topologically embedded in a complete n-dimensional 
Riemannian manifold M. 



8.1 Focal Points and Cut-focal Points 

As in Chapter 2 the normal bundle of P in M will be denoted by i/, and exp^ 
will denote the exponential map of the normal bundle. Then exp,^ is defined and 
nonsingular in a neighborhood of the zero section of u. The first order of business 
is to generalize the notions of conjugate and cut points to submanifolds. 

Definition. A focal point of P is a point m E M such that the exponential map 
exp^ of the normal bundle u of P C M is singular somewhere on exp~^ (m) . 

Let e/: {{p,u) \ p E P, u E P^ , |ln|| = 1 } — > M be the function defined by 

ef{p,u) = mf{t > 0 I kernel(((exp^),,)(p,t^)) ^0}. 

In words ef{p,u) is the distance from p to its first focal point along the geodesic 
ti — ^exp^(p, tu). 

Definition. Let ^ be a geodesic meeting P orthogonally, and let m be a point on 
We say that m is a cut-focal point (along provided distance from m to P 
is no longer minimized along ^ after m. In other words, m is the first point on ^ 
beyond which there is a point rh on ^ and a geodesic ^ fwm fh to P that meets P 
orthogonally such that the distance from fh to P along ^ is less than the distance 
from fh to P along 

There is a function Cc for cut-focal points that corresponds to e/. Let ey { {p^u) \ 
p E P, u E P^, ||ii|| = 1 } — > M be defined by 



Cc(p, u) = sup{ t > 0 1 distance(expj^(p, tu),P) = t]. 
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Thus ec(py u) is the distance from p to its cut- focal point in the direction u if such 
a cut focal point exists; otherwise 6c{pyu) = (X). On the other hand, is the 

distance from p to its nearest focal point in the direction u. There is a fundamental 
inequality between ec{pyu) and ef{pyu): 

Lemma 8.1. For all p e P and u G we have 

ec(p,u) < ef(pyu). 

(For proof of Lemma 8.1 see [Ami, page 63] or [Sakai, page 96].) 

The set Op defined in Chapter 2 can now be written as 

Op = { (p, tu) e j ||ii|| = 1 and 0 < t < e^p, u) }. 

It is obvious that the boundary of exp^(Op) is the set of cut-focal points. Also, 
Lemma 8.1 implies that exp^: Op — > exp^(Op) is a diffeomorphism. 

The original definitions of a tube and a tubular hypersurface that we gave in 
Chapter 3, namely 

T(P, r) = { m G M I there exists a geodesic ^ of length 

T(^) < r from m meeting P orthogonally}, 

Pt = {m e T{Py r) I distance(m, P) = t }, 

make sense for any topologically embedded submanifold of any Riemannian mani- 
fold. Both T{Pyr) and Pt are measurable; therefore, they have volumes, which are 
just Vp^(r) and Ap(r). 

Until now we have been assuming that a tube T(P, r) satisfies condition (3.3), 
which says that exp^ maps a tube of radius r about the zero section in v diffeo- 
morphically onto T{P^r). Notice that (3.3) implies that 

T(P,r)Cexp,((9p). 

Let us consider a condition that is weaker than (3.3), namely 

expj^ maps a subset of { {p, v) e ly \ \\v\\ < r } (8.1) 

diffeomorphically onto T{Pyr). 

In many cases we can get by with (8.1) in place of (3.3), and we consider exp^ 
defined only on this subset. For those cases when this is not possible, it will be 
convenient to introduce the following notion: 

Definition. The minimal focal distance of P in M is 

minfoc(P) = inf{ Cc(p, u) | (p, u) G u, ||ii|| = 1 }. 
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The exponential map exp^ may map a proper 
subset of a ball in Mm into a ball in M 



Notice that because we are assuming that M is complete, condition (3.3) is implied 
by the condition 

0 < r < minfoc(P). (8.2) 

In the case that P is a point m, the minimal focal distance coincides with the 
injectivity radius at m (as defined, for example, in [Bessel, page 130]). 

Next we show that Lemmas 3.12 and 3.13 hold under assumption (8.1) instead 
of assumption (3.3), but in order to do so we need to extend the definition of 
the infinitesimal volume function. This we do in the most naive way possible by 
defining 

i 'duit) for t < Cc(p,u), 

0 for t > ec{pju). 

The revised version of Lemma 3.12 is as follows: 

Lemma 8.2. For all r >0 we have 

A^(r) = / [ eu{r)dudP. (8.3) 

JpJsn-g-l^l) 
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Proof. When 0 < r < minfoc(P), the inverse image exp“^(P^) of a parallel 
hypersurface Pr coincides with {{p^v) e \ ||^;|| == r}. For larger values of r, 
exp~^{Pr) is a proper subset of {{p,v) e u \ ||'i;|| = r }, in fact, a submanifold with 
boundary. In spite of this complication, the proof that *d<j is the volume element 
of Pr for each r is the same as that of Lemma 3.12. We can transfer the integration 
of over Pr to exp“^(Pr) just as in the proof of Lemma 3.12: 

Ap{r)= [ *da = f expl{*d<7). 

J Pr v/expi^ ^ (Py.) 

Equation (3.12) implies that 

= {“(Jr J:) }("•*") 

for 0 < t < 6c{p^u). Because Ou{t) vanishes on the complement of the set 
exp“^(T(P, r)) in {{p,v) e \ ||p|| = r}, it follows from (3.21) that for all 
r > 0 

Ap(0= [ Qu{r)di/= f f &u{r)dudP. 

J { {p,v)\vGP^ , ||^’||=='r } J P J {r) 

The rest of the proof (which consists in transferring the integration from 
to 5’^~^“^(1)) is the same as that of Lemma 3.12, and so we get (8.3). □ 

Lemma 8.3. For all r >0 we have 

\lp{r) = f Ps^p{t)dt= [ [ [ dudP dt. (8.4) 

Jo Jo ipJ5^-9-i(i) 

Proof. The proof is word for word that of Lemma 3.13. The only difference is 
that Lemma 8.2 is used in place of Lemma 3.12. □ 

Remark. The function r \ — > Ap (r) need not be continuous. See the paper of 
Hartman [Har] for examples and a discussion of this problem. 



8.2 Tubes about Submanifolds of a Space of 

Nonnegative or Nonpositive Sectional Curvature 

We are now ready to generalize Weyl’s Tube Formula as an inequality. The ambient 
manifold will be replaced by a complete Riemannian manifold M of nonneg- 
ative or nonpositive sectional curvature. As usual will denote the sectional 
curvature of M. 

The situation for nonnegative curvature is slightly better than that for non- 
positive curvature: 
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Theorem 8.4. Suppose > 0. 

(i) For 0 < r < minfoc(P) we have 
/ (7rr2)(”-«)/2 

c=0 

r , / 

< 



\^nr-p- k2c{R^ - R’^)r^'^ 

P ^ - (i(n-g))! ^^{n-q + 2)(n - q + A) ■ ■ ■ (n - q + 2iJ' 



[ / [ (l--{H,u)] dudPdt 

Jo Jp \ Q ) 

IX>" 



= E 



'(1) 



^ 4‘=(g - 2c)! c! (|(n - 9 + 2c))i 



(ii) For allr >0 we have 

Yp{r) < [ [ [ r-9-^max(det(/-iT„),0)dwdPd(fi.6) 

Jo Jp Js^-^-vi) 

<j J J dudP dt. 

Here, the k 2 c{R^ - that occur on the right-hand side of (8.5) are the same 

expressions as the fc2c(F)’s that occur in Weyl’s Tube Formula (1.1). (In (1.1) we 
wrote k 2 c{P), but more properly we should have used the notation k 2 c{P^)-) So 
the first inequality of the right-hand side of (8.5) is the same as the right-hand 
side of (1.1), except that has been replaced by R^ — R^ . See the discussion 
before Theorem 4.10 regarding the tensor R^ — R^ . The mean curvature vector 
field H is defined in Section 6.7. Inequalities (8.5) and (8.6) of course coincide for 
0 < r < minfoc(P). 

There is a corresponding but weaker result for the nonpositive curvature case: 
Theorem 8 . 5 . Suppose 0 < r < minfoc(P). If < 0, then 

\/^(r) > k2c{R^ - R^y^ 

P ~ {\{n-q))\ ^ (n-Q + 2)(n-g + 4)---(n-9 + 2c)’ 

Nice simplifications of Theorems 8.4 and 8.5 occur when the dimension of 
the submanifold P is small: 

Corollary 8.6. Suppose that 0 < r < minfoc(P), and that dim(P) < 3. 

(i) If > 0, then V^{r) < Vf{r). 

(ii) IfK^ < 0, then V^{r) > Vf{r). 




8.2. Tubes about Submanifolds of a Space of Nonnegative . . . 



149 



A clarification is in order. Let P be an abstract Riemannian manifold of 
dimension q, possibly with boundary, and let n be a positive integer. We can 
define Vp"" (r) abstractly by the formula 

P {\{n- g))! ^ {n-q + 2)(n - g + 4) • • • (n - g + 2c) 



If P happens to be a submanifold of then Vp^ (r) can be interpreted as the 
volume of a tube of radius r in But if P is not given as a submanifold of 
then (8.8) still makes sense and can be used to define a function (P, n, r) i — > 
Vp"^ (r). So, we can view (P, n,r) i — > Vp''(r) as an abstract function of curvature 
that has a geometric meaning as the tube volume whenever P cW^. This is the 
way that Corollary 8.6 should be interpreted. 

It should be stressed that Theorem 8.4, Theorem 8.5 and Corollary 8.6 are 
global results, because the magnitude of r is limited only by the global geometry 
of P and M. On the other hand, we shall see in Corollary 9.25 that for sufficiently 
small r the dimension restrictions in Corollary 8.6 are unnecessary. 

We shall prove Theorems 8.4 and 8.5 in several steps. First, we need to 
integrate some Riccati inequalities on the real line. 

Lemma 8.7. Assume f is differentiable on (0,ti) and continuous on [0,ti). 

(i) Suppose /' > on (0, ti); then for f) < t < t\ the following inequalities 
hold: 

1 - f{0)t > 0. (8.10) 

(ii) Suppose that on (Offi) both /' < p and (8.10) hold. Then for 0 <t <ti we 
have 

Proof. Define 

9i^)= (^(l-/(0)^)/W-/(0))exp|^-^ /(s)<is). 

Then ^ 

9'{t)= (^ - - fip f{s)ds^. 

In case (ii) we have g'{t) < 0, so that g is nonincreasing. Since ^(0) = 0, we 
conclude that ^(t) < 0. This is just (8.11). 




150 



Chapter 8. Comparison Theorems for Tube Volumes 



The same argument works with the inequalities reversed for case (i), provided 
we continue to assume (8.10). Suppose is a number such that 0 < to < and 
(8.10) holds for 0 < t < to, but f(0)to = 1. Then (8.9) is valid on [0, to). As t — > to 
the denominator of the right-hand side of (8.9) goes to zero, so that /(t) — > -l-oo. 
Because / was assumed to be continuous on [0,ti), it follows that to = ti. Thus 
both (8.9) and (8.10) are consequences of the differential inequality f > p. □ 

Lemma 8.7 will be applied to the principal curvature functions with finite 
initial values. To take care of the other principal curvature functions we need: 



Lemma 8.8. Suppose f is differentiable on (0, t\) and that f{t) — > — oo as t — > 0. 



(i) If f > P on (0,ti), then f{t) > -j- 

(ii) If f < P on (0,ii), then f{t) < - 



Proof Let 0 < 
case (i) we have 
that 



e <ti and put fe{t) = f{t+s). Then ff is defined on [0, ti-e). In 
/e > /e 5 SO we can use Lemma 8.7 on the function to conclude 



Pit) > 



fejO) 

1 - fe{0)t 



1 



1 

7M 



for 0 <t < ti — e. Letting e — ^ 0 we obtain f{t) ^ 

To prove (ii), we first notice that (8.10) holds for the function for suffi- 
ciently small £ > 0. The rest of the proof of (ii) is the same as that of (i) except 
all of the inequalities are reversed. □ 



For m G exp^(Op) — P let ^ be a unit-speed geodesic from m meeting P 
orthogonally at ^(0). Put u = ^'(0) G P^o)^ ^ number such that 

m = pt). Also, we define 



K,{u) = sup{ {TuX, x) \ \\x\\ = 1, X e Pp} = the maximum eigenvalue of Tu> 

We now obtain some inequalities for tr S{t) that depend on the sectional curvature 
of M. These inequalities generalize the inequality (3.35), which is the estimate 
we obtained for tr S{t) in the case that P is a point. 

Lemma 8.9. Assume that > 0. Then 



hi{u)ec{p,u) < 1 , 



(8.12) 



and on (0,ec(p, u)) we have 



n — q — 1 



t 



(8.13) 
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Proof. Let be a parallel vector field along ^ of unit length and write f(t) = 
(SE,E) (t). It will be convenient to use the notation of Corollary 3.5: S{t) and 
R{t) are the restrictions of S and Rn to where Then {RE^ E) is 

just the sectional curvature of the plane spanned by N and E. By Corollary 3.5, 
the assumption that > 0 and the Cauchy- Schwarz Inequality, we have 

f = {SE,E)' = {S'E,E) = {{S^ + R)E,E) 

> {S^E,E) = ||5Ef > {SE,Ef = f. 

First, we choose E so that E{0) € P^(o) and write e = £^(0); then /(O) = Teeu- By 
Lemma 8.7 we get 

{SE,E){t)>--f^ (8.14) 

and 

1-^Tee. >0 (8.15) 

for 0 < t < ec{p,u). Since (8.15) holds for all unit vectors e G P^{o), the inequal- 
ity (8.12) follows. 

Similarly, for the choice e = E{0) G with (e,^'(0)) = 0 we have /(O) = 
—(X), and so by Lemma 8.8 

{SE,E){t)>-j (8.16) 

for 0 < t < edp^u). 

Now we choose an orthonormal basis {ei,...,en} of such that the 

vectors ei, . . . , form a basis of and Cq+i = u. Suppose that t \ — ^ {Ei{t), 
..., En{t)} is a parallel orthonormal frame field along ^ such that Ea{0) = for 
1 < a < n. Then we have 



trS((). i: {SE^,E^){t). (8.17) 

a=l 

0!#q+l 

Now (8.13) follows from (8.14), (8.16) and (8.17). □ 

This proof does not work when < 0 with reversed inequalities, because 
at a crucial point in Lemma 8.9 the Cauchy- Schwarz Inequality was invoked. Still, 
with stronger hypotheses it is possible to obtain an inequality: 

Lemma 8.10. Assume that < 0. Suppose that S{t) and its eigenvectors are 
defined and differentiable for 0 < t < ec{p^u), and that (8.12) holds. Then on 
(0, Cc(p, u)), we have 






n - q - 1 



t 



(8.18) 
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Proof. Let t \ — > . . . ,Fn{t)} be a frame field along ^ such that 

SFa = hiaFa (8.19) 



for a ^ g + 1 and Fi(0), . . . ,Fq{0) are tangent to P. By Corollary 3.5 and the 
assumption that < 0, we see that each of the principal curvature functions Ka 
satisfies a Riccati inequality, namely Condition (8.12) guarantees that 

1 — tKa(O) > 0 for a = 1, . . . , provided 0 < ^ < ec{p^u). Furthermore, using 
Lemmas 8.7 and 8.8, we can solve the inequality to get 



Since 



Ka{t) < 


Ka(0) 


for a = 1, . . . , ^, 


1 - tKa{0) 


lA 


1 


for i = q F 2, . . . ,n. 



q n 

tr5(^) = 

Qr— 1 i~q-\-‘2 



we obtain (8.18) from (8.19) and (8.20). 



( 8 . 20 ) 



□ 



We must interrupt our study of Riccati inequalities for a lemma from linear 
algebra. 



Lemma 8.11. Let A be any matrix. Then det(e^) = 



Proof. First, let B be a diagonalizable matrix, and let Ai, . . . , be the eigen- 
values of B. Then • • • ? ^re the eigenvalues of e^, and so 

det(e^) = ^ 

Furthermore, if iV is a nilpotent matrix, then N is similar to an (upper triangular) 
matrix with zeros on the diagonal, and so 

det(e^) = 1 = 



It follows from the Jordan Decomposition Theorem that for a general matrix 
A, we can write A = B N where B and N are commuting matrices with B 
diagonalizable and N nilpotent. Then 

det(e^) = det(e^) det(e^) = □ 

We are now ready to give an estimate 0^ in terms of the Weingarten map Tu. 

Lemma 8.12. Assume that > 0. 
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(i) For allt >0 

^ I ^ ^u{t) 

max(det(7 — tTu)^0) 
is a nonincreasing function, and 

®u{t) < max(det(7 — ^ T^i),0) < max^^l — - {H,u)^ ,0^ . (8.21) 

(ii) In the range 0 <t < edp^u) we have 

Quit) < det(7 -tTu)<(l-*- {H, u)J , (8.22) 



SO that the first zero of det(7 — tTu) does not occur before the first zero of 
Qu{t). 

Proof. First assume that 0 < t < ec{p,u). Since (8.12) holds, we have 

tKoc< tK{u) < ec{p,u)K,{u) < 1 

for any eigenvalue of Tu\ consequently the map I— tTu has positive determinant. 

Prom Theorem 3.11 and Lemma 8.9 we obtain 

dlogejO = 7logtf.(() = ^ (8.23) 



We know that we can write 7 — tTu = for some linear transformation A; then 
Lemma 8.11 implies that 

tr(log(7 - tTu)) = tr{A) = logdet(e^) = logdet(7 -tTu). (8.24) 

It follows from (8.23) and (8.24) that 




Quit) \ 
det(7 -tTu)J 



< 0 . 



Since 0^(0) = 1, we see that t \ — ^ 0^^(t)det(7 — tTu)~^ is nonincreasing. There- 
fore, we get the first inequality of (8.21), provided that we make the assumption 
that 0 < t < ec{p,u). In fact, in the range 0 < t < edp^u) we have the first 
inequality of (8.22), namely 



&u{t) < det(7 -tTu). 
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From this inequality we see that the first zero of det(7 — tTu) cannot occur before 
the first zero of 

Because 6^(0 vanishes for t > 6c{p,u)^ it follows that 

^ I ^ ®u{t) 

max(det(/ - tTu), 0) 

is nonincreasing for the entire range 0 < t < oo. In particular, 



^u{i) ^ ^ 

max(det(7 — tT^i),0) “ 



(8.25) 



Thus the first inequality of (8.21) holds for all t >0. 

The second inequality of (8.21), as well as the second inequality of (8.22), 
follows from the inequality between the geometric and arithmetic means: 



det(7 — tTu 



1/9 / 9 \l/9 

= Il(^ 



Ka=l 




□ 



When we integrate (8.22) over the unit sphere in we obtain an estimate 
for the average of entirely in terms of curvature. 

Lemma 8.13. Assume > 0. 



(i) For 0 <t < 6c{p, u) for every u G Pp,u — 1, we have 



n 



e-’^-'^Qu{t)dudt 



(8.26) 



^ (^^2)(n-9)/2 1^1 

~ (i(n - q))! ^ c!(2c)!(n -q + 2){n - q + A) ■ ■ ■ {n - q + 2c) 



^ (^^2)(n-9)/2 1^1 g!||g||2y^ 

~ (|(n - q))\ “ 2^q^^c\{q - 2c)!(n - q + 2)(n - g + 4) • • • (n - g + 2c) 



(ii) For allt>0 we have 

/ Qu{t)du < / max(det(7 — t Tu), 0) du (8.27) 

< f maxf (l - - {H,u)^ ,0^du. 

Jgn-q-in\ \\ q ) ) 
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Proof. Integration of (8.21) over ^ ^(1) yields (8.27). Next suppose that 0 < 
t < Cc(p, rt). Prom Theorem 4.10 we know that 









^ ^ det {5 ab - t Tabu) du dt 



(8.28) 



_ (7rr^)("-9)/2 [^1 - R^yy^ 

(i(n - q))\ ^ c!(2c)!(n - q + 2)(n - q + i) ■ ■ ■ {n - q + 2c)' 

Then the first inequality of (8.26) follows from (8.22) and (8.28). 

To prove the second inequality of (8.26), we use Corollary 4.6 to integrate 
(i?,u)2<= over 5”-'J-H1): 



L 



HI) 



{H,u)^''du 



(8.29) 



27t("-'^)/21-3---(2c-1) 
r(i(n - q)){n -q)---{n-q + 2c-2) 



.ic=q-\-l 



_ 27r^^-^)/^(2c)!||i7f" 

4^c! r(^(n — q 2c)) 

Making use of (8.29) and the binomial theorem, we compute 



Jo Js 



1 {H, u) 1 du dt 

5n-q-l(l) V q 



(8.30) 



[g/2] 

c=0 



) ( ly r [ {H, u)^-du 

/ \qJ Jo Js’^-1-ui) 



_ (7rr2)("-g)/2 g!||jj||2y2c 

{^{n - q))\ ^ 2^q^^{q - 2c)! c! (n - g + 2) • • • (n - g + 2c) ’ 

Then the second inequality of (8.26) follows from (8.28) and (8.30). □ 

Similarly, using Theorem 3.11 and Lemma 8.10, we get nonpositive curvature 
versions of Lemma 8.12 and Lemma 8.13. 

Lemma 8.14. Assume that < 0. Suppose that S{t) and its eigenvectors are 
defined and differentiable for 0 < t < ec{p^u), and that (8.12) holds. Then on 

(0,Cc(p,^)) 

^ I ^ ^u{i) 

det(7 — tTu) 

is a nondecreasing function and ©^(t) > det(/ — tTu). 
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Lemma 8.15. Assume the hypotheses of Lemma 8.14. Then for 0 < r < edp.u) 
we have 






® dudt 



(8.31) 



“ {^{n- 9))! ^ c!(2c)!(n -q + 2)(n - q + A) ■ ■ ■ {n - q + 2c)' 



Proof of Theorems 8.4 nnd 8.5. Suppose > 0. To prove (8.5), we integrate 

(8.26) over P. It follows from Lemmas 8.2 and 8.3 that the integral of the left-hand 
side of (8.26) is V^{r). Thus we obtain (8.5). In the same way when we integrate 

(8.27) over P we get (8.6). 

The proof of (8.7) for the case when < 0 and the principal curvature 
functions are distinct is the same as that of the first inequality of (8.5), but with 
all the inequalities reversed. If there is some problem with the differentiability of 
the principal curvature functions, the submanifold can be joggled slightly. Then 
(8.7) holds for the joggled submanifold. Since the volume function is a continuous 
function of the submanifold, (8.7) holds for the original submanifold. □ 

Proof of Corollary 8.6. Suppose dimP < 3 and 0 < r < minfoc(P). Then the 
right-hand side of the first inequality of (8.5) has at most two terms. If q = dimP 
is 0 or 1 and > 0, then 



Yp(r) < 



- 9)/2 



(|(n-g))! 



volume(P) = V p {r). 



Similarly, if q = dimP is 2 or 3 and > 0, then 



{nr^)(n-q)/2 



(’■}<% ,,, I 






But 

t{R^ - R^) = t{R^) - < r(R^), 

ab=l 

and we again get 

.rM . rK" 

Yp{r)<Yp (r). 

The proof of part (ii) is analogous. □ 

This proof fails when dim P > 4. The problem is that the curvature invariants 
beyond the scalar curvature are nonlinear functions of curvature. This dimension 
problem does not arise for small r, as we shall see in Corollary 9.25. 
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8.3 The Bishop-Giinther Inequalities 
Generalized to Tubes 

In this section we estimate the volume of a tube in a Riemannian manifold M 
whose sectional curvature satisfies > A or < X. Here, A will denote a 
constant, which can be positive, negative or zero. We state the theorems only in 
the case that A > 0, but the corresponding statements for A = 0 or A < 0 can be 
deduced easily. 

When the submanifold is a point, the Bishop-Giinther Inequalities (Theo- 
rem 3.17) hold, and so it is reasonable to expect corresponding inequalities for 
tubes. The situation is technically more complicated than Theorem 8.4, however. 
Also, there are some integrals of sin’^“^(^\/A) whose computations are inconve- 
nient to carry out (but see Section A.3 of the Appendix). On the other hand, we 
can write down explicit inequalities for Ap (r). The corresponding inequalities for 
Vp^(r) can be obtained by integration via Lemmas 3.16 and 8.3. 

The following two theorems, whose proof are given later in this section, gen- 
eralize Theorems 8.4 and 8.5: 



Theorem 8.16. Suppose > A. 
(i) For 0 < r < minfoc(P) 



ApW ^ F7T7:r-::^E 



\ ' fc2c(P^ - R^) . . 

r(i(n - q)) ^ (n - q){n - q + 2) ■ ■ ■ {n - q + 2c 2) 



■ (cos(rVA))^-"^ ' 

^// I 



in(r\/A) ^ 



n—q-\-2c—l 



Va ) 



Vx ) 

n — q—1 



COS 



(r\/A) 



sin(r\/A) 



qa/A 



{H,u) dudP 



( 9 / 2 ] 

= E 



c=0 



27r(«-9)/2g! 

{q - 2c)! c! r(5(n - q + 2c)) 



(cos(r\/A))^ 
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(ii) For all r >0 



A ^ 

Ap{r) < 



Ip 



sin(r\/A) 

ry/X 



■ det (cos{rVX)I - > o') 



< max 

Jp 



sin(r\/A) 

ry/X 



cos{ry/X) - (i/, i^) j , 0 ] d-u dP. 



The result for < A corresponding to Theorem 8.16 is weaker: 
Theorem 8.17. If < X, then for 0 < r < minfoc(P) 

M ^ 2'n(n-q)l2 t^l k2c{R^ - R^) 

P - r(i(n - q)) ^ (w - (i){n - q + 2) ■ ■ ■ {n - q + 2c 

/ / \^-9+2c-1 



- ^)) - g + 2) • • • (n - g + 2c - 2) 



^{r\fX)Y 



-2c / sin(r\/A) 

1“7a“ 



The proofs of Theorems 8.16 and 8.17 are quite similar to those of Theo- 
rems 8.4 and 8.5, just more complicated. First, we need lemmas that generalize 
Lemmas 8.7 and 8.8: 

Lemma 8.18. Assume f is differentiable on (0,ti) and continuous on [0,ti). 

(i) Suppose /' > /^ + A on (0,^i); then for 0 <t < ti the following inequalities 
hold: 



^ y^sm{ty/X) + /(O) cos(t\/A) 

Jv) ^ f/Q\ ? 

cos{ty/X) ^ sin(^V^) 

V A 


(8.35) 


cos{ty/X) - sin{ty/X) > 0. 

V A 


(8.36) 



(ii) Suppose that on (0, ti) both f' < P A- X and (8.36) hold. Then for 0 <t < ti 

wp hnvp 

^/\sm{tVX) + f{Q)cos{tVX) 



m< 



cos{ty/\) — sin(t'\/A) 
V A 
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Proof. Define 

p{t) = |^cos(t\/A)- 



m 



- /(O) cos{ty/X) - v^sin 

t 

ds 




Vx 

f{s) 

The proof of Lemma 8.18 is the same as that of Lemma 8.7; the only difference is 
that g{t) is replaced by p{t). □ 

Remark. The right-hand side of (8.35) can be written as 
\/Atan^arctan^^^^^ 

Lemma 8.19. Suppose f is differentiable on (0,ti) and f{t) — ^ — oo as t 
(i) If f' ^ P + X, then on (0,^i) we have 



f{t)> 



-Va 

tan(^v^) 



(8.37) 



(ii) Suppose /' < /^ + A. In the case that A > 0 assume that 



ti < 



7T 



holds. Then on (0,^i) we have 



m< 



tan(t\/A) 



(8.38) 



(8.39) 



Proof. Lemma 8.19 follows from Lemma 8.18 in exactly the same way that 
Lemma 8.8 follows from Lemma 8.7; we give the details. Let 0 < s < ti and 
put fe{t) = f{t + e). Then f'^>p-\- A, so that we can use Lemma 8.18 on the 
function f^. Thus in case (i) we have 



f{t + ^) == fs{t) > 



fejO) + y/Xtan{tVX) 

1 — tdi.n{t\IX) 
V A 



y/Xtan{ty/X) 

^ ^ m 

1 tan(tV^) 

/(^) \/A 

for 0 < ^ < — £. Letting s — ^ 0 we obtain (8.37). This proves (i). 
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We do part (ii) in the case that A > 0. Assumption (8.38) implies that both 
cos(tV^) and sm{ty/X) are positive. Therefore, we can choose £ > 0 small enough 
so that 

cos{tVX) — 8in{tV^) > 0. 

V A 

From part (i) of Lemma 8.18 we get (8.39) by reversing the inequalities in the 
proof of (8.37). □ 

We are now ready to generalize the estimates for edp^u) and S{t) that we 
obtained in Lemma 8.18. 



Lemma 8.20. Assume that > A. Then 



K,{u)tdiJi{ec{p,u)VX) ^ 

Vx 



and on (0,ec(p,r^)) we have 



tr S{t) > tr 



y/Xtan(tVX) I A Tu 

I ^tan(t>/A) Tu 

\ vA / 



{n-q - 1)a/A 
tan(^V^) 



(8.40) 



Proof. The proof of Lemma 8.20 is essentially that of Lemma 8.9. The only 
difference is that the first parts of Lemmas 8.18 and 8.19 are used in place of the 
first parts of Lemmas 8.7 and 8.9. □ 

There is a similar generalization of Lemma 8.10. It is proved by using the 
second parts of Lemmas 8.18 and 8.19 in place of the second parts of Lemmas 8.7 
and 8.8. 



Lemma 8.21. Assume that < \, and that S{t) and its eigenvectors are defined 
and differentiable for 0 <t < ec{p,u), and that (8.40) holds. If X > 0 assume that 
edp^u) < 'Kj2\fX. Then on {O.edp.u)) we have 



tr S{t) < tr 



/ \ 

tan{t^/X) I A Tu 

I ^tan(t\/A) Tu 

\ V A / 



{n-q - l)v^ 
tan(^\/A) 



The proofs of the following two lemmas are omitted because they are straight- 
forward generalizations of Lemmas 8.12 and 8.13. 

Lemma 8.22. Suppose that > X. Then for 0 <t < edp.u) 



t ^ eu{t){ max 



sin(^V^) 
ty/X 



n—q—l 



det |^cos(^\/A)/ — 



sm{ty/X) 

~7T~ 




Tu ,0 
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is a nonincreasing function, and 



(8.41) 



^u{t) < max 



< max 



,~i7r) 

^sin(t\/A)\ 

~^7T 



n—q—1 



det(cos{t^/X)I - 

V A j 



V 



n—q—l 



cos((v/A) - 



qVX 



{H,u) ,0 



Hence the first zero o/0„(i) does not occur after that of 

-tA . 



detfcos(ivO^)/- 



Va 



Lemma 8.23. Assume > A. 

(i) For 0 < t < efip, u) we have 



[ t^-^-^Qu{t)du 

Jsn-Q-i(l) 

C‘={{R^ - R^Y) 



(8.42) 



“ r(i(n - q)) ^ c!(2c)!(n - q){n - q-\-2) ■ ■ ■ {n - q + 2c- 2) 



■ {cos{t\/\)Y 

n—q—1 






n-q-\-2c—l 



< 



(iVA)V f ( r rr. sin(^^/A),„ ' 

/ cos{tV\) ^ (if, u) 

vA y Js^-<i-^{i) \ qVX ^ 



du 



q\\\Hf^ 



r(i(n - q)) “ 2‘=c2«(g - 2c)! c\ {n - q) ■ ■ ■ {n - q + 2c- 2) 

^ n — g— l+2c 

■ {cos{tV\)Y-^^ 



sin(f\/A) \ 



(ii) For allt>0 we have 



[ Quit) 



du 



< 



I 

J gn-q-l 



max 



sm{tVX) 



n—q—1 



(1) 






det(cos(fv/A)7-^“^'^) 



V 



VA 



(8.43) 

T„ I , 0 I du 
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sin(t\/A) 

qy/X 



{H,u) 



, 0 du. 



Similarly, there are generalizations of Lemmas 8.14 and 8.15: 

Lemma 8.24. Assume that < A. Suppose that S{t) and its eigenvectors are 
defined and differentiable for 0 < t < ec{p,u), and that (8.40) holds. If X > 0 
assume that edp, u) < tt/ 2VX. Then for 0 < t < e^p, u) 

is a nondecreasing function, and 

SJ,) > ^E^y""det(cos(.v/A);- ^ 



Lemma 8.25. Assume < A. For 0 < r < 6c{p, u) 

C%{R^ - R^Y) 



L 



(8.44) 



> 



/S"- < 1 - 1 ( 1 ) 

27r(”-9)/2 



r(i(n - q)) ^ c!( 2 c)!(n - q){n - g- + 2 ) ■ • • (n - 9 + 2 c - 2 ) 



(cos {r^/X)) 



q-2c ( sin(rv/A)\ 



n—q-\-2c—l 



As a special case we obtain the formula for the infinitesimal change of volume 
function for a submanifold of a space of constant sectional curvature. 

Corollary 8.26. Suppose that P is a topologically embedded submanifold with com- 
pact closure in a space K^(A) of constant sectional curvature A. Then for 0 < r < 
minfoc(P), the infinitesimal change of volume function is given by 



du{t) = Qu{t) ^ 



\ n—q—l 

sin(tvA) \ 
ty/X ) 



det ( cos(tVA)/ - 



< 



sin{ty/X) 

7^ 



n—q—l 



V\ 

sin(t\/A) 



qy/X 



{H,u) 



cos(^^/A) 
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Furthermore, 






2;r("-9)/2 

r(i(n - q)) ^ c!(2c)!(n - q){n - g + 2) • ■ ■ (n - g + 2c - 2) 

/ ^ \n-q-\-2c-l 

.q-2c / sin(r\/A) \ 



• [cos{rVX)Y 



Va 



< 



sm(r 






n— qf— 1 



/ 



( 1 ) 



cos(r\/A) 



in(r\/A) 



q\/A 



(H,u) I du 



q\\\Hf^ 



VX ) 

2^(n-q)!2 1^1 

r(i(n - q)) ^ 2‘^c^‘^{q - 2c)! c! (n - g) • • • (n - q + 2c - 2) 

\n-q—l-\-2c 



(8.45) 



Proof of Theorems 8.16 and 8.17. Suppose > A. We integrate (8.33) over P to 
obtain (8.32). The rest of the proofs of Theorems 8.16 and 8.17 is a straightforward 
generalization of the proofs of Theorems 8.4 and 8.5. □ 

Weyl’s formula for the volume of a tube about a submanifold of a space 
K^(A) of constant curvature A is a special case of the next theorem.^ 



Theorem 8.27. Suppose that P is a topologically embedded submanifold with com- 
pact closure in a space K^(A) of constant sectional curvature A. Then for r < 
minfoc(P) we have 



AK"(A) 



(r) 



(8.46) 



r(i(n - q)) q){n - q + 2) ■ ■ ■ {n - q + 2c - 2) 



■ [cos{r'/X)Y 



( sin(r%/A) 



g+2c— 1 



^Actually, Weyl did only the case of submanifolds of a sphere. His technique is completely 
different: he used the natural embedding of the sphere in a Euclidean space and then used 
Euclidean techniques to get the spherical tube formula. 
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8.4 Tube Volume Estimates 
Involving Ricci Curvature 



In this section we sharpen Bishop’s Theorem (Theorem 3.19). Saying that the 
Ricci curvature satisfies 

p^{x,x) > (n - l)A||x|p (8.47) 

for all tangent vectors x to M is weaker than saying that the sectional curvature 
satisfies > A. Consequently, we can expect that the tube volume estimates 
implied by (8.47) would not be as strong as those implied by the condition > 
A. 

First, we show that (8.47) still yields estimates on the infinitesimal change of 
volume function, but much weaker than those of Lemma 8.22. Although there are 
results for submanifolds of all dimensions, the cases dim P = 0 and dim P = n — 1 
are the main interest. In the latter case the notion of mean curvature is useful. 
The mean curvature is a variant of the mean curvature vector field H defined in 
Section 6.7. If u G we define the mean curvature in the direction u to be 
{H{p)^u). When P is a hypersurface, there are two unit normal vectors ±u G P^; 
in this case we fix u and put h = (P(p), u). 



Lemma 8.28. Suppose that the Ricci curvature of M satisfies (8.47). 
(i) If q = dim P <n - 2, then 

-{n — 1)\/A 



and 



t 



ir S{t) > 



Qu{i) \ max 



tan(t\/A) 



n(t\/A) \ 

tVx ) 



n— 1 






(8.48) 



(8.49) 



is nonincreasing for allp e P and u G with ||u|| = 1. all t >0. 
(ii) If dim P — 0, then in addition to (i) we have 

^in(tVA)V" 



&u{t) < 



tVx 



(8.50) 



for 0 <t < 7 t/VX. Hence the first zero of Qu{i) tiot greater than tt/VX. 
(hi) If dim P — n — 1, then 

lrS(t) > '■ + ("- l)v/Xtan((y/A) 

^ tan(tvA) h 
(n — 1)VX 



(8.51) 
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Furthermore, 




( sm{ty/X) 




(8.52) 



is nonincreasing, and 



Quit) < [ cos{tVX) 

\ n — 1 



1 1 ( r ^ ( sin(tV^)\\ 

provided cost tv A) — 

l )} 

&u{t) is not greater than that of (cos{ty/\) 



sm(t\/\) 




(8.53) 



> 0. Hence the first zero of 

h ( sin(tA/A)\\ 

n-iy Va ) )' 



Proof. 

let 



For (i) we can assume without loss of generality that 0 < t < ec{p,u). We 



m- 



tr S'(t) 
n — 1 ’ 



(8.54) 



and use the Cauchy-Schwarz Inequality as in the proof of Theorem 3.19; we get 
f'{t) > f{t)^ + A. Thus we obtain (8.48)). From (8.48) it follows that 



^log©„(^) 



Ml 

'du{t) 



--MM) 

^ (n — l)v^cos(t\/A) n — 1 
~ sin(tV^) t 




f sm{ty/X) 

\t7^ 



n— 1 

I t^ 



and so (8.49) follows. When q = 0, equation (8.50) is immediate from (8.49). 

For part (iii) we again define f{t) by (8.54). Just as in part (i), we have 
f'{t) > /(t)^ + A, but now /(O) is finite instead of infinite. In fact, 



h = tr5(0) — {n — l)/(0). 
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Therefore, from (8.35) we have 



trS(t) _ VXsm{tVX) + f{0)cos{t\^X) 

JV) — 



n - 1 



cos 



(tV\) - 



m 

Vx 



sm 



(ty/X) 



/— . . h cos(t 

^/XsinitVX) + 

n — 1 



COS' 



{ty/X) - 



h sm{ty/X) 



(n — 1)V^ 

Thus we get (8.51). Then (8.51) implies that for 0 < t < ec{p,u) we have 



< (n-l) 



^-V\sin{tVX) 



n-l 



V 



cos 



(ty/X) - 



hsin{tVX) 
{n-l)y/X J 



= :77log< fcos(tVA) 



dt 



hsin{tVX)^ 
(n - l)y/X. 



71—1 ' 



Hence the rest of (iii) follows. □ 

We are now ready to give the sharpened version of Bishop’s Theorem (The- 
orem 3.19, page 47.). 

Theorem 8.29. Assume that the Ricci curvature of M satisfies (8.47). Let Qu{t) 
denote the infinitesimal change of volume function at a point m E M . Then for 
all t>0 

Quit) 



t 



sm 



max 



(^Va) \ 

t\/\ j 



n—1 



(8.55) 



,0 



is nonincreasing, and 

©u(0 - 

Furthermore, for all r > 0 we have 



sin(tV^) 



71—1 



ty/X 



,0 . 



(8.56) 



T tM 27r”/2 r 

Vmi’-) < f 



max 



sin(t-\/A) \ 

J 



71—1 



,0ldt = V^ (r). (8.57) 
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Proof. We have already proved (8.55) and (8.56) in Lemma 8.28. When we in- 
tegrate (8.56) over the unit sphere in Mm and then integrate from 0 to r, we get 
(8.57). □ 

There is also an estimate for the volume of a tube about a hypersurface. 



Corollary 8.30. Let P be a hypersurface of a Riemannian manifold M whose Ricci 
curvature satisfies (8.47). Then for all r >0 we have 






h sin(r\/A) \ 



dP. 



Proof. This follows from (8.3) and (8.53). 



□ 



8.5 Comparison Theorems for the Volumes 
of Tubes about Kahler Submanifolds 

In this section we shall discuss Kahler analogs of Theorems 8.16 and 8.17. Through- 
out the section M will denote a complete Kahler manifold of real dimension 2n, 
and P will denote a topologically embedded complex submanifold of M with com- 
pact closure of real dimension 2q. 

In Section 6.2 we defined holomorphic sectional curvature Khoi as the restric- 
tion of the sectional curvature of a Kahler manifold to 2-dimensional subspaces 
of tangent spaces spanned by vectors of the form x, Jx. Similarly, we define the 
antiholomorphic sectional curvature Kah to be the restriction of the sectional cur- 
vature to subspaces of tangent spaces spanned by vectors of the form x, where 
X, Jx, y, Jy are mutually perpendicular. 

First, we prove the Kahler analog of Lemma 8.20. 



Lemma 8.31. Suppose that the holomorphic and antiholomorphic sectional curva- 
tures of M satisfy > 4A and > X, where A > 0. Then (8.40) is satisfied, 
and on (0,Cc(p, u)) we have 



y/Xtan{ty/X) / + Tu 

I ^tan(tVA) Tu 

\ V A 



(8.58) 

2{n-q-l)y/X 2y/X 
tan{t\fX) tan(2t\/X) 



Proof We begin by following the proof of Lemma 7.8, but replacing equalities 
by inequalities as in the proof of Lemma 8.10. 

Let N denote the unit normal to the tubular hypersurface 



{ m' G M I distance(P, m') = t}. 
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Let u e with \\u\\ = 1, and let ^ be a unit-speed geodesic in M with 
^(0) = p and ^'(0) = u. Because P is a complex submanifold of M there ex- 
ists a holomorphic orthonormal frame {ei,..., Jcn} with Cg+i = u that diago- 
nalizes the Weingarten map Tu on Pp. We choose a parallel orthonormal frame 
field t I — . . . ,En*{t)} along ^ which coincides with {ei, . . . , Jen} at p. 
We define 

i^^{t) = {S{t)E^{t),Ei{t)) 

for i = 1, . . . , n*, i ^ q + 1. We obtain the following differential inequalities: 



k'^>kI + X (8.59) 

«(g+i)* > «^(g+i)* + 4A, (8.60) 

K'i > + A {i = q + 2, . . . ,n*), (8.61) 

together with the initial conditions: 

/va(0) finite for a = 1, . . . , g*, (8.62) 



K.i{0) = —oo for i = (g 4- 1)*, . . . ,n*. (8.63) 

For (8.59) and (8.61) we have used the assumption that > A, and for (8.60) 
we have used the assumption that > 4A. Then (8.59)-(8.63) can be solved 
using Lemmas 8.18 and 8.19. The result is: 

^cos(^a/A) - sin(^>/A)^ , 

Ki{t) > -4;log(sin(i\/A)), 
at 

for a = 1, . . . , ^* and i = g' + 2, . . . , n*. We also get that (8.40) holds. Summing 
the principal curvature functions, we find that 



tr S{t) > (^os{tVX) — sin(tV^) 

+2(n — q - 1) \ogsm{tV\) + logsim 




= -S*-® 



|(sin(t\/A)) 



2n-2q-l 



COS (<\/a) 



•detfcos(l^)/-?4i^T„^|. 



V 



Then (8.65) is equivalent to (8.58). 



(8.65) 



□ 
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Similarly, corresponding to Lemma 8.21 we have 

Lemma 8.32. Suppose the holomorphic and antiholomorphic sectional curvatures 
satisfy < 4A and < A. Assume that (8.38) and (8.40) hold, and that 
along each normal geodesic ^ to P the vector field J^'{t) is an eigenvector of S{t). 
Then on (0, Cc(p, it)) the inequality in (8.58) is reversed. 

The analog of Lemma 8.22 is: 

Lemma 8.33. Suppose A > 0. If > 4 A and > X, then for 0 < t < Cc{p, u) 



1 1 



Quit) 




(t\/X) det (cos(f%/A)7 — 



is a nonincreasing function, and 

2n—2q—l 



Quit) < 



sin(t\/A)'\ 

t'/X j 



cosit'/X) det ^cos(t\/A)/ — 



( 8 . 66 ) 



Tu 



< 



sini 



t'/X J 



2n—2q—l 



{cos{ty/X))^^^^ . 



Proof All is clear except perhaps for the second inequality of (8.66). In fact, using 
the standard inequality between the arithmetic and geometric mean we have 

= (cos(f\/A))^'’det^/- 

2q 



< {cos{tVX)f^ M - ^)j . 



But since P is a Kahler submanifold of M, the mean curvature vector field H 
vanishes identically (see Lemma 6.26). Thus we get (8.66). □ 

Similarly, the analog of Lemma 8.24 is: 

Lemma 8.34. Assume the hypotheses of Lemma 8.32. Then for 0 <t < ec{p, u) 



&u{t) 



sin(t\/A) \ 



2n—2q—l 



cos(tV^)det cos itVx)i - 



sin(t-\/A) 



Tu 



-1 
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is a nondecreasing function, and 

e„(,) > . 

We are at last able to give the Kahler analogs of Theorems 8.16 and 8.17. 
They also generalize Theorem 7.19. Recall that 7(i?^ - R^) denotes the total 
Chern form of the curvature tensor - R^ . 



Theorem 8.35. Suppose > 4A and > A. Then for r < minfoc(P) we have 



Vp(r) < ^ I 'r[R^-R^)A 



sin^ (rVx) + cos^(rv^)F^ 



(8.67) 



1-^P 

7T 



< 



(n 



— sin^(rV^) ^ volume(P). 



Theorem 8.36. If < 4A and < A, then for 0 < r < minfoc(F) we have 



rM 



Yp{r)>^ l^{R^-R^) 



A 



sin^ (r>/A) + cos^(rV^)F^ 



1- -F 



J P 7T 

Important special cases of Theorems 8.35 and 8.36 are: 

Corollary 8.37. Let P he a Kahler submanifold of M and suppose > 0. Then 
for r < minfoc(F) 



VpW < A / A (Trr^ + F)" 

n! Jp 



< 



(^r^Vn-q) 

— ^ volume(F). 

{n-q)\ 



Corollary 8.38. Suppose < 0. Then for 0 < r < minfoc(F) we have 

Vp{r) > A / 7(R^ - R“) A (7rr2 + F)". 

n! Jp 



Note that Corollaries 8.37 and 8.38 also follow from Theorem 8.4 and equation 7.15. 

Finally, as a special case of Theorem 8.35 we have a generalization of Lem- 
ma 6.18 that can be considered a Kahler analog of the Bishop-Giinther Inequalities: 



Corollary 8.39. Let M be a complete Kahler manifold. 
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(i) Suppose > 4 A and > X. Then for all m E M and r >0 

V^(r-)<;^(^) (sin(rVA))^”. (8.68) 

(ii) Suppose that r > 0 is less than or equal to the distance from m to its nearest 
outpoint. IfK^^ < 4A and < X, then the inequality in (8.68) is reversed. 



8.6 Some Inequalities of Heintze and Karcher 

In Section 3.6 we showed that for a compact Riemannian manifold M with > A 
the inequality 

volume(M) < volume (S'^ (A)) 

holds. A key ingredient in the proof of this theorem was the fact that the in- 
finitesimal change of volume function of M at any point was less than or equal to 
the corresponding infinitesimal change of volume function for a point in a sphere 
S'^(A). We have already seen (equation (8.41)) that there is a similar inequality 
between the infinitesimal change of volume functions of a submanifold in M and 
a submanifold in 5'’^ (A); we used (8.41) to estimate tube volumes in Section 8.3. 

Heintze and Karcher [HK] have given an estimate for the volume of a compact 
Riemannian manifold with > A in terms of the volume of a submanifold P 
of M. This estimate is a consequence of the second inequality of (8.41), which 
they prove using Jacobi field techniques. Moreover, M can be thought of as sort 
of generalized tube about P in which the radius of the tube is allowed to change 
from point to point. In this section we modify the techniques of Section 8.3 in 
order to prove the inequality of Heintze and Karcher. Actually, we sharpen their 
inequality a little, because the first inequality of (8.41) is also available. There are 
several related inequalities in [HK] that will not be discussed here. 

First, we note a general formula relating the volume of a Riemannian manifold 
to one of its compact submanifolds. It looks very much like formula (8.4) and 
explains why we can think of a compact manifold M as a tube of variable radius 
about a compact submanifold P. 

Theorem 8.40. Let P he a q- dimensional compact submanifold of a compact n- 
dimensional Riemannian manifold M, q < n — 1. Then 



volume(M) = volume(Op) (8.69) 

r r fec{p,u) 

= / t^-'>-^eu{t)dtdudP. 

Jp Jo 



Proof. Since both P and M are compact, by the Hopf-Rinow Theorem (see for 
example [BC, page 154]) any point m E M has a shortest geodesic from it to P. 
This geodesic meets P orthogonally. It follows that M is the closure of Op, and 
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therefore they have the same volume. To compute the volume of Op, we proceed as 
in the proof of Lemma 8.2. For each (p, u) E ly with ||u|| = 1 there is a unique unit- 
speed geodesic ^ emanating from p with ^'(0) = u. Moreover, all such geodesics 
fill up Op. Therefore, when we transfer the integration from M to i/ as we did in 
Lemma 8.2 we get (8.69). □ 

We specialize (8.69) to a case we shall need: 

Corollary 8.41. Let the sphere S^{\ + h? /q^) he embedded as a sphere of latitude 
in a sphere (A) , and denote by H the mean curvature vector of the embedding. 
Then 



volume(*S'^(A)) 

= volume f [ 

V V 9 / / v/s"-«-'(l) JO 



(8.70) 



f sin {tVX) \ 



n—q—1 



v/A ) 



cos(tv/A) - 






{H,u) I dtdu, 



where x{u) is defined by 



cos(x(„)yX) = 



^/A 






Proof. Let Tu be the Weingarten map of the embedding of the sphere S^{\ -h 
A^/g^) into the sphere Since a sphere of latitude is totally umbilic, we have 

T^=^{H,u)I. 

So, the radius of the sphere of latitude is 

1 _ 1 



from which we conclude that \\H\\‘^ = A^. Also, it follows from Corollary 8.26 that 
the infinitesimal change of volume function is given by 

Mt) = ■ 

Then ec{p,u) is the first zero of 'du{t) along t i — > exp^(p, ^u). This is just x{u), 
so x{u) = ec{p,u). Since both iduit) and x{u) are independent of the point p, we 
can reduce the triple integral on the right-hand side of (8.69) to a double integral. 
Thus we get (8.70). □ 
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Corollary 8.42. Let q> 0. Then for any compact q-dimensional submanifold P of 
a compact Riemannian manifold M we have 




(8.71) 



sin(t\/A) 

qVX 



(H^u) 



Q 

dtdu 



volume(5’^(A)) 
volume ^59 + 

r(i(g + 1)) ' 

r(i(n+l)) A"/2 



Proof The calculation of the right-hand side of (8.70) is a pointwise computation, 
so it is the same for all manifolds. Therefore, it can be found by doing the special 
case of an immersion of S^{X+\\H\\‘^/q‘^) as a sphere of latitude in a sphere S'^{\). 
Thus we get (8.71) from (8.70). □ 

Now we prove the main result of this section. 



Theorem 8.43. Let P he a compact q-dimensional submanifold of a compact n- 
dimensional Riemannian manifold M whose sectional curvature satisfies > A. 
Then 



r r^iu) 


f sin{t\JX)\ 


Jsn-Q-^{1) Jo 


V J 






< 



// / 

Jp Jo 



, sm 

cos(tv A) — 



Va 

tVx ) 

(ty/X) 



n—q—1 



Tu dtdudP 



(8.72) 



qVX 



(H^u) 1 dtdudP. 



Proof. Prom (8.69) and (8.41) we get 



volume(M) < / / 

Jp Jo 

{ 



(sm{ty/X)\ 

I VA ) 



n—q—1 



(8.73) 



• det 



[^cos(^V^)/ - dtdudP 
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< 




n—q—l 



I dt du dP. 



The integrands on the right-hand side of (8.73) remain nonnegative when we re- 
place 6c(p, It) by x{u), and so we get (8.72). □ 

From Theorem 8.43 and Corollary 8.42 we get a corollary. 



Corollary 8.44. Under the hypotheses of Theorem 8.fS we have 

dP 



volume(M) < volume(5^(A)) J 



^ volume 



(n-?)/2r( 1(5 + 1)) f 



L 



r(i(n+l))A"/2 jp 
If in addition \\H\\ < A, then 



q 

2\^/2 



dP. 



< 



volume(P) 



volume(M) 

volume(S'"^(A)) ” ( aa ( \ 

^ ^ volume! 5^ V 

Related inequalities for Kahler manifolds can be found in [Gim], [GM] and 



[MP2]. 



8.7 Gromov’s Improvement of the 
Bishop-Gunther Inequcdities 

In this section the submanifold P will always be a point m. We computed Vm ^ ^ (r) 
explicitly in Corollary 3.18; its derivative is given by 



yyK”(A) 27 t”/^ / Sin(i\/A)\ 

- r(|) ( Va j 



(8.74) 



Gromov [Gromov] has given an argument that improves the Bishop-Gunther 
Inequalities in two ways. Suppose that A > 0, and that M is a complete manifold 
whose Ricci curvature is bounded below by A. Then not only is it true that 



.rM . rK^(X) 

V„(r)<V„' V) 



(8.75) 
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but also that 



. rM 

^ ^ Vm(^) 

. .K"(A) 

m 

is nonincreasing. In fact, (8.75) follows from (8.76) and the fact that 



(8.76) 



T rM 

V^(r-) 



.K"(A) 

Vm W 



= 1 . 



Thus the question arises whether or not (8.75) can be replaced by the stronger 
statement (8.76). 

Also, in Theorem 3.19 it was assumed that r was less than the distance 
from m to its nearest cut point. Since both V^{r) and Kn ^^^(^) make sense for 
arbitrary r, a second question is whether or not (8.75) and (8.76) continue to hold 
for large r. Both questions were answered affirmatively by Gromov [Gromov, page 
65] . We can now give a simple proof of his theorem. 



Theorem 8.45. If the Ricci curvature of M satisfies 

p^{x,x) > (n — l)A||x|| 

for all tangent vectors x to M , then for all r > 0 

. rM 



, rK"(A) 



(8.77) 



(8.78) 



IS nomncreasing. 

Proof. From Lemma 8.28 we know that 



0«(i) 




n—1 



(8.79) 



max 



is nonincreasing for all t > 0. Consequently, 

n—1 



,0 






in(t\/A) \ 

tVx J 



n—1 



(8.80) 



Integrating (8.80) over the unit sphere in M„ and using (8.74), we obtain 

(8.81) 



* M . K”(A) . M * K”(A) 

A)<A^(s)A^' \t). 
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Then integrating (8.81) with respect to s from 0 to we get 



xM. rK^(X) .rM A K^(A) 

Am(t)Vm (i)<Vm(*)Am W- 



(8.82) 



But (8.82) implies that 



dt 



( \ 

Vm«) 

, rK”(A) , 

\V„ \t)l 



kM . .K”(A) 



m 



W-V"(«)A: 



K”(A) 



m 



it) 



. rK”(A) 

V™ '«) 



< 0 , 



□ 



and so we get (8.78). 

There is a Kahler analog of Theorem 8.45 (see also [Nay]). Let Kj(o[(A) denote 
a space of constant holomorphic sectional curvature 4A. 

Theorem 8.46. Let M be a complete Kahler manifold. 

(i) If > 4A and > A, then 



Vm(0 

A /Khoi(A), , 

Vm (r) 



(8.83) 



is nonincreasing for all r > 0. 
(ii) If < 4A and < A, then 



A tM 

Vm(^) 

a«„,(A) 

Vm W 



(8.84) 



is nondecreasing for 0 < r < ec{m) for all m ^ M. 

Proof For a Kahler manifold M with > 4A and > A we have as a 
special case of Lemma 8.33 that 






sm 



max 



(tVA) 



2n-l 



(8.85) 



ty/x 



, 0 cos(^V^) 



is nonincreasing for 0 < t ^ . The rest of the proof of (i) is the same as that 

2v A 

of Theorem 8.45, but using (8.85) instead of (8.79). The proof of (ii) is similar. □ 
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8.8 Ball and Tube Comparison Theorems for Surfaces 

In view of Theorems 8.4 and 8.16 the following conjecture naturally arises: 

Conjecture. Let M and M be Riemannian manifolds such that > and 
let (j)\ M — > M be a diffeomorphism. Then V^{r) < V^{r), where P and P are 
submanifolds of M and M such that 0(P) == P. 

Before trying to resolve this conjecture we should decide what the condition 

really means. In fact, there is more than one way to interpret (8.86). For example, 
we could assume _ 

infK^>supKM. (8.87) 

meM mCM 

An interpretation of (8.86) weaker than (8.87) is 

K^{U) >K^{U), (8.88) 

whenever^!! and n are 2-dimensional subspaces of tangent spaces such that 
0^(n) = n. In this section we shall show that the conjecture with the hypothesis 
rM y rm interpreted as (8.88) holds for geodesic balls in surfaces. For a different 
approach that uses Jacobi fields and is sometimes more general, see [HK] and [BZ, 
page 244]. 

Let M and M be complete 2-dimensio^l Riemannian manifolds. Let m e M 
and fh e M, and suppose that Mm — > Mm is an isometry. We put 

= exp^ o# o exp;;^ . (8.89) 

Then (j) is defined in the neighborhood Om of m e M. Tins neighborhood is the 
complement of the cut locus Cut(m) of m. Similarly, let Om denote the comple- 
ment of the cut locus Cut(m). Denote by du{t) and du{t) the infinitesimal change of 
volume functions of M and M. The distance from m to its nearest cut point along 
the geodesic t \ — ^ exp^{tu) will be denoted by ec{m,u). Let ec{fh^u) denote the 
corresponding function for M, where u = ^{u). The sectional curvatures of M and 
M will be denoted by K and AT, respectively. Then we put Ku{t) = K{exp^{tu)) 
and similarly for M. 

The following lemma uses techniques of M. Bocher^ [Bocherl], [B6cher2], 
[BocherS] (see especially the first footnote on page 435 of [B6cher2]): 

^Maxime B6cher(1867-1918). American mathematician. After studying at Harvard, Bocher went 
to Gottingen as a visiting fellow, where he wrote a book Uber die Reihenentwickelungen der 
Potentialtheorie, which also served as his doctoral dissertation. He returned to Harvard, where 
he became one of the first editors of the Annals of Mathematics and was elected a member of 
the National Academy of Sciences. Bocher was a prolific contributor to mathematical journals 
on differential equations and potential theory; he also wrote several text books. 
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Lemma 8.47. For 0 < t < ec(m,u) we have 

_ f* r x^'du{x)^u{x) 



log 






If 



s^'du{s)i^u{s) 



i^Ku{x) — Ku{x)j dxds. (8.90) 



Proof. Let S denote the shape operator for^e geodesic balls about m e M, and 
let S denote the corresponding operator in M. Put 

F{x) = log( I and G{x) = -log{x'^'du{x)dz{x)). 

/ 

Prom Theorem 3.11 it follows that 

F"{x) = F'{x)G'{x) + Kz{x) - Ku{x). (8.91) 

Since i?u(0) = ??5(0) = 1 and i?(j(0) = ’d'~{0) = 0, we have the initial conditions 

p'(0) = (e“^)(0) = 0. (8.92) 

Equation (8.91) can be rewritten as 

(e-«l")p'(:r)y = (^a(x) - PT^x)) . (8.93) 

When (8.93) is integrated from 0 to s and the initial conditions (8.92) are used, 
we get 



^'(s) = y (^Ku{x) - P:„(x)) dx 

x‘^'du{x)du{x) [Ku{x) - Ku{x)^ 



(8.94) 



f 






dx. 



Then (8.90) follows upon integrating (8.94) from 0 to t and using the fact that 

^u(0)=^n(0) = l. □ 



Theorem 8.48. Oppose that for all m E M the sectional curvatures K and K of 
surfaces M of M satisfy 

K>Ko(j) (8.95) 

for some isometry Mm — ^ Mm, where (f and $ are related by (8.89). Then: 

(i) for 0 < t < ec{m,u) the function 1 1 — > nonincreasing] 

du{t) 

(ii) du{t) < du{t) forO <t< ec{m,u)] 
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(iii) ec{m,u) < ec(m, ix); 

(iv) if M and M are compact and simply connected, then 

volume(M) < volume(M). 



Proof. From (8.90) and (8.95) it follows that 





< 0 , 



and from this part (i) is obvious. Then (i) implies that 

0 < = 1 



and so (ii) and (iii) follow. 

The proof of (iv) is similar to that of (ii) and Theorem 3.22, page 49, but 
instead o:^integrating over a geodesic ball, we integrate over the star-like regions 
(Dm and (Dm. 



) du dt 

nec{m,u) 



volume(M) = / tdu{t)i 
Jom 

/ nec{m,u) 

/ tdu{t) dtdu 

, ,ul| = l Jo 

n nec{rh,u) _ ^ 

< / / tdu{t) dt du = volume(M). 

J\\u\\ = l Jo 



□ 



Part (iii) of Theorem 8.48 can be improved provided that the hypothe- 
sis (8.95) is strengthened. We use the method of proof of Theorem 8.45. Thus 
in the case of surfaces we also obtain a sharpened version of Gromov’s Theorem. 

Theorem 8.49. Suppose the sectional curvatures of^urfaces M and M satisfy 
(8.95) for any choice of linear isometry Mm — ^ Mm- Then 



r 





(8.96) 



is nonincreasing. 



Proof. Prom part (i) of Theorem 8.48 it follows that 

'du{t)du{s) < du{s)du{t) 



(8.97) 
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for 0 < s < t < ec(m, u). Because we are assuming that (8.86) holds for all choices 
of the isometry between Mm and it follows that (8.97) holds for all choices 
of u and u with \\u\\ = \\u\\ = 1. We have 

A ^ r 

Am{t)= / t'du{t)du, 

J\\u\\=^l 

and similarly for {t). When we integrate (8.97) over the unit 
and Mm, we get 

A M A M A M A M 

We integrate (8.98) with respect to s from 0 to t and obtain 



spheres in Mm 
(8.98) 



A M ^ tM ^ tM a M 

A„(oVs(t)<V„(f)As(t). 



On the other hand, we have 



_d 

dt 



.rM \ 

Vm W 






(8.99) 



( 8 . 100 ) 



From (8.99) and (8.100) follows (8.96). 



□ 



8.9 Comparison Theorems for Riemcumian Manifolds 

For general dimensions, the proof of the conjecture in Section 8.8 needs a different 
method. We follow here a simple one developed by J. Eschenburg and E. Heintze 
[EH] which still makes use of the shape operator S{t). For different approaches, 
see [Esch] and [Roy den]. 

The key lemma in this proof will be 8.51. In order to prove it, we shall need 
the following elementary fact: Let V be an euclidean vector space of dimension n. 
We shall denote by S{V) the set of symmetric endomorphisms of V (symmetric 
respect to the scalar product ( , ) in V). 

Lemma 8.50. Let X:(0,to) ^ continuous function. Then there is a 

solution g: (0, to) S{V) of the differential equation g' = Xg which is nonsingular 
at every t G (0,^o)- 

Proof Take g{t) as the fundamental matrix associated to the system of ordinary 
differential equations 



v'ft) = X{t)v{t) (with v:{Q,to) — > V) 
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and satisfying g(ti) = Id for some ti G (0,to) (cf. [GMP, page 510]), Let g be the 
solution of the equation 

g' = -gX, satisfying g{ti) = Id . 

Then (gg)' = g'g + gg' = Xgg - ggX = 0, and gg{ti) = Id, then gg{t) = Id for 
every t G (0,to) and g and g are nonsingular at every t G (0,to)- D 

Lemma 8.51. Let ^ maps satisfying Ri > R 2 (that is, 

(Riu,u) > (R 2 U,u) for every u gV). If Sp. (0, ^ S{V) are solutions of 

S[ = S‘l + Ri, (8.101) 

with maximal U G (0, oo), U{t) = Si{t)—S 2 {t), and there existsU{0): = liin [/(t) > 
0 , then ti < fy o-nd S\ > S 2 on (0, ti). 

Proof. First, let us remark that 

2(52 - 5|) = {Si + S 2 W + U{Si + S 2 ). (8.102) 

Let to = min{ti,t 2 }. By (8.101) and (8.102), U satisfies 

U' = S[-S'2 = Sf + Ri-S^-R2 = Sl-Sl + {Ri-R2) (8.103) 

= XU + UX + {Ri-R2), 

where X = ^(5i + S 2 ). 

Let g: (0, to) ^ be a nonsingular solution of g' = Xg. Define W by 

U = gWg^. (8.104) 



Then 

U' = g'Wg^ + gW'g^+gWg^’ = XgWg^ + gW'g^+gWg^X^ = XU+gW'g^ + UX\ 
But, since X is symmetric, we have that (8.103) holds if and only if 

W' = g-\Ri-R2){g-y. (8.105) 

Then R\ — R 2 > 0 implies, for every u ^ V 

{W'u, u) = {{Ri - R 2 ){g-yu, (g-^u) > 0. (8.106) 

From (8.104), it is possible to see (cf. [EH]) that 1T(0):= limlT(t) exists and, 

since {7(0) > 0, IT(0) > 0. From this and (8.106) it follows that W{t) > 0 and 
U{t) >0 for every t G (0,to)« From (8.101) it follows that 

{S[u,u) = \Siu\‘^ + {RiU,u) 

is bounded from below, and therefore, {Siu, u) tends to +oo at a singularity. Since 
{S\{t)u,u) > (S 2 {t)u,u) for t < to = mm{ti,t 2 }, it follows that to = ^ ^ 2 - D 
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Theorem 8.52. Let M and M be Riemannian manifolds, m e M , rh e M and 0 
defined by (8.89). //(8.88) is satisfied, then: 

(i) for 0 <t < ec{m,u), the function 1 1 -^ is nonincreasing; 

(ii) 9u{t) < 6u{t) for 0 <t < ec{m,u); 

(iii) V^{r) < V^{r) if r < min{e c{rn,u),ec{m,u)} for every unit vector u G 
Mm and u G Mm • 

Proof This theorem follows from Lemma 8.51 just as Theorem 3.17 follows from 
Lemma 3.16. □ 



8.10 Problems 



8.1 It is possible to estimate the distances ef{p,u) and ec{p,u) between P and 
its focal and cut-focal points in terms of the principal curvatures of P. For 
p G P and u G P^ let ki{u), . . . , Kq{u) denote the eigenvalues of Tu- Prove 
the following theorem (see Hermann [Hr3]): 

Assume that M is complete, and let {p,u) G iy with ||zx|| = 1. 



(i) If > \, then 



edp^u) < ef{p,u) 
1 



< inf \ arctan f 
[VA 



K,a{u) > 0 for a = l,...,q 



(ii) If < X, then 
Cf{p, u) > max 






Ka{u) > 0 for a — 1,. . . ,q 



(iii) Suppose that dimP = n — 1, h > 0 and that 

p^{x, x) > {n - 1)A ||a:|p 

for all unit tangent vectors x to M . Then 



^c{p,u) < ef{p,u) < arctan 
V A 



/ (n - 1)\/A ^ 



V 



h 
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8.2 Prove the following theorem of Tsukamoto [Ts], which complements Myers’ 
Theorem (Theorem 3.21, page 49): 

Let M he a complete Kdhler manifold whose holomorphic sectional cur- 
vature is hounded away from zero. Then M is compact. 

8.3 The holomorphic bisectional curvature of an almost Hermitian manifold is 
defined to be the sum K^y + K^jy of sectional curvatures, where Jx^y^ Jy 
are mutually orthogonal nonzero tangent vectors. Show that if M is a com- 
plete Kahler manifold with nonnegative holomorphic bisectional curvature, 
then for all r > 0 

V ]\L 1 / Tj" ^ 

p {t) < ^ sin^{rVX) j volume(P). 

8.4 Let M be a compact Kahler manifold whose holomorphic and antiholomor- 
phic sectional curvatures satisfy > 4 A and > X. Then 

volume(M) < volume(CP^(A)). 

(See Theorem 3.22 and [Nay, Theorem 2].) 

8.5 Let P be a 2-dimensional compact submanifold of a complete manifold M. 
Show that > 0 implies that 

VpW < ‘ |volume(f ) + ^ ^2.rx(P) - ^ ^ | 

- S (X } 

for 0 < r < minfoc(P). Conclude that 

£llHfdP>27rx(P)-l£r^dP. 




Chapter 9 

Power Series Expansions 
for Tube Volumes 



In this chapter we take a completely different approach to the study of volumes 
of tubes. We shall compute the first few terms of the power series of the volume 
function (r) as a function of r. In the same issue of the American Journal of 
Mathematics in which Weyl’s paper [Weyll] appeared in 1939, there is an article 
[Ht] by the statistician Hotelling.^ In it Hotelling computes the first two nonzero 
terms of the expansion for V^{r) in the case that P is a curve in an arbitrary 
Riemannian manifold M. In fact, Weyl’s paper is partially a response to Hotelling’s 
paper. Hotelling discusses several applications of tube formulas to statistics. 

But the history of power series expansions of volume functions begins much 
earlier. In 1848 appeared the article [BDP] by Bertrand,^ Diguet^ and Puiseux,^ 
in which the first two nonzero terms in the power series expansion for the area of 
a geodesic ball at a point m in a surface M were computed: 

V^(^) = + 0(r-^)| ■ (9.1) 

(An English translation of [BDP] is given in [Spivak, volume 2, pages 128-131]. 
See also the discussions in [Monge, pages 583-600] and in [BeGo, page 382].) 



^ Howard Hotelling (1895-1973). American statistician. While majoring in journalism, his an- 
alytical abilities were recognized by Eric Temple Bell, who steered him toward mathematics. 
Although he received his Ph.D. in 1924 with a thesis on topology, he switched to statistics while 
teaching at Stanford. Hotelling was appointed professor of economics at Columbia in 1931. While 
there he was able to assist various refugee scholars. His final move was to the University of North 
Carolina in 1946. He was elected member of the National Academy of Sciences in 1970. Hotelling 
was a leader in multivariate analysis; in this area his major contribution is called Hotelling’s 
generalized distribution. 
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The motivation for proving (9.1) is interesting: to give a new proof that the 
Gaussian curvature K of a surface in does not depend on the embedding.^ In 
fact, it is obvious from (9.1) that the Gaussian curvature (as well as all the other 
coefficients in the power series) is intrinsic because (r) is. 

We shall give a general method for computing the power series expansion 
of V^(r), where P is a topologically embedded submanifold with compact clos- 
ure in an arbitrary Riemannian manifold M. But we start out more slowly in 
Sections 9.1 and 9.2 by doing the case that perhaps has the most interest: the 
volume of a geodesic ball in a Riemannian manifold. The general case is discussed 
in Section 9.3. 



9.1 Power Series Expansions in Normal Coordinates 

Although it is possible to use the formalism of Jacobi fields, normal coordinate 
vector fields lead more quickly to the computation of the coefficients of a power 
series in normal coordinates. First, we compute various covariant derivatives of 
normal coordinate vector fields at the center m of a system of normal coordinates 
on a Riemannian manifold M. It turns out that these formulas are sufficient to 
determine completely the power series of any covariant tensor field W in terms of 
the covariant derivatives of W and the curvature tensor of M at m. 

Let M be an arbitrary Riemannian manifold and m a point in M. We define 
the covariant derivative inductively as follows. If 

Xi,...,Xp+i gx(m). 



we put 



Ai . . . Ap 



= V,. V?: 



P-1 



XiV X2...x„ 






^ Joseph Louis Prangois Bertrand (1822-1900). French mathematician, Although he began his 
career as a teacher in secondary schools, he became professor at the Ecole Polytechnique and the 
College de Prance. In his 1850 paper “Memoire sur la theorie des courbes a double courboure” 
Bertrand studied spaee curves for which there exists a linear relation between the curvature and 
torsion; such curves are known today as Bertrand curves. In 1856 Bertrand was elected to the 
Academie des Sciences, and became perpetual secretary in 1874. 

In addition to differential geometry, Bertrand worked in number theory and probability theory. 
His book Calcul des probabilities was published in 1888. Bertrand wrote may text books and 
popular books; his lively style always fascinated his readers. 

^No one seems to know anything else about Diguet, not even his other names. 

^ Victor Alexandre Puiseux (1820-1883). French physicist and mathematician. His scientific work 
encompassed differential geometry, mechanics, analysis, complex variables, celestial mechanics 
and observational astronomy. In differential geometry he discovered new properties of evolutes 
and involutes. Puiseux was a close follower of Cauchy, and in the early 1850’s he completed 
major aspects of theory of functions of a complex variable. His work was surpassed by that of 
Riemann, at which point Puiseux turned to celestial mechanics. 

^The pre-Gauss definition of what is now known as the Gaussian curvature of a surface in 
was the product of the principal curvatures. 
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Recall from Chapter 2 (Lemma 2.1, page 15) that the notion of normal coor- 
dinate vector field at m does not depend on the choice of normal coordinates 
centered at m. 

In the next few lemmas we compute some of the covariant derivatives of nor- 
mal coordinate vector fields. This will be useful for computing covariant derivatives 
of tensor fields such as the curvature tensor and volume form. 

Lemma 9.1. Let X and Y be normal coordinate vector fields at m and ^ be an 
integral curve of X with ^(0) = m. Then 

= “ 

= »■ 

Proof. Since ^ is a geodesic, vanishes along Moreover, (V^ 

depends only on the values of X and along From this fact (9.2) follows 

by induction. Polarization of the equation (Vx^)m = 0 yields 

for all normal coordinate vector fields X and Y. We also have 

V^r-V^X-[X,F]=0, (9.4) 

because X and Y are constant linear combinations of the coordinate vector fields 
of a normal coordinate system at m. Hence we get (9.3). □ 

Next we give formulas for the covariant derivative evaluated on p + 1 
normal coordinate vector fields in the case that at most two of them are distinct. 

Lemma 9.2. The following relations among the covariant derivatives of normal 
coordinate vector fields hold: 



(^x...x>'I = -(^)(^r.^xv)„ 



for p>2. 
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Proof. Since [X, F] == 0, we have 

^XY ~ 

Let 

where Y occurs in the place. Prom (9.8) it follows that 

The right-hand side of (9.9) can be expanded in terms of the covariant derivatives 
of R at m. However, if 2 < A; < p, each term contains a factor of the form 



By Lemma 9.1 each of these factors is zero. Hence Ak = Ak~i for 2 < fc < p, and 
so (9.5) is proved. 

Then (9.6) follows from (9.5), the polarized version of (9.2) and (9.3). Finally, 
(9.7) is an algebraic consequence of (9.5), (9.6) and (9.8). □ 

It turns out that not all covariant derivatives are needed for the computation 
of power series in normal coordinates, only those of the form 



Y 

X...X 



(9.10) 



A general formula for these covariant derivatives is given in [Gr4], but it is too 
complicated to be useful. We compute the form (9.10) for p < 4. 



Lemma 9.3. If X and Y are normal coordinate vector fields at m, then 



XY 



Y 

XXX 



V"* Y 

xxxx 



~l[^XY^^^XZ^ 



-2 



Proof. From (9.7) follows 



XX 






Y] = 



(9.11) 

(9.12) 
X) .(9.13) 



3 \^XY^ 
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from which by polarization we obtain 



Y 

WX 



+ ( = -1 
' XW 3 






Also, (9.8) implies that 



(9.14) 



Then (9.14), (9.15) and the first Bianchi identity (2.19) yield (9.11). 
For (9.12) we compute as follows using (9.7): 

^xxxA = 4 iVxY^l = 4 



(9.15) 



Similarly, (9.13) follows from (9.7), but is a little more complicated: 



^xxxx^ --lYxxV 



-?( V" 



W v\/X - -R^^2 



XX^ 'XY 



3 xv^^y 



~ * S^xx^^^xy^ + 5^XR^yX 



X 



□ 



Assume that M is an analytic Riemannian manifold and that W is an analytic 
covariant tensor field defined in a neighborhood of m. Let (a:i , . . . , x^) be a system 
of normal coordinates at m and put 






dxi 



for i = 1, . . . , n. Then Xi, , . . , Xn are normal coordinate vector fields that are 
orthonormal at m. Write 



Then we have the expansion 

oo n ^ 

Wa-,...ar='Yl m -^^{Xh---Xi^Wa-,...ar){m)x^^---Xi^. (9.16) 

/e=0 i\ = l 

It is a power series on an open subset of transferred to M by means of normal 
coordinates. We now express the right-hand side of (9.16) in terms of covariant 
derivatives evaluated at m. 
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For any normal coordinate vector field X we have 



(9.17) 

hi^r+1— P 

Thus {XPWa^...ar)m Is Computable using Lemmas 9. 1-9.3. Next we show how to 
find the more complicated expressions 

Xf3^ -'Xi3^ 

using a computational trick. 

Lemma 9.4. Let $ and he covariant tensor fields of degree p such that 
^(X,...,X)(m) = $'(X,...,X)(m) 



for all normal coordinate vector fields X at m. Then near m we have 

n 

^ ^ ? • • • 5 ^ap ) {'^)X/3i * ’ ’ 

Pi...f3p=l 

n 

f3i...pp = l 

Proof Fix a point m' near to m and put 

n 

X = '^Xoc{m')X„. 

a=l 

Because m' is fixed, X is a normal coordinate vector field. Furthermore, 

n 

^ ^Xa,,...,Xa^){m)x^,---X0^{m') 

/3i-/3p=l 

= $(X,...,X)(m) = $'(X,...,X)(m) 

n 

0i...(3p=l 

Since m' is arbitrary, we get the lemma. □ 
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Now we are ready to prove a fundamental theorem about expansions of power 
series in normal coordinates. 

Theorem 9.5. Let W be a covariant tensor field of degree r, and let (xi, . . . 
he a system of normal coordinates. Then 

w(^ 

can be expanded in a power series in xi, ... ^Xn in which the coefficients are ex- 
pressible in terms of the covariant derivatives of W and R. 

Even though it is possible to write down a general expression for the coef- 
ficients of the power series (9.16) in terms of the curvature tensor of M at m there 
is no practical way to find a general formula for all the coefficients. Instead we 
compute the coefficients in (9.16) up to fourth order. To simplify the notation, let 
us write 



y\. 7 . . . n 



R 



' V" V v V 



p{^ij ^j) — Pij 5 {^Oil : • ’ ’ t ^Otr) — ...Qr- 5 

and so forth. 

Theorem 9.6. We have the expansion 

n 

Wai...ar = Wai...ar{'m) + 'X,(^i'^c,i...ar){m)Xi 

i=l 

+ 2 RiaajsWai...aa-isaa + 1-..ar f 

ij=l ^ a=l s=l ^ 



(9.18) 



{m)xiXj 





^ ijkW^ai ...ar 



EE ^iaajs^ kW'ai.. 

a=l s=l 



.aa-lSO;a + l..-Q!r 



1 

2 



EE ^ iRjoLa ks bEai 

a— 1 s=l 



.aa-iSaa+l.-.OiT' 



{m)XiXjXk 



-^higher order terms. 

Proof. The constant and linear terms are obvious. To compute the quadratic 
terms, it suffices by Lemma 9.4 to compute XfWai...ar{'^) linearize it: 

XfWci...ar{'m) = ^iiWai...ar{m) 
n r 

+ ^ ^ ^ ^ iiXcx a 1 Xg) (m)ITQ^...Q^_jSQ;^^^...Q^(m) 
s=l a=l 



(9.19) 
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f ^ n r . 

\ ^ -R'iaais^ai...aa-isas+i...ar r(^)* 

I- S^l a=l ' 



Similarly, 



XfWa,...ar.{m) = XiiiWa,...Cr{m) 
n r 

+ ^ ^ ^ (V iuX^a ? Xs) {TTi)Wai . . .aa-isaa-^i . . .ar (^) 
s=l a=l 
n r 

^ ^ ^ ^ ^ {XiiXa^, Xs) {Tn)^iWai...aa-isaa+i...ar{'^) 

s=l a=l 

^ nr 

— ^ X iiiWoii...ar ~ ^ ^ ^ RiaaisXiWg^,,,cXa-isaa^i...ar 

^ S=1 a=l 

nr X 

-5EE^<« iOLais ...aa-lSOLa-\-l---Clr Urn). 

s=l a=l ^ 



□ 



In an important special case the expansion of a tensor field in normal coor- 
dinates is much simpler than that of Theorem 9.6. 



Corollary 9.7. In Theorem 9.6 assume that W is parallel Then 






^ Oc\. ..Ctr 
n r n 



— ^^ai...ar(rU 



(9.20) 



iaajs ...0;a-lSaa+l...Q!r {m)xiXj 

ij = l a=l s=l 
^ n r n 

— — '^^'^^XiRjaaksWai...aa-isaa+i...ari'^)^i^j^k 

ijk=l a=l s=l 

1 n ^ ^ n r 

+ ^ E -iEE XijRkaalsWai...aa-isaa+i...ar 

ijkl=l ^ s=l a=l 
^ r n 

+ 5 EE RiaajsRksltWai...aa-itaa+i...O'r 

a=l st=l 

2 ^ 1 

+ i E E RiaajsRkabltWai...aa-isaa+i...ab-itab+1-..ocr r ( 

l<a<b<r st=l ^ 



m)XiXjXkXl 



+ higher order terms. 



Proof. It is clear that the linear terms on the right-hand side of (9.18) vanish, 
and that the quadratic and cubic terms reduce to those on the right-hand side of 
(9.20). The order 4 terms can be computed by the method of (9.19). □ 
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We give two applications of Corollary 9.7. First, we derive the formula [Ca2, 
pages 241-244], [Ei, pages 252-256] for the expansion of the metric tensor in normal 
coordinates. For a system of normal coordinates (xi, . . . ,Xn) write 

/_d_ _d_\_ 

\ dXp ' dXq / 



for 1 < p, g < n. 

Corollary 9.8. The expansion of the component g^q of the metric tensor in normal 
coordinates about a point m is given by 

9pq ~ ^pq ^ ^ ^ Ripjq{m)XiXj — ^ ^ iRjp}^q{^nT)XiXjXk (9.21) 

ij=l ijk=l 

in/ 

( ~^^^ijRkplq + Id 
ijkl=l \ 

+higher order terms. 

Proof. Since the metric tensor is parallel. Corollary 9.7 is applicable. Using the 
facts that gij{m) = 5ij and gij = gji for 1 < j < n, one easily obtains (9.21) as 
a special case of (9.20). □ 

The second application of Corollary 9.7 will be a prime ingredient for the 
computation of the power series for the volume of a small geodesic ball. It is the 
computation of the power series expansion in normal coordinates of the Rieman- 
nian volume element a; of M. Write 



E- 

5=1 



RipjsRkqls irn)XiX jXjzXl 



— ^(-^1 5 • • • 5 -^n)- 



Corollary 9.9. The expansion of the volume form u of a Riemannian manifold M 
in normal coordinates is 



0^1. ..n — 1 



1 

6 



m)xiXj 

ij=l 



1 

^2 E '^iPjk{m)xiXjXk 

ijk=l 



(9.22) 





1 

ijPkl + -^PijPkl 



^ ^ RisjtRksl^ (m)XfXjX^X/ 



st=l 



+ higher order terms. 



Proof. The Riemannian volume element uj is parallel, and so again we can use 
Corollary 9.7 to get (9.22). We work out the fourth order term, taking r — n 
and W = uo m (9.20). (The second and third order terms are much simpler.) 
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The coefficient of xiXjXkXi on the right-hand side of (9.20) has three parts. With 
W = LJ the first part, when evaluated at m, becomes 



t Rkals^l...a-lsa-\-l...n | (jTl) 



^ ^ ^ ij Rkala^l...n j (m) 



as=l 



a—1 



^ijPkl )(m), 



and similarly the second part reduces to 

( P ^ ^ RibjaRkalb \ (m). 



ab=l 



The third part is 

2 



E E Riaj s Rkblt^ 1 ... a - 



lsa-\-l...b—ltb-\-l...n 



l<a<b<n st=l 



^ ^ 

^ ^ (^RiajaRkblb Riajb^kbla) 

l<a<b<n 

Q ( PijPkl ^ RiajbRkbla | (m). 

^ V ab=l J 



Since the fourth order term in the expansion of lu is symmetric in Xi , xj , , x/ , its 

coefficient is as stated. □ 



9.2 The Power Series Expansion for the 
Volume (r) of a Small Geodesic Ball 

Before proceeding with the calculation of the power series expansion for the volume 
of a small geodesic ball we need to discuss curvature identities. Most of these have 
been discussed and used in previous chapters, but we write them down in notation 
that is convenient for calculational methods of the present chapter. 

For X, T G X(M) the curvature transformation Rxy can be extended as a 
derivation of the whole tensor algebra of M. Let Rij be an abbreviation for RxiXj • 

Lemma 9.10. We have 



Rijkl T Riklj T Riljk 


= 0 


{First Bianchi identity)^ 


(9.23) 




= 0 


{Second Bianchi identity)^ 


(9.24) 


- V^- 


= —Rij 


{Ricci identity)^ 


(9.25) 
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^ ^ ^ jRiakl — ^ kPal ^ iPak^ 

i=l 

n ^ 



(9.26) 

(9.27) 



Proof. For example, we prove (9.26). Using (9.24) and the definition of the Ricci 
curvature, we compute as follows: 

n n 

^ ^ V jRiakl — ^^{~^l^iaik ^ k^iali) 



2=1 



2=1 



— ^ ^ ( ^ iRiaik P ^ kRiail) 

2=1 

~ ^ kPal ^ iPak' 

Equation (9.27) is proved similarly. 

The first Bianchi identity (9.23) has the following consequences. 

Lemma 9.11. We have 

n 1 ^ 

^ ^ Rabci^acbj ~ ^ ^ ^ RabciRabcj') 
abc=l abc=l 

n ^ 

RabcdRacbd — 

abcd=l 

Proof. Equation (9.28) is a consequence of the following computation: 

n 1 ^ 

^ ^ RabciRacbj — ^ ^ ^ Rabci{Racbj Rbcaj) 



abc=l 



abc=l 

n 



— cy ^ ^ Rabci ( Rcabj Rbcaj ) 



abc=l 



1 "" 

~ ^ ^ ^ Rabci Rabcj‘ 



abc=l 



Then (9.29) results when (9.28) is contracted. 

Now we are ready to find the power series expansion for U^(r). 



□ 



(9.28) 

(9.29) 



□ 
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Theorem 9.12. Let M be an n- dimensional Riemannian manifold, and letm E M. 
Then for sufficiently small r we have 




(7rr^)2 ( rr^ 

(in)! t 6(n + 2) 



(9.30) 



+ 



3||i?lp + 8|1;9||2 + 5 t 2 - ISArV^ 

360(n + 2)(n + 4) 



+ 0(r®) 



Proof Let {xi, . . . ,Xn)he any normal coordinate system at m, and write Xi = air 
for i = 1, . . . , n. From Corollary 9.9 we obtain the expansion 



t^i...n(exp„(ru)) = 

p=0 



I • 5 

P\ 



(9.31) 



where po = 1, pi = 0, 



= - 



3 ^ 

ij=i 



Pij •) 




n 

ijk—1 



and 




^ V ij Pkl 4“ ^ Pij pkl 






akOi. 



st=l 



(9.32) 



(We have simplified the notation by making the convention that all coefficients 
are evaluated at m.) 

The power series expansion (9.31) and formula (3.20) on page 41 yield 




-I 



HI) 



o;i...„(exp„(™))dn 



= r 



ly'!^ [ 

^ P- JS^-^ 



( 1 ) 



Pp du. 



(9.33) 



The integrals of the pi can be computed from the moment formulas from Sec- 
tion A. 2 of the Appendix. First of all, the integral of each of the // 2 p+i’s is zero, 
because the integral over one hemisphere cancels the integral over the other. Fur- 
thermore, 




27t"/2 

(l(n-l))!' 



fiQ du = volume(5" ^(1)) = 



(9.34) 




9.2. The Power Series Expansion for the Volume (r) of a Small Geodesic Ball 197 



Next 



/ /X2C?w = V / flijaiUj 



du 



(9.35) 



3 .^1 Jsn-^ 



aj du 



( 1 ) 



3 

because af-i h = 1- For p 4 we note that from equations (A. 4) and (A. 5) of 

the Appendix it follows that 



/ ajdu = 3 j a^ai du — 



37t"/2 



^n + 2)(in)! 



(9.36) 



for i ^ j. Write 

3 12 - ^ ^ 

^ijkl — ~^^ijPkl “ 1 “ '^PijPkl ^ ^ Risjt^kslt' 

st=l 

Then making extensive use of (9.23)-(9.29) and (9.36), we compute 

/ pidu = Xijki / aiUjUkaidu 

Jsn-Hi) 



(9.37) 



7t"/2 



{n + 2){-^ 
7T"/2 



2^'h t i=l 



(Xiijj + Xijij + Xijji) 



(r^ + 2)(H^^l 



1 ,| y ] 4" Xijij + Xijji) 



^/2 



(n + 2)( 



r£{ 



3 _ 6 1 

-^ViiPjj ^ VijPij + ^Piipjj 



2 2 2 
+ 3^*^ “ 15 



1 

E(« isit^jsjt H“ ^isjt ^isjt^itjs) r 
st=l ^ 

^{5r’ + 8||.f-3Pf-18Ax}. 



jnl2 

15(n-, 

Finally, from (9.34)-(9.37) and (3.23) we obtain (9.30) 



□ 




198 



Chapter 9. Power Series Expansions for Tube Volumes 



The generalization of (9.1) to general Riemannian manifolds (that is, the first 
two terms of (9.30)) was first given in a little known paper by H. Vermeil [Vel], 
which Cartan mentions [Ca2, page 256], but Hotelling does not. The quadratic 
term (9.30) is given in [Gr4] and one additional term is given in [GVlj. Four terms 
in the expansion for surfaces are given in [GV3]. 

The expansion (9.30) can be used to obtain a local comparison theorem. 

Corollary 9.13. Let M be an analytic Riemannian manifold and let m ^ M. 



(i) Tm > 0 if and only if 



A 

< 



(7rr2)”/2 

IpT 



for all sufficiently small r > 0. 



(ii) Tm < 0 if CLnd only if 



A 

Vmi^) > 



(^^2)n/2 

7RT 



for all sufficiently small r > 0. 



It is interesting that Corollary 9.13 is neither stronger nor weaker than the 
Bishop-Giinther inequalities (Theorems 3.17 and 3.19). On the one hand. Corol- 
lary 9.13 holds only for sujBBciently small r > 0, while the Bishop-Giinther in- 
equalities are valid for r up to the first conjugate point. On the other hand, the 
condition that the scalar curvature r be positive at m is weaker than positivity at 
m of either the sectional curvature or Ricci curvature. (See problem 3.12.) 

The following conjecture is true in dimensions 2 and 3, but is unresolved in 
higher dimensions: 

Conjecture. Suppose that (r) coincides with the volume of a geodesic hall in 
Euclidean space for all sufficiently small r and all m £ M , that is, 

™' ' (In)! 

for all sufficiently small r > 0 and all m ^ M. Then M is flat. 

The conjecture holds for 2-dimensional manifolds because the scalar curva- 
ture determines the sectional curvature (in fact, the scalar curvature is just twice 
the sectional curvature). Moreover, for 2-dimensional manifolds the conjecture fol- 
lows from (9.1). Notice that only the first two terms in the expansion of V^^(r) 
are needed. 

The proof of the conjecture for 3-dimensional manifolds is a little more com- 
plicated. It depends on the fact that for a 3-dimensional Riemannian manifold 
the curvature tensor is completely determined by the Ricci curvature. The exact 
formula is given in the following lemma: 
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Lemma 9.14. The curvature tensor of a 3 -dimensional Riemannian manifold M 
satisfies 



Rabcd — Pac^bd Pbd^ac Pad^bc Pbc^ad 2 daddbc)i (9.38) 

\\Rf = M\pf-r^. (9.39) 

Proof The easiest way to prove (9.38) is to make use of the fact that the Weyl 
curvature tensor vanishes identically for a 3-dimensional Riemannian manifold. 
Then (9.39) can be proved directly from (9.38); however, it is simpler to deduce it 
from the fact that the 4-dimensional Gauss-Bonnet integrand vanishes identically 
on any 3-dimensional manifold. □ 

It follows from (9.39) and (9.30) that when dimM = 3 the power series 
expansion for (r) is expressible entirely in terms of the Ricci and scalar cur- 
vatures. In fact, 



Corollary 9.15. Let M be a 3-dimensional Riemannian manifold, and let m e M. 
Then 

(9.40) 

v" >■) = ^ {' - s’-' + ^ + 0(r*)}^ , 

Corollary 9.16. Suppose dimM == 3 and (r) identically equals (47r/3)r^. Then 
M is flat. 

Proof. It follows from (9.40) that r and ||p|p vanish identically. But then (9.38) 
implies that ||i^P also vanishes identically. Thus M is flat. □ 

In [GV3] is given an example of a nonflat homogeneous manifold M for which 




at all points m. O. Kowalski [Kw] has found manifolds for which the volume of a 
geodesic ball at each point approximates the volume of a geodesic ball in to 
an even higher degree. For the proof of the conjecture in some other special cases, 
see [CaVa] and [FV]. 
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9.3 Power Series Expansions in Fermi Coordinates 



The method of the previous section needs only slight modification in order to work 
for Fermi coordinates. We shall see that versions of Lemmas 9. 1-9.3 hold for normal 
Fermi fields. In addition, certain covariant derivatives containing both tangential 
and normal Fermi fields are needed, but these are not difficult to compute. 

In what follows we use the notation of Section 2.2 of Chapter 2. In particular, 
we denote by and X(P, m)~^ the spaces of normal and tangential Fermi 

fields at m G P. 

Lemma 9.17. Let X G X(P, m)-*- and A G X(P, m)^. 

(i) If (a, b) — > M is a geodesic normal to P such that ^(0) G P and = 
^'{t) for a <t < b, then 



X...X 



(ii) If rj: (c, d) — > P is a curve such that rj{0) = p and r]'{t) = then 



X 

L4...AX...X 



provided that at least two X ’s appear on the left-hand side of (9.42). 

Proof The proof of (9.41) is the same as that of (9.2). Then (9.42) is obtained 
by taking successive covariant derivatives of 






with respect to A. 



Lemma 9.18. Let X, Y , A and r]{t) be as in Lemma 9.17, and let p>2. Then 



X 

YX ... X 



W X 

XYX ... X 



VP X 

X...YX 



yp X 

X...XX 



X...X 



VP X 

yix ... X 



VP X 

X . . . x^x 



VP X 

X . . . XA 



VP A 
X...X 
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Proof. Equations (9.44) and (9.46) are immediate consequences of (9.4); the proof 
of (9.43) is the same as that of (9.5). To prove (9.45), we put 



Bs 








where A occurs in the place. Since [X, A] = 0 and (9.8) holds for normal Fermi 
fields, it follows that 



B. - B.., = - (v- ^ 

The right-hand side of (9.47) can be expressed in terms of the covariant derivatives 
oi A and X at rj{t). Just as in the proof of (9.5), each of these terms contains 
a factor of the form ^X; here q > 0, provided 2 < s < p. On the other hand, 
= 0 by (9.42). Hence we get (9.45). □ 



Lemma 9.19. Let X,Y,A be as in Lemma 9.17. Then 




0 ; 









(9.48) 

(9.49) 

(9.50) 



Proof. The proofs of (9.48) and (9.49) are the same as those of (9.3) and (9.7). 
For (9.50), we use (9.45) and (9.46) to obtain 



V!, 



X...X 



A] = yp 






X...XA 






=-'^r..xW 



□ 



Next we write down explicit formulas for some of the covariant derivatives of 
order less than or equal to two. 

Lemma 9.20. Let A € X{P,m)~^ and X^Y^Z G X(P, m)"^. Then 



XY 



A] =-iR^^Y 



(9.51) 




1 

3 



R^yZ + 



(9.52) 
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Proof. The proof of (9.52) is the same as that of (9.11), and (9.51) follows from 
(9.50). n 

The result corresponding to Theorem 9.5 is: 

Theorem 9.21. Let W be a covariant tensor field of degree r and suppose {xi, . . ., 
Xn) is a system of Fermi coordinates. Then 

\dXai ’ ’ dXa^ 

can he expanded in a power series in x\^ ... .,Xn in which the coefficients are ex- 
pressible in terms of the covariant derivatives of W, T and R. 

Getting the general coefficient in a power series expansion in Fermi coordi- 
nates is even more impractical than for normal coordinates. Since we are interested 
in computing volumes of tubes, we limit ourselves to finding the first three terms 
in the expansion of the volume form. Recall that H denotes the mean curvature 
vector field. 



Theorem 9.22. Let P be a submanifold of M and m G P. Then the power series 
of in the Fermi coordinates . . . ,Xn is given by 



n 

Wi...„ = 1 - X] {H,Xi){m)xi 

i=q-^l 



(9.53) 



X ^ I Pij + 2 ^ Raiaj - 3 ^ (^TaaiTbbj ~ 

^ a=l ab=l ^ ^ ^ 



(m)XiXj 



+ higher order terms. 



Proof. It is clear that = 1 because the Fermi fields Xa are orthonormal 

at m. Moreover, let X G X{P,m)^; from (9.48) we have 



n 

a’) - ' ' ’i X„)(m) 

a—\ 



n 

a=l 

9 

= ^(v^Xa,Xa){m). 

a=l 
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Also, iov A G X{P,my . So 



{Xcu,...n){m) = -^Taax{m) = -{H,X){m). 

a=l 

Similarly, using (9.51) and (9.52) we find that 
{XW..n) = 



. a^l 



+ ^ det 

a(3=l 



( Y y\ IyI Y y\ \ 



V,^X/3, Xa 



iX^X„,X0 

\ Cx 



>{m). 



(m) 



= I - ^ RxaXa “ O X/ + X] ('^<^<^^'^bbX ~ T^bX^ | 

^ a=l i=q+l ab=l ^ ^ ^ 

= { - - - 'E^^RxaXa + ^ (PaaxTbbX - T^bx'^ |("*)- 

Hence using Theorem 9.21, we get (9.53). □ 

We are now ready to derive the power series expansion in r of the volume of 
a tube about a submanifold P of a Riemannian manifold M. 



Theorem 9.23. We have 



.rM {nr^)i(ri-q) 

V p (^) — ~TiZ ^ 



UA 



where^ 



A = 



1 + Ar^ + + 0(r®) \ dP, (9.54) 



(9.55) 



^ ^ ^ . _ 1 ^ , j _ 



2(n — q P 2) 



a6=l a=l i=q-\-l ij=q-\-l 

Proof. Just as in the proof of Theorem 9.12, we write 

oo 

a;i..,„(exp„(ru)) = X] 

p=0 ^ 



®The formula for the coefficient B of in (9.54) is a very complicated expression involving , 
and also the second fundamental form of P in M. Although A is independent of the second 
fundamental form, B may not be. 
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but this time we use Fermi coordinates instead of normal coordinates. Then from 
(9.53) we have 

n 

Mo = 1, Ml = “ XI 



and 



3M2 — - X 

ij=q-{-l ^ a=l 

~3 ^ ^ {TaaiTbbj ~ TabiTabj) Am)(22Cljf 
ab=l ^ 

It follows from (3.20) that 

/ uji,„n{exp^{ru))du 

y5n-<i-l(l) 



(9.56) 



A M 

Ap{r) = 



(9.57) 






"X-/ 
h P- 



( 1 ) 



Pp 



du. 



Just as in the proof of Theorem 9.12, the integrals of all the /ip are zero for p odd. 
Furthermore, 



27T2(^“^) 



[ /Uo ciu = volume(5” « ^(1)) ^ . 

is"-o-i(i) r(2(^-9)) 



(9.58) 



To find the integral of /i 2 , we use (9.56), the Gauss equation (4.28), and 
compute as follows: 

f ^^2du = f 

1 1 

3 ^ ^ (TaaiT'bbj TabiTabj) r(m)(i2Clj du 

ab=l ^ 

7 = 0+1 0=1 o6=l 



7=q+l 

3(+n-g))! 
Thus we obtain (9.54). 



a? du 



S'r^-g-l(l) 



t{R^) +j2pl+tl - 3r(i?^) 



0=1 o6=l 



□ 
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The power series for (r) when P is 1-dimensional is especially simple (see 

[Ht]): 

Corollary 9.24. (Hotelling’s Tube Formula.) Let ^ be a unit-speed curve of finite 
length L(^) in a Riemannian manifold M. Then the volume of a tube of radius r 
about ^ is given by 




(9.59) 



6(n -h 1) 



j{r(R^)o^ + p^i^',a)dt + 0{r^)y 



Proof. When dimP = 1, we have r{R^) = R^hab ~ Therefore, the coefficient 
A in (9.55) reduces to 



r>M 

3 

ij=2 



1 

2(n + l) 




and so we get (9.59). □ 

Finally, we get an estimate for the volume of a tube of small radius in terms of 
sectional curvature. In contrast to Corollary 8.6 there are no dimension restrictions. 



Corollary 9.25. Let P be a topologically embedded submanifold of a Riemannian 
manifold M. Then: 



(i) > 0 implies that V^{r) < Vp''(r); 

(ii) < 0 implies that (r) > Fp "" (r) . 
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9.4 Problems 



9.1 Show that the third term in the expansion for in Fermi coordinates is 

Q 



^2 ^ "y I ‘^Pij (-^5^) "h ^ ^ iRajak ^Riaja {H ^ 

ijk=q-]-l ^ a=l ^ 

q ^ / 

RiajbTabk H“ 2 E TaaiTbbjTcck 



ab=l 



abc=l 



^RaaiRbcjRbck H“ abiRbcjR cak ) r (n7-)XjXjX/j; . 






9.2 Show that the volume of a tube about a curve ^ in a Kahler manifold 
of constant holomorphic sectional curvature 4A is given by 






(r) 



27r"-2 

(n- |)!A"-i 









9.3 Let QP^{\) denote quaternionic projective space with the natural metric 
with maximum sectional curvature 4 A. (It has real dimension 4n.) 

a. Show that the volume of a geodesic ball of radius r about any point 
m G QP^(A) is given by 



. .QP”(A) 
^ m 



(r) 



(2n + l)!A2" + 2ncos2(VAr)| . 



b. Show that the volume of a tube of radius r about a curve ^ in QP^(A) 
is given by 



d. rQP"(A) 



(r) 



27r2”-5 

(2n-|)!A2"-i 



sin^”-2(^/Ar) 



8n + 1 . 2 , 



1 - 7' 1 sin"’(\/Ar) + 

4n - 1 



4n + 2 
4n — 1 



sin^{V\r) 



c. Show that the volume of quaternionic projective space QP^(A) is 
given by 



volume(QP^ 



tMw f ^ \ 1 




9.4. Problems 
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9.4 Let CayP^(A) denote the Cayley projective plane with natural metric with 
maximum sectional curvature 4A. (It has real dimension 16.) 

a. Show that the volume of a geodesic ball of radius r at any point 
m G CayP^(A) is given by 



, .CayP^(A) 67 T* 

Vm W = TTTT^sin 



11!A8 



in^®(v/Ar)|l + 8 cos^(VAr) + 36cos^(\/Ar) 
(VAr)|. 



+ 120 cos'* 



b. Show that the volume of a tube of radius r about a curve ^ in 
CayP^(A) is given by 



J,,CayP"(A) 

W = „3 



27T 2^ 



(¥)!V 



sm 



'¥¥Ar)|l-^sin2(¥Ar) 



67 



15 



+ ^sin^(\/Ar) - ^sin®(-v/Ar) + ^ sin®(-\/Ar)|L(^). 

D 0 10 j 

c. Show that the volume of the Cayley projective plane CayP^(A) is 
given by 

.olame(CayP^(*)) = ^ (^)7 

9.5 Show that the fifth order term in the expansion (9.21) for gpq is given by 

1 n . n . 

^ ^ A ^ ijkRlphq “1“ 2 ^ ^ I ^ iRjpksRlqhs 

^ iiklh=l ^ s = l 



■p'^iRjqksRlphs^ '^{m)XiXjXkXlXh. 



9.6 Show that the fifth and sixth order terms in the expansion (9.22) for a;i. 
are given by 



1 

3^ 



n . 

^ ^ A ijkPlh 4“ iPjkPlh 

; 7 e//i=l ^ 

n X 

2 ^ ^ ^ iRjsktRlsht Ku 1 ')x 2 Xj 

st=l ^ 



XkXlXh 
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^ ^ f 5 5 

~ —^ijklPhg + ^(^ijPkl)phg + iPjk)i^ Iphg) 



ijklhg=l 



8 5 15 

^ ijRkalb)^hagb ~^PijPklPhg ~ ^ ^ iRjakb){^ I Rhagb) 

ab=l ab=l 

16 ^ 2^1 

E Rkalb^hagb \ • 

abc=l ab=l ^ 

9.7 Using the notation of problem 4.8, show that the coefficient of the fourth 
term in the expansion (9.30) for the volume of a small geodesic ball is 

720(n + 2)(„\4)(„ + 6) { “ “ r"'’"' + + S'* 

(P ® P, -R) + y (a + y II Vr|| + - 11 Vpll 

+ ya(p) - ^llVi?!!^ + 6rAr + y (Ap,p> + y (VV,p) 



-y (A/2,ii)-yAvi(m). 




Chapter 10 

Steiner’s Formula 



In 1840 J. Steiner [Sr] studied convex regions in 2- and 3-dimensional Euclidean 
space; he obtained a formula for the volume of the convex region Br consisting of 
those points whose distance from a given convex region B is less than or equal to 
r. In this chapter we put Steiner’s Formula into the same general framework as 
Weyl’s Tube Formula. 

Steiner^ was actually concerned with convex regions whose boundaries are 
polygons. Let us define a region B in a manifold M to be an open subset of M 
with compact closure. Denote by dB the boundary of B. A region in is called 
convex provided any two points in it can be joined by a straight line lying entirely 
within the region. Using the methods of Euclidean geometry, Steiner proved the 
following two results: 



Theorem 10.1. Let B he a convex region in the plane. Then for all r >0 
Aredi{Br) — Area(B) + Length(9B)r -h Trr^; 
Length{dBr) = Length(9B) + 27rr. 



( 10 . 1 ) 

( 10 . 2 ) 



Theorem 10.2. Let B he a convex region in ordinary 3-space. Then for all r > 0 



Volume (By^) 



Area(9Br) 



Volume(B) + Area(9B)r 

1, 9 47rr^ 

+ 2^1 {9 By + 



Area(9B) -h ki{dB)r -h 47rr^. 



(10.3) 



(10.4) 



^ Jakob Steiner (1796-1863). Swiss mathematician who was professor at the University of Berlin. 
Steiner did not learn to read and write until he was 14 and only went to school at the age of 
18, against the wishes of his parents. Synthetic geometry was revolutionized by Steiner. He 
hated analysis as thoroughly as Lagrange hated geometry. He believed that calculation replaces 
thinking while geometry stimulates thinking. 
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Here, ki(dB) denotes the integral over dB of the mean curvature of dB\ it is 
defined and generalized below. 

Let Vol/e be the function that assigns to each measurable set of a Riemannian 
manifold its fc-dimensional volume. In particular, Voli = Length, V 0 I 2 == Area and 
V 0 I 3 = ordinary volume. Then just as in Chapter 3 (see Lemma 10.12 below), we 
have 

^Yo\n{Br) = Vol„_i(5B.). (10.5) 

dr 

It follows from (10.5) that (10.1) is equivalent to (10.2) and that (10.3) is equivalent 
to (10.4). 

There is also a version of Steiner’s Formula that is valid for not necessarily 
convex regions with smooth boundaries; it is this version that we shall compare 
with Weyl’s Tube Formula. To explain the connection, let M be a complete ori- 
ented manifold of dimension n, and let P be a connected hypersurface with com- 
pact closure (and of class C^). If P is nonorientable, then a tubular hypersurface 
about P may have only one component, and nothing special can be said about 
the volumes of tubes about P. 




A parallel surface to a Mobius strip is connected. 

However, if P is orient able, then each tubular hypersurface Pr has two com- 
ponents, which we label P^ and Pp . (See the picture on page 8 .) Then and 
Pp are part of the boundary of two tubular regions whose union is the tube of 
radius r about P. We call these two tubular regions half- tubes. 



Definition. For r >0 we put 



M 



A lVl 

p (r) = (n — l)-dimensional volume of P^, 



rM^ 



V IVJ 

p (r) = n-dimensional volume of the portion T(P, r) 
lying between P^ and P. 
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We shall generalize Lemmas 3.13 and 8.3 by showing that 

d T rM* * 

{r) = Ap (r), (10.6) 

and that (10.6) implies 

Vol„(S,) = Vol„(5) + ViA (r)- (10.7) 

In the case that B has a smooth boundary, formulas (10.6) and (10.7) have 
proofs similar to that of Lemma 3.13. In fact, (10.7) also holds when B is convex 
and has piecewise smooth boundary (see [Fdl], [Fd2]). But when B is not convex 
and dB is not at least there are difficulties with defining Fermi coordinates, 
and hence with (10.7). The problem is that there are certain points m nearby to 
corners of dB such that m has more than one geodesic to dB^ no matter how close 
m is to dB. Consequently, any tube will overlap itself no matter how small the 
radius. See [CMS2] and [Fd2] for discussions of this problem and modifications 
needed in Weyl’s Tube Formula to deal with it. 



dB 




When M = M^, it is natural to ask if there is an analog of Weyl’s Tube 
Formula for the volume between P and P+ or Pp. Such a formula does exist 
(see Corollary 10.29), and it is equivalent to Steiner’s Formula when n is 2 or 3. 
The main new feature is that only about half the coefficients in the expansion of 
V^^(r) are intrinsic; these are multiples of the corresponding coefficients in Weyl’s 
Tube Formula. The remaining coefficients depend on the second fundamental form, 
but in a mild fashion. Thus the analog of Steiner’s Formula can be considered to be 
a refinement of Weyl’s Tube Formula (1.1) that holds for orientable hypersur faces. 

In Section 10.1 we modify the methods of Chapters 2-5, so that they apply 
specifically to orientable hypersur faces. The point is that because a tube about 
an orientable hypersurface has two sides, there are refined versions of many of the 
comparison theorems of Chapters 2-5. For this we need a refined version 'd of the 
infinitesimal volume function that is available for orientable hypersurfaces; it is 
discussed in Section 10.2. Then in Section 10.3 we study orientable hypersurfaces of 
complete Riemannian manifolds of nonnegative or nonpositive sectional curvature, 
and we sharpen the comparison theorems of Sections 8. 2-8. 5. In Section 10.4 we 
derive refinements of the comparison theorems of Chapter 8. In particular, we 
obtain inequalities for the volumes of half-tubes about orientable hypersurfaces in 
a space with nonnegative or nonpositive sectional curvature. These formulas are 
specialized in Section 10.5 to prove an n-dimensional generalization of Steiner’s 
Formula. 
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10.1 Hypersurfaces 

Many of the formulas for hypersurfaces that we need are special cases of formulas 
already derived for general submanifolds. However, the second fundamental form 
of a hypersurface is so much simpler than that of a general submanifold that it is 
often easier just to rederive the formulas. 

Let M be an orientable Riemannian manifold of dimension n with a fixed 
orientation. This orientation together with the Riemannian metric of M uniquely 
specifies a Riemannian volume form uj^ . If P is an orientable hypersurface of M, 
then each orientation of P together with the induced metric on P gives rise to 
Riemannian volume forms and Equivalently, there is a globally defined 
vector field N normal to P with ||A^|| = 1. Here, and N determine each other 
by the equation 

. . , Xn-l) = LO^iXi,. . .,Xn-l,N) (10.8) 

for Xi, . . . ,Xn-i G X{P). Prom now on we assume that specific choices of the 
orientations of M and P have been made, and we say that M and P are oriented. 
Future formulas will depend implicitly on the forms uj^ and the vector field 
N, which are related to one another by (10.8). However, since all the formulas in 
this section are local, they give information in the nonorientable case as well. 

The Riemannian geometry of the embedding of a hypersurface P in M is 
conveniently described by a variant of the second fundamental form, the shape 
operator. It is defined by 

SA - 

for A e X{P). It is easy to check that 5 is a tensor field on P, and that {SA, B) = 
(A, SB) for A,Be 3£(P); thus, S gives rise on each tangent space Pp to a linear 
transformation that is symmetric with respect to ( , ). In the special case of a 
tubular hypersurface, the shape operator coincides with the operator S that we 
defined in Chapter 3, and for that reason we use the same notation. In the present 
chapter we are considering tubular hypersurfaces about a given hypersurface P, 
so that the shape operator of P is actually S{0) in the notation of Chapter 3; 
however, we shall continue to write S for 5(0). 

Let . . . , be the real- valued functions on P defined by the formula 

n — 1 

det(7 + i5) = y] (10.9) 

k=0 

Then 5^^^ is the symmetric polynomial of the eigenvalues of 5. In particular, 
h = is the ordinary mean curvature. For this reason we call the mean 
curvature of order k. 

The Gauss equation (4.28) simplifies considerably when the codimension of 
P is 1. Explicitly, 



■^wxyz -^wxyz 



{Sw, y){Sx, z) - {Sw, z){Sx, y) 



( 10 . 10 ) 
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for x,y,z e Pp and p e P. The fact that the right-hand side of (10.10) contains 
only two terms accounts for the fact that computations with the shape operator of 
a hypersurface are generally much simpler than those for a submanifold of general 
codimension. _ 

The shape operator S gives rise to a double form S of type (1,1) via 
S{A){B) = (aSA, B). To avoid excessive notation, we suppress the tilde. The 
power of S viewed as a double form is given by Lemma 4.1, page 55. 

There are simple relations between the aS^’s and the aS^^^’s. 

Lemma 10.3. Let {Bi, . . . , En-i} be any local orthonormal frame on P. Then for 
all k we have 

^ n—l 

^ '' ai...ak = l 

Proof The explicit formula for (that follows from the definition (10.9) is 

det{S{EaJ{Ea,)). (10.12) 

l<ai<...<afe<n— 1 

Then by problem 4.2 we have 

S^Ea, Ea,){Ea, ,...,Ea,)=k \ det (5(£)a. )(^a, ))• (10.13) 

From (10.12) and (10.13) follows (10.11). □ 

Corollary 10.4. The double form is related to the curvature tensors of P and 
M by the formula 

= 2^{R^ - R^y. (10.14) 

Proof The Gauss equation (10.10) can be rewritten in the notation of double 
forms as 

= 2{R^ -R^). (10.15) 

Taking the powers of both sides of (10.15), we obtain (10.14). □ 

Now we are ready to find the expressions for the aS^^^’s in terms of curvature. 
Note that C‘^^~^{{R^ — R^Y) can be regarded as a linear transformation, so that 
ir{SC‘^^~^{{R^ — R^Y)) makes sense. 

Lemma 10.5. The higher order mean curvatures are related to the curvature ten- 



sors of P and M by the formulas 






(10.16) 




(10.17) 



-2c ir{SC^^~\{R^ - R^Y)) 
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Proof. Although (10.16) follows from the proof of Theorems 4.7 and 4.10, we give 
a direct proof. Let {£'i, . . . , En-i} be a local orthonormal frame on P. It follows 
from (10.11) and (10,14) that 



n— 1 



5(2c) ^ 



{{2cW 






ai ...a2c = l 
n— 1 






ai ...a2c = l 



proving (10.16). 

To prove (10.17), we first note that 



2c+l 



5 • • • 5 Ea2c-\-i )(K. 7 • • • 5 Ea2c^i ) E i-iy+^S{Ea,){Ea,) 

ij=l 

■ S^'^iEa, , . , . , Eai 7 • • ' 7 Ea2c-\-i ) {Eai 7 • • • 7 Eaj 7 • • • 7 Ea2c+i ) 



— S/ + ZI 7/5 

where 

2c+l 

E, = 5] (10.18) 

i=l 

{Eai 7 • • • 7 Eai ? • • • 5 Ea2c+i ) 



and 

l<2<j<2c+l 

(-L'ai 7 • • • 7 Eaj 7 • • • 7 Ea2c+i )• 

It follows from (10.14) that 

n — 1 

E E/ = 2"(2c + l)/iC2"((i?^-i?^)"). (10.19) 

ai ...a 2 c+i=l 

The summation of is more complicated. Using (10.14) we calculate 

n — 1 n—1 / 



E E E (-ir^5(^^.j(£^a,) 



( 10 . 20 ) 



- R^YiE,, ,...,Ea„..., ) • (K, , . . . , , . . . , ) 




10.1. Hypersurfaces 



215 



= _2<=+i E ( E SiE^MEa,) 

ai...a 2 c+i = l \l<i<ji<2c+l 

■{R^ - R^riEa, ,Ea„...,Ea„--.,Ea,,..., ) 

'{^ai ? ^ai 5 • • • 5 ^ai ? • • • ? ^aj ? • • • 5 ^a2c+i * 



Here, 



n — 1 

ai ...di .. .dj . ..a2c+i = 1 

{^ai 1 Eai ■)••■■) E(2^ 5 • • • 5 ^aj 7 • • • ? ^ 0 L 2 c-\-i ) 

= C^'^-^iR^ - R^Y){E,,){Eay 

and so (10.20) reduces to 

E E E S{EaY{Ea,) (10.21) 

ai...a2c+i = l l<z<j<2c+l a^aj =1 

-C^^-\{RP - R^y){EaY{EaY 

= -2‘=(2c)(2c + 1) tr(S'C'2‘=-i((J?^ - . 

From (10.19) and (10.21) we get (10.17). □ 

Thus we see that each can be expressed entirely in terms of the curvature 
tensor of P. This is not true for the however, each of them depends only 

linearly on S. 

Definition. Suppose that P is an oriented hypersurface with compact closure in an 
orientahle Riemannian manifold M. Let R be any tensor field on P having the 
same type and symmetries as the curvature tensor R^ , and let L he any (1,1) 
tensor field on P. We put 

k 2 c{R) = (10-22) 

/C2C+1 {R, L) = j^{tT{L)C^%R‘^) (10.23) 

-2ctr(LC'2"-i(i?"))}o;^ 

We callk 2 ciR^-R^) and k 2 c+i(R^ - R’^ , S) the {2cf'^ and (2c+l)*‘‘ integrated 
mean curvatures of P in M. 
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(Equation (10.22) coincides with (4.4) of Chapter 4, but (10.23) is new. Notice 
that (10.23) makes sense for any codimension, although we need it only in the 
codimension 1 case.) 



Lemma 10.6. Let P be a topologically embedded oriented hypersurface with compact 
closure in an oriented Riemannian manifold M. Then the integrals of the ^s 
are related to the integrated mean curvatures by the formulas 




k2c{R^ - R^) 
l-3---(2c-l)’ 



L 



5(2c+l)^i 



k2c+i{R^ -R^,S) 
l-3---(2c+l) 



(10.24) 



(10.25) 



Proof We do (10.25); the proof of (10.24) is simpler. From (10.17) and (10.23) 
we have that 



L 



o(2c+l) P ^ ^ 

P (2c)!(2c 1)\ jp 



- f {hC^^iR^ -R^Y) 

2c tr(5C^'^-i((i?^ - R^Y)fj 



U) 



2"c! 



k2c+i{R^ -R^,S) 



(2c +1)! 

^ k2a+l{RP -R^,S) 
l-3---(2c + l) 

Thus we get a refinement for orientable hypersurfaces of Theorem 4.10: 



□ 



Corollary 10.7. We have 



L 



det(7 zb tS)u 



p 




c=0 



k2c(R^ - R^)P k2c+i{R^ -R^,s)t^'=+^ 

l-3---(2c-l) ^ l-3---(2c+l) 



Proof. This follows from (10.9), (10.24) and (10.25). 



□ 



10.2 The Infinitesimal Change of Volume 
Function of a Hypersurface 

In this section P will be an oriented hypersurface with compact closure in a com- 
plete oriented Riemannian manifold M. Let (xi,...,Xn) be a system of Fermi 
coordinates for P at p e P. Then the restrictions of . . . ,Xn-i to P form a 
coordinate system on P, while Xn measures the distance from P in M. It will be 
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assumed that (xi,. . . ,Xn) is oriented coherently with P and M. Then the defini- 
tions (2.20) of the function a and the unit normal vector field N in terms of Fermi 
coordinates reduce to 



a = Xn and N = - — . 

UX'YI 

Previously, <j was a distance function, but now we allow it to be negative when 
Xn is. 

Suppose now that the oriented system of Fermi coordinates is centered at 
p e P. Let 1 1 — > ^{t) be the geodesic in M with ^(0) = p and ^'(0) = Np. Put 

It is easy to check that does not depend on the choice of oriented Fermi coor- 
dinates at p. The function is a variant of the infinitesimal volume function 'dy, 
first defined in Chapter 3; in fact, 

(chvoloexp^)(p,f7Vp) = (10.27) 

(For example, when M = it turns out that 'd{t) = det(/ — tS).) In the case 
of an oriented hypersurface the function t?(f) is defined for negative as well as 
positive whereas for a general submanifold the infinitesimal change of volume 
function ^?u(0 defined for nonnegative t. Explicit formulas are given in the 

next lemma. 



Lemma 10.8. For a unit normal N to the hypersurface P, let Sn denote the shape 
operator defined using N (so S = Sn)- Then for p ^ P we have 



= (10.28) 

and 

= -S-N,{t). (10.29) 

Proof Equation (10.28) is obvious from (10.27), and (10.29) follows from the 

definition of S. □ 

This explains why it is unnecessary to make explicit the normal direction in the 
definition of 'd. 



Lemma 10.9. For —ec{p, —Np) <t< Cc(p, iVp), we have 



m 

m 



= -trS{t). 



(10.30) 
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Proof. For t >0 equation (10.30) is a special case of Theorem 3.11. (In fact, the 
proof of (10.30) is considerably simpler than that of Theorem 3.11.) Furthermore, 
let ^ > 0. By the chain rule and (10.28) we have 

From this observation and (10.29) we get (10.30) for negative as well as positive t. 

□ 



We define 0 in the same way that we defined 0^ in Chapter 8: 

( i^{t) for -ec(p, -Np) < t < ec{p, Np), 

m = 

I 0 otherwise. 

Next we obtain the improved version of Lemma 8.3 that is available for smooth 
hypersurfaces. 

Lemma 10.10. Let P be a topologically embedded oriented hypersurface with com- 
pact closure in an oriented Riemannian manifold M. Then for aii r > 0 we have 

d -T A ]\L^ r p 

—V p {r)=Ap (r) = Q{±r)w^. 

The proof of Lemma 10.10 is very similar to that of Lemmas 3.12, 3.13, 8.2 and 
8.3. Furthermore, the proof of the following lemma is an easy consequence of the 
definitions. 

Lemma 10.11. For r not greater than the distance from P to its nearest cut- focal 
point we have 

A M A M+ A M" 

ApW=Ap (r)+Ap (r), 

Vp(r)=Vp W+Vp {r), 

A M“ .M+ 

Ap (r) = Ap (-r). 

Next we relate the functions VoU with the tubular volumes. 

Lemma 10.12. Let B be an open set with smooth boundary and compact closure in 
an oriented Riemannian manifold M. Then for all r > 0 we have 

Yo\n{Br) = Yo\n{B) + (r); (10.31) 



Avo1„(B,) = Yo\n-l{dBr) 



( 10 . 32 ) 
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Proof. Equation (10.31) is a consequence of the additivity of the volume function 
of M. Furthermore, it follows from (10.31) and Lemma 10.10 that 

f;VoUBr} = f (r) = Vol„_i(aS,), 

SO we get (10.32). □ 

10.3 Hypersurfaces in Manifolds of 

Nonnegative or Nonpositive Curvature 

There is a refinement for hypersurfaces of the generalization of Weyl’s Tube For- 
mula that we gave in Section 8.2. We shall assume throughout this section that 
P is an oriented hypersurface with compact closure in a complete oriented n- 
dimensional Riemannian manifold M. 

For p e P we define 

K — min{ {Sx, x) \ x e Pp, |lx|| = 1 }. 

The following lemma is almost a special case of Lemma 8.10. 

Lemma 10.13. Assume that > 0 and that S{t) is defined for —ei < t < 62. 
Then 

max{ 61, 62 }/^ < 1, (10.33) 

and on (—61,62) we have 

for0<t<€2, (10.34) 

for -6i<t< 0. (10.35) 

Proof. Equation (10.34)) is a special case of (8.13). Then (10.35)) follows from 
(10.34) and (10.29). Explicitly, for t < 0 we have 

trS{«) = -trS_„.(-t) < ° 

Next we obtain a sharpening of Lemmas 8.12 and 3.14. 

Lemma 10.14. Assume that > 0. 

(i) For t >0 

t ^ eft) 

max(det(7 - tS),0) 

is a nonincreasing function, and for t < 0 it is a nondecreasing function. 



tvS{t) > 



tS 



tr S{t) < tr 



I-tS 
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(ii) For allt>0 



0 (t) < max(det(7 - 1 5), 0 ) < max 




th 



n 




(10.36) 



(iii) In the range —ec{p^ ~^p) ^ ^ ^ ^c{p^^p) have 



Q{t) = 'd{t) < det(7 - tS) < 



th 

n - 1 



n— 1 



(10.37) 



so that the first zero o/det(7 — tS) in either direction does not occur before 
the first zero of Q{t). 

Proof. We prove (i) for the case when t < 0. From Lemma 10.9 and (10.35) we 
have 

Just as in the proof of Lemma 8.12, we get that 

i ^ Q(^) 

max(det(7 - tS),0) 



is nondecreasing for t < 0 . 

The proofs of (ii) and (iii) are similar to the proof of Lemma 8.12. □ 

There are analogous results in the nonpositive curvature case. 



Lemma 10.15. Assume that < 0 and that S{t) and its eigenvectors are defined 
and differentiable for —ci <t<C 2 , and that (10.33) holds. Then on (— 61 , 62 ) we 
have 



tr S{t) < tr 

< 

tvS{t) > tr 



I-tS 

S 

I-tS 



for 0 < t < 62 , 
for —61 < t < 0 . 



(10.38) 



Lemma 10.16. Suppose < 0. Then for — Cc(p, —Np) <t< Cc{p^ Np) 



^ Q{t) 
det{I-tS) 

is a nondecreasing function for t > 0 and a nonincreasing function for t < 0. 
Furthermore, 

Q{t) = ^{t) >det{I-tS). 



Combining Lemmas 10.13-10.16, we obtain 
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Corollary 10.17. For Euclidean space we have 

tr S{t) = tr 

and 

e{t) = d{t) = det(7 - tS) 

for -ec{p, -Np) < t < edp, Np). 

If instead of assuming a lower bound on the sectional curvature of M we 
assume a lower bound on the Ricci curvature it is still possible to estimate S{t) 
and the tube volumes, provided that P is a hypersurface. The resulting inequalities 
are weaker than those of Lemma 10.14 and involve the mean curvature of the 
submanifold P. 



I-tS 



Lemma 10.18. Suppose the Ricci curvature of M is nonnegative. Assume that S{t) 
is defined for — 6 i < t < 62 - Then 



max{ Cl, C 2 < n — 1, 

and on (0,ti(tx)) we have 

tr S(t) > '■( 1 -;^) 

,rS(t) < 1.(1-;^) 

Proof. P is an orient able hypersurface. Let 

n — 1 

Theorem 3.19 (using the Cauchy- Schwarz Inequality) yields 

f'{t) > 

Since dim P — n — we have 



for 0 <t < € 2 , 
for -€i <t<0. 



(10.39) 



(10.40) 

(10.41) 



h = trS'(O) = (n — l)/(0). 



From Lemma 8.7 it follows that (10.39) holds, and that 



h 

^ . /(O) n-l 

n-i ^ th • 

n — 1 



(10.42) 



It also follows from Lemma 8.7 that the denominator on the right-hand side of 
(10.42) does not vanish. Thus we get (10.40). Then (10.41) follows from (10.40) 
and (10.29). □ 
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Lemma 10.19. Assume that M has nonnegative Ricci curvature. 
(i) The map 



t 



m 



max 1 — 



th 

n - 1 



n—l 



,0 



is nonincreasing for t>0, and nondecreasing for t <0. 
(ii) For all t > 0 



Q{t) < max ( 1 - 



th 

n — l 



n—l 



,0 . 



(iii) In the range —e^p, ~Np) <t< edp, Np) we have 



(10.43) 



(10.44) 



( , 7 \ n— 1 

1--^) , (10.45) 



so that the first zero of det{I — t S) in either direction does not occur before 
the first zero ofQ(t). 



Proof First, suppose t > 0 and let ti = inf{^ \ 0 < th < n — 1}. We use 
Theorem 3.11 in conjunction with (10.40) to obtain 



dt 



logi?(i) 



m 



■ tr S{t) < 



-h 
t h 

n — l 






th 

n — l 



n—l 



and so 

m 



is nonincreasing. Since ??(0) = 1, we get (10.43) and (10.44) under the assumption 
that 0 <t\. From the definitions we have 

ti > ef{p,Np) > ec{p,Np). 

Since 0(^) = 0 for t > Cc{Np,p)^ it follows that (10.43) and (10.44) hold for all 
^ > 0. The proofs of (10.43) and (10.44) for t < 0 are similar. □ 
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10.4 Steiner’s Formula for a Space of 

Nonnegative or Nonpositive Curvature 

Our main task in this section is to establish an n-dimensional version of Steiner’s 
Formula for a region B in with smooth boundary dB. As we have observed 
in Lemma 10.12, this is equivalent to computing V^^(r). However, because we 
have the techniques of Chapter 8 at our disposal, it is not much more difficult 
to prove theorems about a complete manifold M of nonnegative or nonpositive 
sectional curvature instead of R^. Therefore, in this section we assume that M 
is a complete n-dimensional Riemannian manifold and that P is a topologically 
embedded hypersurface with compact closure. 

Theorem 10.20. Suppose > 0. 



(i) For 0 < r < minfoc(P) we have 



^ 'a' MS'” -«")>■ 

Vp W < L I. a. 4-- 



c=0 



M^^2c+1 

1 • 3 • • • (2c +1) 



[f-i] 



TT 



A : 2 c + i ( i ?^ - - R ^) r - 2‘=+2 



c=0 



3---(2c+l)(2c + 2)’ 



(ii) For all r >0 



~\ rA/ N f 

Vp (^) < / / max(det(7 =F ^5'), 0) dPdt 

Jo Jp 

<-a 



I . t h 



, 0 dP dt. 



(10.46) 



(10.47) 



Proof. Equation (10.47) follows from Lemma 10.10 and (10.36). Then (10.46) 
follows from (10.47) and Corollary 10.7. □ 

The corresponding result in the nonpositive curvature case is: 

Theorem 10.21. If < 0, then for 0 < r < minfoc(P) 

^ tM^ r f 

Vp {r)> / dei{I^tS)dPdt (10.48) 

Jo Jp 

_ 'S’ k2c{R^ - k2c+i{R‘^ - -R^)r2<=+2 

l-3--.(2c+l) ^ ^ 1.3--.(2c+l)(2c+2)- 

Combining Theorems 10.20 and 10.21, we get 
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Corollary 10.22. For Euclidean space we have 

pn± 



/•r p 

Vp (r) = / / det{lTtS)dPdt 

Jo Jp- 






E l^2c\-n )! ^2c+ 

l-3---(2c+l)^ ^ l-3---(2c+l)(2c + 2) 
for 0 <r < minfoc(P). □ 

There are tube volume estimates involving the Ricci curvature that are 
weaker than those of Theorem 10.20: 

Theorem 10.23. Assume that the Ricci curvature of M is nonnegative. 

(i) For 0 < r < minfoc(P) we have 

7. 



i?i-i / 

\2k + 2j\n—l 



dP. 



(ii) For all r >0 we have 
tM^ 



-r rM^ r r 
Yp{r)< / 
Jo Jp 



max 1 =F 



t h 

n — 1 



n—l 



, 0 dP dt. 



Instead of giving the proof of this theorem, we prove its corollary: 

Corollary 10.24. Assume that the Ricci curvature of M is nonnegative. Then for 
0 <r < minfoc(P) 



r p-1 1 

. 2r / n 



n - 1 



2k 



L 



Proof We have 

f duir) du = du{r) + d-u(r) = duir) + 
Js°(i) 



dP. (10.49) 



/S0(1) 

and so (10.44) implies that 



[ du{r)du < (l 7L 

Js°{i) \ n-l 



n—l 



+ 1 + 



r h 
n — l 



n—l 
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Therefore, in the case that P is orientable we have 




When (10.50) is integrated from 0 to r and the right-hand side of (10.50) is ex- 
panded, we get (10.49) for an orientable hypersurface P. 

We can divide up a nonorientable hypersurface P into orientable pieces. Then 
(10.49) holds for each piece. Since (10.49) does not depend on the choice of ori- 
entation and integration over P is additive, we see that (10.49) holds for all of P. 

□ 



Corollary 10.25. Assume in Theorem 10.24 P is a minimal hypersurface. 
Then for 0 < r < minfoc(P) we have 




(r) < r volume(F) 



and 

. rM 

Vp (^) < 2r volume(P). 

Proof. When h = 0, the right-hand side of (10.49) reduces to one term. 



□ 



10.5 Inequalities that Generalize Steiner’s Formula 

To obtain generalizations of Steiner’s Formula, it is not necessary to suppose that 
the ambient space M be flat. Instead we assume that the sectional curvature of 
M satisfles > 0 or < 0. Furthermore, it will not be necessary to assume 
that the region B is convex, but we do suppose that the boundary of B is smooth. 
The case that dimM < 3 is especially interesting because the estimates can be 
written in terms of the Euler characteristic of B or dB. 

Theorem 10.26. Let B he a region in a complete surface M. Suppose that every 
point p with distance(p, 5) < r has a unique shortest geodesic from it to B. 

(i) If > 0, then 

Aiea{Br) < Area(B) -h Length(5S)r (10.51) 

Length(5S,) < Length(a5) + 2n |x(5) -IJ K^dB^ <.10.52) 

(ii) IfK^ < 0, then the inequalities in (10.51) and (10.52) are reversed. 
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Proof. It suffices to prove (10.51). In dimension 2 equation (10.31) becomes 

Area(B^) = Area(5) + (r). (10.53) 

Furthermore, (10.46) specializes to 

V'a^^(r) < Length{dB)r - , Sy. (10.54) 

Now the Gauss-Bonnet Theorem for a surface with boundary (for example see 
[ONI, page 375]) implies that 

ki{R^^ -R^ ,Sy = [ tr(5)w^® = -27 tx(B) + / K^dB. (10.55) 
JdB J B 

Then from (10.53)-(10.55) we get (10.51). □ 

Theorem 10.27. Let B be a region in a complete 3 -dimensional Riemannian mani- 
fold M. Denote by K^\dB the restriction of to the plane sections tangent to 
dB. 

(i) If > 0, then 

Yol{Br) < Vol(B) + Area(as)r -k\(yj h d{dB)^ (10.56) 
+ 1 |27tx(B) - l^^{K^\9yd{dB)^ r^; 

Area(dBr) < Aie&^J hdB^r (10.57) 

+ |27Tx(aB) - fjK^\9B)d{dB)y\ 

(ii) IfK^ < 0, then the inequalities in (10.56) and (10.57) are reversed. 



Proof The calculations are similar to those of Theorem 10.26. From (10.46) we 
have 





vif (r) < Area(dB)r - ~ki(R^^ - R^,Sy 


(10.58) 




+ \k,{R^^-Ryr\ 

o 




But 


ki{R^^ - R^ , S) = [ hd{dB) 

JOB 


(10.59) 


and 


k 2 {R^^ -Ry=2nx{B)- [ {K^\ 9 B)d{dB). 

JdB 


(10.60) 



From (10.31) and (10.58)-(10.60) we get (10.56), and hence also (10.57). □ 
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The n-dimensional generalization of Theorems 10.26 and 10.27 is as follows. 

Theorem 10.28. Suppose that M is a complete n-dimensional Riemannian mani- 
fold and that B is a region in M. 

(i) IfK^>0, then 



[in-l)/2] 

Yo\n{Br) < YolniB) + 

c=0 



k2c{R^ - 

l-3---(2c+l) 



(10.61) 



^ l-3---(2c+l)(2c + 2) • 



(ii) If < 0, then the inequality is reversed in (10.61). 

Proof Part (i) is an immediate consequence of (10.31) and (10.46), and part (ii) 
follows from (10.31) and (10.47). □ 



Corollary 10.29. Suppose B is a region in Then 



[(n-l)/2] 



VoL 



,{Br) = Vol„(5) + i 



k2c{R^)r 



P\r^c+l 



c=0 



3 ■ • • (2C + 1) 



^ l-3---(2c+l)(2c + 2)- 



10.6 Problems 



10.1 Show that the volume of a half-tube about an orientable hypersurface P in 
a space K^(A) of constant sectional curvature A is given by 



V 



2c 



[in-1] 






c=Q 



k2c+i{R’" - R^''^^\S) f tan(rv^) 
l-3---(2c+l) ( VA 



n 
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10.2 Prove that the infinitesimal change of volume function of an orientable 
hypersurface P of an orientable Riemannian manifold M has the power series 
expansion in Fermi coordinates that starts off as 









+ \ (- Viv(/0^)iviv + {H, N) (pwAT - + r^) + 2(5, - p^)) 



H- higher order terms 



10.3 Let P be an orientable hypersurface in a complete orientable Riemannian 
manifold M. Define 






[(n-l)/2] 



B lVl 

P (">A) = 5] 



c=0 



k2c{R^ - R^) 

l-3---(2c-l) 



(cos(r\/A))^ ^ 



-l-2c 



sm r 



) 



[n/2]-l 



E ^2c+lV-ft 

1 -3--- 



c=0 



k2c+i{R^ -R^,S) 

(2c +1) 



(cos (r\/A)) 



n—2c 



sm 



{rV\) 



2c+l 






and 



„M 



!(n-l)/2] 



C ivi ~ — . 

p {r,\) = 



C=0 



n - 1 
2c 



5{rVX)) 



n— 1 — 2c 



sin(rV^) 



(n — 1)\/A 



\2c 

)i 



h^^dP 



[«/2]-l . _ X 



n — 2c 



sm{r 



Va) 



2c+l 



j h^'^+^dP. 



Suppose that 0 < r < minfoc(P). Show that 

(i) > A implies 

Ap (^)<Bp (^,A)<(Jp 

(ii) p^{x,x) > A||x|p for all tangent vectors j: to M implies 

Ap (r)<Cp (r’,A); 
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(iii) < A implies 



aM± 

Ap [r 



) > Cp (?■, A). 



10.4 Prove the following generalizations of Theorems 10.26 and 10.27. 



Theorem 10.30. Let B he a region in a complete surface M. Suppose that 
every point p with distance(p, B) < r has a unique shortest geodesic from it 
to B. 

(i) IfK^>X,then 



Area(^r) ^ Area(B) + Length(9B) 

{ 2^-1 



sm 



(r\/A) 



+ 7T ■ 



K'^dB 



) ^ ' 

1 - cos^(r\/A) 



(10.62) 



(ii) If < X, then the inequality in (10.62) is reversed. 

Theorem 10.31. Let B he a region in a complete 3-dimensional Riemannian 
manifold M. Denote hy ki{dB) the integrated mean curvature of dB and hy 
K^\dB the restriction of to the plane sections tangent to dB. 

(i) If > X, then 

sm{2r\fX) 

^ aVx 

( 1 -^) 

(ii) If < A, then the inequality in (10.63) is reversed. 



(10.63) 



Vol(B^) < Vol(B) + Area(aS) 




Chapter 11 

Mean- value Theorems 



This chapter is devoted to an exposition of the results of [GW] and related papers. 
Recall that a function /: R is said to be harmonic provided 



d^f d^f 

Af = — H h = 0 

duj^ ^dul 



One of the most important properties of such a harmonic function /: — > R is 

that it has the mean- value property, that is, 



volume (5’^“^(r)) 



/ 






f(m + u)du = f{m)^ 



( 11 . 1 ) 



where denotes a sphere of radius r centered at m G R^. How can this 

mean-value theorem be generalized? On the one hand, we can replace R’^ by an 
arbitrary Riemannian manifold M. Instead of the left-hand side of (11.1) it is 
appropriate to use 






1 

volume (exp^(5’^“^(r))) 



L 






/*dcr. 



( 11 . 2 ) 



where exp^ is the exponential map and*d<j is the volume form of exp^(5’^~^(r)). 
Note that M,^(r, /) makes sense for any Riemannian manifold M and any inte- 
grable real- valued function /: M — > R’^, provided r is sufficiently small. Geomet- 
rically, Mm{r, f) is the mean- value of / over a geodesic sphere of radius r in M. 

A generalization of a different sort is Pizzetti’s^ formula (see [CH], [Pizzl] 
and [Pizz2]). This mean- value theorem for an analytic function /: R^ — > R asserts 

^ Paolo Pizzetti (1860-1918). Italian geodesist, who taught at the Universities of Genova and 
Pisa. His Trattato di geodesia teoretica was published in Bologna in 1905 and his Principii della 
teoria meccanica deUa figura dei pianeti was published in Genova in 1913. Although Courant and 
Hilbert make effective use of his formula in [CH] , unfortunately they misspell his name. 
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that 



M„(r,/) = r0£ 

k=0 





(11.3) 



where A denotes the Laplacian of Of course, if / is harmonic, that is, if 
A/ = 0, then (11.3) reduces to (11.1). A slick derivation of (11.3) using the 
Fourier transform has been given in [Zalc]. 

In this section we combine the mean value formulas (11.2) and (11.3). The 
result is the Taylor expansion for Mm(r, /) in powers of r, where / is an arbitrary 
analytic function on a Riemannian manifold M. The formula (11.3) can be written 
more compactly as a Bessel function in V— A: 



= 0'(„/2)-i(r\/^))[/](m), (11.4) 



where ji{z) = 2^T(^+1) J^(z) / and denotes a Bessel function of the first kind of 
order It is remarkable that J^, usually considered a rather complicated function, 
arises in this natural way. The mean- value function Mm{T^ f) can be thought of 
as a generalization of a Bessel function that is associated with each point of a 
Riemannian manifold. Of course, for a homogeneous Riemannian manifold, the 
function Mm{r, f) does not depend on m. If M is a rank 1 symmetric space, then 
satisfies a differential equation that generalizes the Bessel equation. 

For comparison theorems on Mm{T, f) similar to those given in Chapter 8 
for the volume, see [Savo]. 



11.1 The Laplacian and the Euclidean Laplacian 

The technique to find M^(r, /) for a general Riemannian manifold M is to use the 
exponential map exp^ to transfer formulas between M and the Euclidean space 
Mm- In this way, we obtain a formula similar to (11.3), but unfortunately the right- 
hand side is expressed not in terms of the Laplacian A of the Riemannian manifold, 
but in terms of another operator A^, which we call the Euclidean Laplacian. If 
(xi, . . . , Xm) is any system of normal coordinates at m, then A^ is given by 



A 



m 



j = l 3 



(11.5) 



This contrasts with the ordinary Laplacian of a Riemannian manifold M given by 



A- 




( 11 . 6 ) 



where now ( 2 / 1 , . . . , 2/n) is any coordinate system, gij are the components of the 
metric tensor of M relative to (7/1, . . . , 2/n)7 is the inverse matrix of (gij) and 
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g = det{gij). Although {Af)m = (A^/)m, it is in general false that {A^f)m = 
{A^f)m for fc > 1. A function /: M — ^ M is called harmonic if Af = 0. 

Note that (11.6) is valid for any coordinate system, but that (11.5) holds 
only for a normal coordinate system centered at m; it is for this reason that we 
write Am with a subscript. Nevertheless, (11.5) is independent of the choice of 
normal coordinates at m. In this section we show that there is a globally defined 
differential operator L on M such that coincides at m with A^. 

Let denote the power of the covariant derivative of M (see Section 9.1). 
For a local orthonormal frame {Ei, . . . ,En} we write 




more simply as . The following lemma is easy to establish using the methods 

of Section 9.1: 



Lemma 11.1. Let f: M — ^ R be a function, and let X,X\,. . . ,Xk G X{M) 
be normal coordinate vector fields at m. Then 



(i) / = V^ /; 

\ / \r \r V V V" V V 

Ai . . . A/e_iAfc Ai . . . A/e-2AfcA/e_i 

(ii) = 

n 

(iii) A^/ = ^ orthonormal frame {E\, . . . , En}^ 

ii...ik=l 

Proof. For (i) we observe that 






^XkXk-f" 



[Xk-i,Xk]f = 0. 



(11.7) 



When we apply to both sides of (11.7), we get (i). Next (ii) holds 

Ai . . . Xk-2 

because the integral curve of X through m is a geodesic on which X is parallel. 
Finally, (iii) is a consequence of the fact that 






n-1 



□ 



Recall that £ls is the subset of the symmetric group © 2 s defined by 

Hs = { ^ G © 2 s I < CT 3 < • • • < (J2s-1 and <J2t-i < (T 2 t for t=l,...,s}. 

Also, let iS'’^“^(l) denote the unit sphere in a tangent space M^. As a special case 
of Lemma 4.5, page 61 we have the following fact: 
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Corollary 11.2. Let f be a real-valued function that is analytic near m G M. Then 



!li) 

27T’^/2 



[ (V2'= fUdx 

X...X 



(11.8) 



1 



n{n -h 2) • • • (n + 2fc — 2) 



Y, E . ...A 



creQk = l 



For example, 



27 t ^/2 



[ (v^ /)„dx = - 



f)^ 



and 



■lil 

2jj-nl2 



f (V" f)radx 

75n-i(i) XXXX 






The space of normal coordinate vector fields at m is canonically isomorphic 
to the tangent space and so the unit spheres in each of these spaces are 
isometric to Instead of integrating 

(V^'' /)„ 

X . . .X 



over S'^ ^(1), we can integrate where X is a unit-length normal coordinate 
vector field at m. 



Corollary 11.3. We have 

-(f) 



2^nl2 



[ {X^’^DmdX 



(11.9) 



1 ■ 3 ■ • ■ (2fc - 1) v2 f\ 



n{n + 2) • • • (n + 2/c — 2) . 



where f is a real- valued function analytic near m e M. 



Proof The right-hand side of (11.9) is symmetric, that is, it is independent of 
the order of the X^’s; therefore, (11.9) follows from (4.13), page 62. □ 

Now we can find a formula for (A^/)^ in terms of 
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Lemma 11.4. We have 

n 

l-3---(2A:-l)(A^/U= ^ (11-10) 



o-eOk ii---ik = l 



for any real-valued function f near m e M. 

Proof Let Xi = dfdxi, where (xi, . . . , is a system of normal coordinates at 
m. Then 






ii...ik = l 

From (11.9) and (11.11) we get 

l-3---(2fc-l)(A^/)„ 

n{n + 2)---{n + 2k-2)T ffj 

27T^/2 

Now part (ii) of Lemma 11.1 implies that 
l-3---(2fc-l)(A^/)„ 



( 11 . 11 ) 



( 11 . 12 ) 






4X. 



(11.13) 



^ n(n + 2)---(n + 2fc-2)r(^) . 

2W2 75-1(1) V X...XJ 



dX. 



Then (11.10) follows from (11.8) and (11.13). 



□ 



Corollary 11.5. (A^/)m = {L^f)m, where is a globally defined differential 
operator of degree 2k on M . 

Proof We define by 

1 "" 

= 1.3... (2A: - 1) ^ {^iiii...ikikf \-"^ii...ikik---iif)' (11.14) 

Since is a tensor field, the right-hand side of (11.14) does not depend on the 
choice of orthonormal frame field. □ 
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11.2 Relations between the Two Laplacians 
and Curvature 

Next we turn to the calculation of the powers of in terms of A and the curva- 
ture of M. We see from (11.10) that it suffices to compute the various permuted 
powers that is, the expressions of the form 

0-eQfc 2l...Z/e=l 

This can be done in principle for any k using various curvature identities. However, 
as k becomes large the calculations quickly become very complicated, even though 
part (i) of Lemma 11.1 cuts the work in half. We do the calculations for /c < 2, 
leaving fc = 3 for the exercises. Of course, it is obvious from (11.10) that 

Lemma 11.6. We have 



{Amf)m = {^f)m 




m 



for any real-valued function f near m E M. 

Next, let Rijki and pij denote the components of the curvature and Ricci 
tensors with respect to an orthonormal basis of Mm, and let r denote the scalar 
curvature. For the computation of the permuted second powers of the Laplacian 
(as well as A^) we introduce the following invariants: 

n 

{df, dr) = (V/, Vr) = ^(V/)(V,r), (11.15) 

2=1 



and 

<VV,/5> = E(V?,/)a,. (11.16) 

ij=l 

(Note that (V^/)m is just the Hessian of / at m.) These are the analogs of the 
linear curvature invariants given by Lemma 4.4, page 59. 

The permuted second powers of the Laplacian (other than V^) are 

n n 

^ijij ^ ijji' 

ij =1 

They are expressed in terms of A^ and the invariants (11.15) and (11.16) as follows. 
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Lemma 11.7. Let f be an analytic function defined on an open subset of M. Then 
we have 

n n . 

E = E + 2 (V/, Vr) + {V^f,p) . (11.17) 

ij=l ij=\ 

Proof. It is clear from part (i) of Lemma 11.1 that 

same. Moreover, using the Ricci identity (9.25), page 194, it is easy to see that 

n n 

3=1 k=l 

for 2 == 1, . . . ,n. When we apply to both sides of (11.18) and sum over z, we 
get 

n n 

E(Vt',,/ - (11.19) 

ij=l ik=l 

Then (11.17) follows from (11.19) and (9.27), page 195. □ 



11.3 The Power Expansion for the 
Mean- Value Mm{r, f) 



As in Section 9.1 we let (xi , . . . , x„) be a system of normal coordinates at a point 
m in a Riemannian manifold M, and we put Xi = dfdxi for i = 1, . . . ,n. Then 
Ai, . . . , Xn are normal coordinate vector fields that are orthonormal at m. Also, 
we write 

^ — 0^1... n — (^1 ? * * * ? ^n) ? 

where a; is a Riemannian volume element of M. First, we note the following fact. 

Lemma 11.8. Let f be a real-valued function possessing at least two derivatives 
defined in a neighborhood of m. Let A be the Laplacian of the Euclidean space 
Mm. Then 

(A„/) o exp„ = A(/ o exp„). 

Proof. This follows from the fact that the normal coordinate vector fields d/dxi 
are just the images under exp^ of the natural coordinate vector fields on Mm- □ 

Now we determine the complete expansion for M^(r, /) in terms of A^. 

Lemma 11.9. We have 



L 



f^da — 



exp^ (S^~^{r)) 



oo 

A:=0 



(i)“ 



k\r 






A^(/0)(m), (11.20) 



where f is any real-valued function analytic near m £ M . 
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Proof. To compute the right-hand side of (11.20), we must first change variables 
so that we can carry out the integration over an ordinary sphere in Mm- This 
change of variables is carried out just as in Lemma 3.12, page 41; exactly the same 
technique yields 



L 



f^da = 



exp^(5'^~^(r)) 



I 



‘(1)) 



(/6>) {exp^ir u)) du. 



( 11 . 21 ) 



(For the tube generalization of (11.21), see Problem 3.13, page 52.) 

The right-hand side of (11.21), being an integral over an ordinary sphere, can 
be computed using Pizzetti’s formula (11.3), which we rewrite as 




/idw = 2WV-1 ^ 

k=0 







(11.22) 



where h is a real- valued function on W^. Then (11.20) follows from (11.21) and 

(11.22). □ 

Taking 9 = 1 in (11.20), we obtain: 

Corollary 11.10. The volume of a geodesic sphere exp^(5'^~^(r)) in a Riemannian 
manifold M is given by the formula 



volume (exp^(*9’^ ^(r))) = 27r’^/^r^ ^ 

k=0 





Now we can write down the formula for Mm{T, f) in terms of A^. 



Theorem 11.11. Let f be a real-valued function on a Riemannian manifold M that 
is analytic near m G M. Then the mean-value of f over eyip^{S'^~^{r)) is given 
by 

^ Ajifeu /r-yfe 
Sfc!r(| + fc) 



Proof. Equation (11.23) follows immediately from Lemma (11.9) and Corollary 

11 . 10 . □ 
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In principle, we know that can be expressed in terms of A and the cur- 
vature of M. By dividing the two power series on the right-hand side of (11.23) it 
would then be possible to compute the first few terms of the power series expan- 
sion for M^(r, /). In practice this method is very tedious, so we give an alternate 
method. 



Theorem 11.12. Let f: M — ^ M be an analytic real-valued function on an analytic 
Riemannian manifold M , and let m ^ M . Then 

Mm{r, f) = f{m) + A{n)mr^ + + C'(n)m?’® + 0{r^) (11.24) 



as r — > 0, where 

A{n) 

< 

B(n) 



2n ’ 

3AV - 2 (W, p) - 3 (V/, Vr) + 
] n 

24n(n + 2) 



(For C{n) see Problem 11.5, page 245.) 

Proof. The general form of the power series of a function / in terms of the 
covariant derivative is clear: 



n 1 

/ = f{m) + (11.25) 

1=1 ij=l 

^ n 1 ^ 

+ g XI i'^^jkDmXiXjXk + ^ X i'^ijkef)mXiXjXkX( + ■■■. 

ijk=l ijki=l 



(In fact, (11.25) is a special case of (9.18), page 191.) When we multiply the power 
expansion for 0 (formula (9.22), page 193 by (11.25) we obtain: 



fO = 



II ^ li 

/("l) + 'Ei'^iDmXi + - - fpij)mXiXj (11.26) 

i=l ij=l 

1 "" 

^ ^ {‘^^ijkf ~ ‘^{^if)Pjk ~ f^iPjk)m^i^j^k 
ijk=l 

X (vt,J-2(V?,./K^-2(V/)(V,M 

ijki=l \ 



4 “/^ ^'^ijPkiP ^PijPki ^ ^ RiajbRkail^^ 



XiXjXkXe + • • • . 



Next, we integrate (11.26) over exp^(S'’^“^(r)) term using the moment formulas 
from Section A. 2 of the Appendix. The computations generalize those of the in- 
tegrals of the p in Section 9.2. Just as in Section 9.2, integrals of terms involving 
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an odd number of Xi vanish. Furthermore, 

r(i) 



2'nnl2 



L 



exp„(S"-i(r)) 



f pij^jyiXiXjdj^ 



(11.27) 



r(f) 



27rn/2 



^(3V|/ - fpii)mr^ f afdu = -{3Af - fr)m, 



and 



£M 

27T^/2 



/ 

^ex 






exp„(S"-i(r)) 

-2(V,/)(VjPm))^ x^XjXkXi dA 

r(l) 



(11.28) 



2Tin/2 



E - 2(V?J)p,, - 4(Vf_,./)p, 



7J = 1 



-2{Wif)iVPn) - 4(V/)(V,p,,))„ 

1(1) 



1 



n(n + 2) 

Therefore, we have 

r(t) 



(1) 

(3AV - 3(V/, Vr) - 2(VV, p) ~ 2rA/)„. 



r^n/2 



I 



+ 



exp^(S^-i(r)) 

/ 

1 



/* da = f{m) - 



(11.29) 



24n(n + 2) 



3AV - 2(VV, /!>) - 3(V/, Vr) - 2rA/ 



. , 6 1 2 8 I 

+/|-5Ar+j.= + -| 



In particular, taking / = 1 we obtain 

r(f) 



r-4+0(r®). 



2^nl2 

4- 



L 



expmiS^ i(r)) 

1 



j 1 2 

*a<j = 1 r 

6n 



(11.30) 






(Formula (11.30) can also be obtained by taking the derivatives of both sides of 
(9.30), page 196.) When we divide (11.29) by (11.30), we obtain (11.24). □ 

A classical result of Willmore [Wil] is a characterization of harmonic spaces 
by means of the mean-value property for harmonic functions. More precisely: 
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Theorem 11.13. Let M be a Riemannian manifold. Then m is a harmonic space 
if and only if every harmonic function on M has the mean-value property 

Mm{rJ)=f{m) (11.31) 



for all small r. 

Since every rank 1 symmetric space is a harmonic space, this result implies 
that (11.31) holds for spheres, complex projective spaces, quaternionic projective 
spaces, the Cayley plane and their duals. 

We are now in a position to generalize Willmore’s Theorem. We next show 
that other classes of Riemannian manifolds satisfy mean- value properties that are 
weaker than (11.31). 

Theorem 11.14. Let M be an analytic Riemann manifold, and let m G M. 

(i) Any function f harmonic near m satisfies 

Mm{r, f) = f{m) + O(r^) as r — > 0. (11.32) 

(ii) If M is an Einstein manifold and f harmonic near m, then 

Mm{r, f) = /(m) + 0{r^) as r — > 0. (11.33) 

(iii) If M is an irreducible symmetric space and f harmonic near m, then 

Mm{r, f) = f{m) + 0{r^) asr-^Q. (11.34) 



Proof If A/ = 0, then A{n) = 0 in (11.24), proving (i). Furthermore, B{n) 
reduces to 



B{n) = 



-2(VV,p)-3(V/,Vr) 
24n(n -h 2) 



(11.35) 



If M is an Einstein manifold, then the scalar curvature of M is constant, and so 
the second term on the right-hand side of (11.35) vanishes. Moreover, the Ricci 
curvature of M satisfies p{X,Y) = \{X,Y), for all vector fields X and Y (where 
A is a constant), and so 



{V^f,p) = = (A/)^ = 0, 

ij=l 



so that the first term vanishes as well. This proves (ii). 

Finally, to prove (iii), we observe that if M is an Einstein manifold and 
A/ = 0, then (11.45) (in Problem 11.5) reduces to 



C(n) 



(vVfi) 

90n(n + 2)(n -h 4) ’ 



In particular, (11.36) holds for an irreducible symmetric space. 



(11.36) 
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Consider the tensor field R defined by 

n 

R{X,Y)= Y1 RabcxRabcY (11.37) 

ahc—\ 



for X, y G 3C{M)] note that R is symmetric. If M is an irreducible symmetric 
space, then R^ a scalar multiple of the metric tensor, that is, 

R{X,Y) = fi{X,Y) (11.38) 

for all X, y G X{M) for some constant p. An easy calculation using (11.37) and 
(11.38) shows that (11.45) reduces to C{n) = 0. □ 

Any simple Lie group G is an irreducible symmetric space, so (11.34) holds 
for G. In [CGW] it is shown that a harmonic function on the exceptional Lie group 
satisfies 

Mm{r, /) = /(m) + 



11.4 Problems 



11.1 Show that 



n 

i=l 



Vf,(Af) + ^(ViPkeVef + Pk^Vf,/), (11.39) 

e=i 

n 

Vjk{Af) + iPktV if + PkeX'jif + pjiVl(f) 

e=i 

n 

+ Y,RijkeVy, (11.40) 

il = l 



and 

n n 

E ^%kf = V,\(A/) + E((V,Pfe^ + V,p,i - ViPjk)Vef 

i=i e=i 

n 

-f Pji^kif) y 2 ^ RijkiVuf- (11-41) 

il=l 



11.2 The computation of A^/ is complicated. We define 

n 

{V^{Af),p) = E P^Mjkkf^ 

ijk=l 




11.4. Problems 



243 



(V(A/),Vr) 

(V^f,Vp) 

(vV,vV> 

(vy€>p,R) 

(t(V^/ 0p0p) 

(V/,V(Ar)) 
p(^f,Vr) 
{p(^Vf, Vp) 
{^f^P, Vp) 
(V/® V/9, R) 



u = l 

n 

E(V|t)(V?^./), 

Zj=:l 

zjA:=l 

n 

^ikj^PijiS klf)^ 

ijki—\ 

n 

y^ PijPjki^ kif)^ 

ijk—1 

n 

y^ ^ijkeRijkhi^ihf)^ 

ijk£h=l 

E(V?,,r)(VJ), 

ij=l 

n 

u = l 

n 

y^ i^iPjk)Pij{^kf)^ 

ijk=l 

n 

y^ {^iPjk){^if)Pjki 

ijk=l 

n 

ijk£=l 

n 

y^ (^if)Rjkeh(^ iRjkih)- 

ijk£h=l 
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Contract (11.39) to obtain 



E = (V"(A/), P) + <t(V2/ ^p^p) + {p^Vf, Vp). (11.42) 

ijk=l 



Contract (11.40) to obtain 



n 

i=l 



(V2(A/),p) + 2a(V2/®p®p) (11.43) 

+(p«.V/,Vp)-(VV0P,^). 



Contract (11.41) to obtain 



n 

i=l 



(V2(A/),p) + 2a(VV®P®p) (11-44) 

+2(p ® V/, Vp) - 2(V^/ ®p,R)- {\7f ® p, Vp). 



11.3 Show that 

n n .. 

ijk^l ijk=l 

E = AV + (V2(A/),p) + 1(V(A/), Vr) + 2(W,Vp) 

+ (VV, VV) + (VV, Ap) - 2(VV ® p, .R) + 2 (t(V 2/ ® p ® p) 
+ i(V/, V(Ar)) + p(V/, Vr) + 2(p ® V/, Vp) - (V/ ® p, Vp). 



n n 

E '^%ikjkf = E 



V76 



= E + ^(V(A/), Vr) 

+ <r(V^/ ® p ® p) + ^P(V/, Vr) + (p ® V/, Vp). 
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n 



n 






ijk=l ijk=l 

= A^f + 3{V^(A f),p) + ^(V(Af), Vr) + 3{V^f, Vp) 

+ 2(VV, VV) + 6cr(VV ®p0p)- 4(VV ® P, R) 

+ 1 (V V, R) + l (V/, V( At)) + 2p{Vf, Vr) +4{p® V/, Vp) 
- (V/ ® p, Vp) + 3(V/ ® Vp, ^) + J(V/ ® ii, VR), 



Ev 



6 

ijkkji 



ijk=l 



ijk=l 

+ ^{Vf^R,VR). 



11.4 Show that 

AV = AV + 2(V2(A/),p) + (V(A/),Vr)+2(VV,Vp) 
+^(VV, VV) + ^(VV, Ap) - j{V^f^p,R) 

+ ^a{V^f®p®p) + ^(VV,^) + ^(V/, V(Ar)) 
+^p(V/,Vr) + ^(p<g) V/,Vp) - ^(V/®p,Vp) 
+^(V/ ® Vp, R) + ^(V/ ® i?, Vi?) . 



11.5 Show that C{n) in (11.24) is given by 

-45(V(A/), Vr) - 30(3/, _ 3 g^y 2 ^^ y 2 ^^ _ i2(v2/, Ap) 

+32(VV (g>p,R)- 24(t(VV ® p O p) - 8(V3/, ^) 

-30(V/, V(Ar)) - 20p(V/, Vr) - 20(p ® V/, Vp) 

+30(V/ O p, Vp) - 20(V/ (g) Vp, fi) - 10(V/ g> R, VR) 

20 

+_(3A2/ - 2(VV, P) - 3(V/, Vr))r 
+ l(18Ar - 18||p||2 + 3||i?||3)A/ + ^r^A/) . 




Appendix A 



We present three short expositions of some elementary facts that, as Weyl would 
say, every calculus student should know. 



A.l The Volume of a Ball in 



We give the derivation of the formula for the volume of a geodesic ball in using 
the technique described in Weyl’s paper [Weyll]. First, recall the definition of the 
gamma function: 




e ^dt. 



In particular, the change of variables t = v? yields 



r 




e ^ \u\^ du. 



Lemma 1.1. The volume of the sphere of unit radius ^ 



(1) in is given by 



volume(5^“^(l)) = 



2F(^)^ 

T(fr- 



Proof We have 



'W-L [.-(-■ 




• • dXfi 



In this formula we change to polar coordinates in n dimensions. It is possible 
explicitly to write out these coordinates in terms of rectangular coordinates, but 
it is very complicated to do so. It is better to use only the information needed, 
which is: 

r^=xl + ... + xl (A.l) 

and 

dxi A ... A dxn = r'^~^ dA A dr, (A. 2) 
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where dA is the volume form of S'^ ^(1). Then using (A.l) and (A.2), we compute 

V roo _ 

e~^ r^~^dAdr 



iv = 

= volume(5’^“^(l)) / 

Jo 



e-r 



= volume(*S^ 



-'<j: 






= volume(5”-Hl))^r(^) 



Hence the lemma follows. 



□ 



Corollary 1.2. r(^) = (-^)! = \/^- 

Proof. If we take n = 2 in Lemma 1,1, we get 

r(^) = volume(5^(l))l^ =7T. □ 

Combining Lemma 1.1 and Corollary 1.2, we obtain 



27T^/2 

Corollary 1.3. volume(S'^~^(l)) = - . 

Armed with these elementary facts about the gamma function, we can now 
give the formula for the volume of a ball in 

Lemma 1.4. For all r >0 we have 




(^^2)n/2 

(t)! 



Proof. Without loss of generality, we can take m to be the origin of W^. Then we 
have 




f 

f 



volume(5’^ ^{t)) 

2^nl2^n-l 



dt 



2^nl2^n 7j-n/2^n 

(f)! ■ 



□ 
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The values of (r) for some small values of n are given in the following table. 



n 


0 


1 


2 


3 


4 


5 


6 


7 


8 


. rM" 
Vr„(r) 


1 


2r 


Trr^ 


47rr^ 


to 


S-TT^r® 


^3^6 






3 


2 


15 


6 


105 


24 



Note also the general formulas 



j)2n 



V iK. 

m (^) 



^rij.2n 



n\ 



■I 2"+i7r”r^"+^ 



■ (2n + 1) 

The following Mathematica function can be used to compute (^)‘ 



volsphere [n_] [r_] := P owe r Expand [ (Pi r'"2) (n/2) / (n/2) ! ] 



Then the above table can be generated with 



Table [volsphere [n] [r]^{n^0/8}] 



A.2 Moments 



There is an interesting generalization of Corollary 1.3. For any integrable function 
F: — > R let (F), denote the average of F over the unit sphere C R^: 






I 



F du 






/ du 



Let {ei, . . . , Cn} be an orthonormal basis of R^. It is easy to prove that the dual 
basis {ui, . . . , Un} forms a global coordinate system on R’^, and, in fact, they are 
normal coordinates. An important question is to compute the mean values of the 
polynomials u\^ " These are called moments (see [ST]). It is not hard to see 
that 



if any or all of the exponents ij are odd; this is because the values of u\^ • - 
taken on one hemisphere are exactly canceled by the values on the antipodal 
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hemisphere. Moreover, it is easy to calculate (u?) for any i. In the first place, it 
is clear that (uf ) = (uj) for all i and j. So 

(u2) = lV(u2) = i(i) = t. 

A more interesting problem is to compute (uf). This time we have 

2 

) = E(«}> + 2 E ««?> (A^3) 

/ j=l 




= n (u- ) + n(n - 1) (w?u^) , 

where i ^ j. To obtain a second relation between and we must change 

bases. (All of these calculations of moments are clearly independent of the choice 
of orthonormal basis.) So let {e'^, . . . , e^} be defined by 

, ei + 62 

/ ei - 62 

e' = 6j (3 < j < n). 

Then the corresponding dual basis {u[, . . . , is given by 

, Ui-\-U2 



U 



/ 

2 



Ui - U2 

~VT 



u'j = Uj (3 < j < n). 

Consequently, we have 

(uf) = (K)'*) = i ((ui + « 2 )^> = ^ (wf> + 3 (uful) J 

This yields the required second relation: 

(uf)=3(ufu]). 

Solving (A.3) and (A.4), we get 

/ 4 \ _ 3 

“ n(n + 2)' 



(A.4) 



(A.5) 
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The same sort of technique could be used to compute the higher moments. 
However, in Weyl’s paper there is a cleverer technique (probably known much 
earlier), which is a generalization of the method of Section A.l that was used to 
compute the volume of The idea is to compute 




in two different ways. Define 

q) = 



for even ^ > 2, and put 0) = 1. 



Theorem 1.5. Let ii, . . . , in be even integers and write c = ii + • • • + in- Then 



ji 



i'l) ‘ ‘ in) 

n(n + 2) • • • (n + c — 2) ’ 



Proof. It follows from the definition of the gamma function that 



1 = 




p=i 



+ 1 



(A.6) 



On the other hand, we can use polar coordinates to compute I. Denote by the 
restriction of Ui to then Ui = air. Changing from rectangular to polar 

coordinates and using (A.l) and (A. 2), we find that 



[ f (ajirY' ■■■{ajr^ry^e ’’V" ^ dAdr (A.7) 



( / «?, ^ 


■ ■ a'" dA > 


2 




Jn I 


Jo 



= voiume(5“ 









'(i) 
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Therefore, from (A. 6) and (A.7) we have 




Then the theorem follows from (A.8)-(A.10). 



(A.8) 



(A.9) 



(A.IO) 



□ 



A.3 Explicit Computation of the Volume Vm (r) 
of a Geodesic Ball in a Space K”(A) 
of Constant Curvature 

As shown in Corollary 3.18, the volume of a geodesic ball of radius r in a space 
K^(A) of constant curvature A is given by 




For general n it would be very cumbersome to carry out the integration of the 
right hand side of (A. 11). However, for any specific value of n the integration is 
elementary, though tedious. The following table gives the exact expressions for 
^^\r) for 1 < n < 6. 




A. 3. Computation of the Volume of a Geodesic Ball 
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A 

The following Mathematica function can be used to compute \ (r): 

VO 1 sphere [n_^ lambda] [r_] : = 

Cancel [PowerExpand [2Pi'' (n/2) /Gamma [n/2] Integrate [ 

(Sin[t Sqrt [lambda] ] /Sqrt [lambda] ) (n - 1) , {t / 0 , r}] ] ] 

Then the first column in the above table can be generated with 

Table [volsphere [n^ lambda] [r] / {n, 1^ 6}] 

and the second column can be generated with 
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Also of interest is the graph of the function A — > Vm for fixed r, say 

r = 1. We allow A to be negative, pass through 0, and become positive. For n>2 



each of the functions A 
of 

A ^ 






K^{\) 



(1) has infinitely many zeros. Here is the graph 



V„ \i) 



rX 






f sm(i\/A)'\ 

7r~) 



n — l 



dt 



for -4 < A < 16 and 1 < n < 6. 




This plot can be generated in Mathematica with the command 



Plot [Evaluate [Table [volsphere [n, lambda] [1] / {n, 1^ 6 }] ] , 
{lambda, -4,16}] 









Appendix B 



In this section we describe some Mathematica routines for drawing tubes about 
curves in For more information see [Grl7] and the site 

http : / /math . cl . uh . edu/~gray 

maintained by M.J. Mezzino. 

Mathematica versions of T, N and B are given by 



unit[x_]:= x/Sqrt[x.x] 

TT [alpha ] [t_]:= unit [D [alpha [tt] / tt] ]/. tt->t 
NN [alpha] [t_]:= unit [D [TT [alpha] [tt] / tt] ] / . tt- >t 
BB [alpha] [t_] := Cross [TT [alpha] [t] ^NN [alpha] [t] ] 



These definitions refiect the standard mathematical ones, and are adequate for the 
purposes illustrated below. The Simplify command should be inserted at strategic 
points if inspection of the various vector- valued functions is required. 

Parametrization of a tube of radius r about a curve gamma in can now 
be constructed as follows: 



tub e curve [gamma_] [r ] [t_,th_] := gamma [t] + 

r (-Cos [th]NN [gamma] [t] +Sin [th] BB [gamma] [t] ) 



The code below was used to illustrate Problem 1.3 of Chapter 1, though the 
Show command is now set up to combine the the helix and its tube in the same 
picture: 
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n := 50 
m: =18 

helix [a_^ b_^ t_] := {a Cos[t]/ a Sin[t]^ b t} 

gamma [t_] := helix [1^ .3, t] 

plotl := ParametricPlotSD [Append [helix [1, .3^ t] , 

{Thickness [.01] , Hue[0]}], { t, -.3, 5.3 Pi}, 
PlotPoints -> n. Compiled -> False, 
DisplayFunction -> Identity] 
plot2 := ParametricPlotSD [tubecurve [gamma] [ . 4] [t, th] , 
{t, 0, 5 Pi}, {th, 0, 2 Pi), 

PlotPoints -> {n,m}. Compiled -> False, 
DisplayFunction -> Identity] 

Show[plotl, plot2. Axes -> False, 

DisplayFunction -> $DisplayFunction] 



A smaller value of n will allow plotting to take place more quickly, and is recom- 
mended for ‘draft’ plots. 

Here is the program used to draw the frontspiece picture of ‘conical tubes’ 
on a twisted cubic: 



n:= 30 

gamma[t_] := {t, t''2 , t^'3) 

plotl : = ParametricPlot3D [Append [gamma [t] , 

{Thickness [ . Olt'^2] ,Hue [.9]}], {t,-l,l}. 

Compiled- >False, 

DisplayFunction- >Identity] 

plot2:= ParametricPlot3D [tubecurve [gamma] [.15t"2] [t,th], 
{t,-.9,.9}, {th, Pi/2, 2Pi}, 

Compiled- >False, PlotPoints->n, 

DisplayFunction- >Identity] 

plot3:= ParametricPlot3D [tubecurve [gamma] [.4t'"2] [t,th], 
{t,-.8,.8>, {th, Pi/2, 2Pi), 

Compiled- >False, PlotPoints->n, 

DisplayFunction- >Identity] 

Show[plotl, plot2, plot3, Boxed->False, Axes->False, 
ViewPoint->{4, 0, l}, 

DisplayFunction- >$DisplayFunct ion] 
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